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Lamb shift

Introduction

Suppose thereis aone-electron state 0. An interation of electrons with the electromaelegnetic field mixes this state with a set of states N,
in which the electron occupies some state n, and additionally there is a photon, which can be described by its momentum and polarization. Asa
result, in the second order of the perturbation theory there appears an energy shift of the level |0>. This shift, aswell as physical reasons

producing it, iscalled the Lab shift.
A potential initiating this effect can be written in terms of the velocity of the electron and the vector potential

V:—ev';:. (1)

Here the vector potential describes a photon with the given momentum and polarization

A = ﬂ%gExp[i(E-§—mt)], )

-

k , 2 arethe momentum and polanization, ¢ = kisthe photon frequency. The normalization

factor & 2 5w 15 qustfied below.
Inthe dipole apprommation, which we will use below, the vector — potential simplifies

A = ﬂ gExp[—ﬁmt] (©)
2w

The matrer element, which rmuxes the states 0 and I reads

VI-I,D = —2 —_— Vn,D - g (4)

For the energy shift one finds

file://ICJ/Documents%20and%20Settings/Misha/M y%20D ocuments/Berl ogal MyWebPage/MyL ecturesQFT/L amb-shift.html (1 of 11)16/10/2006 11:18:08 AM



Lamb-shift.nb

P | Vi o |
. Ep - Ey (5)

N
- - z
:-‘-l,?TeE - |vn’|:| = | =
2w Eg - By - w
E,e n
‘ot I k 1 | Vno - 2|2
b=
(2 m7)° 2w Eg - Epn - w
e=1,& n

Hereit is taken into account that the summation over the photon intemediate states results in the integral over the photon momentum and
sumation over its polarixation.

®)

Normalization of the vector potential

Preliminary remarks

Suppose one needs to fulfill summation over a set of a continuum states of some particle. One can take some large volume, call it V, and
assume that it is greater than the volume in which physical events considered take place. Then instead of summation over the continuum states
one fulfilles summation over quasi-continuum set of states, for which periodical boundary conditionsin the volume V are valid. After that one
rewrites the summation as the integral using the following formulae

: < Pp ().
2 (4, () 2 v [ o W2 D) 90 () ©

n

Here the superscript (V) indicates that the wave functions on the right-hand side are normalized in the volume V. Instead of this normalization
it is convenient to introduce normalization for unit volume, in which the following obvious identity holds

1 =
650 (B) = — oD (2) 7)

Then the necessary summation reads
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, =0 . = - -:ﬂ13p : L DT
D, (B)ug (F1) = JW b (e) vz (7] ®)

n

where the superscript (V=1) is suppressed.
Thus, to fulfil summation over the continuum set of states one can integrate over the momentum a* p/ ¢z =1*, normalizing wave functions
as "one particle per unit volume".

Photons
(0] & B lo)=>{0] & |mh{m|Ry|0)={0] A [1}{1|R]0})=|{1|R;]0)]° ©)

A photon represents a harmonic oscillator. Therefore the avaraged kinetic and potential energies equal half of the total energy. In the vacuum
thistotal energy is half of the frequency. In this case

- - 1 1
T=1T= —E = — w (10)
2 4

The kinetic energy of the oscillator can be written of from the energy of the electromagnetic field in aunit volume, which reads

a= | Ep ; (11)

Here the energy is calculated "per unit volume", precisely asis necessary for the purposes of integration over the continuum states of the
photon, see above. Since

E = — —— A, (12)

T = | EE |Z = -.,JZ ;L]E:!* ;s]_—::- (13)
- w? 5 v
T:{D|T|D}:E{D|AEAE|D:) (13)
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Combining this with the previous disscussion one finds

Thus considering creation (or annialation) of one photn one should have

Energy sfift

(16)
Here dQ represents integration over the spherical angle of the photon momentum

17)
Thus, summation over the polarization and integration over the angles for a dipole transition gives a factor 2/3

(18)
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2 z — z b il
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3 Z e J' Eg-En-w (18)
n]

Renormalization

Repeating the argument for the vacuum one can write

2 et = W
(SEp)wae = = Z Vn, 0 g J'dl'ﬂ' I (19)
since in the vacuum the operator of velocity does not have nondiagona matrix elements. For the energy difference one finds

I:"-"'FEEl:lren = 6Eg - (JED)VE.C =

oo oo

2 a? w 2 a? E;, - E 20
228 S o [ fan (e 1) - 2 T [0 [ [an BecEe 20
3 £ Eqg-En - @ 3 £ Eq - En - @

o o

In the following discussion the subscript ren (for renormalized) is suppressed.
The physical picture considered can be only correct in the nonrelativistic approximation. Therefore the integration over w should run only
up to m (not to infinity, where different formulas need to be worked out).

I

2 el E, - E 2 el 1
“Bo = —— nz Fao ZJ'ﬂw EnfEnfm - Tan HZ(ED_EnJ o ZLog[En—En] (1)
u]
1 1 ' - -
Fa,0= = Baos = {n|B|0) == (n]i[0F] [0) =i 222 {n | F o) e @)
_ 2 e? m 2t 1
oo = - =7 Z(ED_En)S Tne ZLog[En—En] e D, (B -E0)® | Fuo zLog[ﬁ] (23)

This expression has areal and imaginary parts. The latter will be discussed when radiative widths are considered. For the real part, whichis
represents a proper energy, one finds
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In absolute units

where

Large Log approximation

For atoms

assuming that (Za)e1.
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(40)

(41)

In the log approximation only the s-states exibit the Lamb shift. Other states are aso influenced by the Lamb correction, but is does not have
the large log factor.

(42)

(43)

(43)

Accurate relativistic calculations give

Radiative decay of excited levels

(44)

(44)

(45)

(46)

(46)
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For a quasistationary state O the energy has its real and imaginary parts

E —RE[E ]—J].I—
=
] ] )

I" is called the width

T
W ~ Exp[-iEt] = Exp[-iRe[Eg] t - Et],
Probability ~ | ¢ | ~ Exp[-1Tt]

This means that probability of the decay W (of the excited state) per second equals the width

W=

T
f

From the expression for the Lamb shift (see the Lamb shift)

2 af

- 2 | = z m
OEp = Z By, - E r Lo _—
0= 55 (En - Ep] n,0 g[En—En]
n
one finds
2 et 3 | = > m
Im[&SEq] = z En - Eqg Fn. o Im|Log| — =
[5Eo] = —— ; (En - Eo)® | En, [Log| —5- 11
2 & 3| =2 z 2 3 = z
- 3 Z EED_En) Cn,o = _E z Wop l:j-n,.IZI
E;<Ey E;<Ey

This means that the radiative width of the state O equals

-

z
dn,D

PR

E<Ej

Correspondingly, the probability of the radiative decay of the state O is
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4 3 = z
W = Z Mooy = E Z W p dn,D (53)
En<Ep En<Eqp
Here
4 3 = 7 4 "‘:'Ign - Z
Wosn = — Won | 9 = dy 54
u] 3 Wi n] 35 o3 L0 ( )
isthe probability of the decay into some given state n, while W is the total probability of the radiative decay,
dn,uzez*n,nzeng(;)ﬂm () a®r=e (45 | T | o) (55)
is the dipole matrix element and
Ep - En
Wop = Bg - By = —= 56
wn 1] n ( )

is the frequency of the transition. It isinstructive to compare 1,_,, with the classical expression. In the classical approximation the energy rate
radiated by adipole §, which oscillates with the frequency wis

4wt | =

3 =2

D= <

(57)

It follows from here that the probability of radiation of one quantum is

P 4 3
W = =

d |2 58
Ao 3R a3 (58)

Compare this calssical expression with the quantum one

3
4 wyn

_— UE 59
3k oF (59)

WMo = 1, 0

They mathch nicely.
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