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ABSTRACT

Previousqualitative studies(Mooney [1], Benade[2], Hoekje[3])
con�rm musicians'opinionsthat thevocal tract(VT) affectsboth
timbre and pitch. Johnston,Troup and Clinch [4] modelledthe
tract asa onepeakresonator, which, if tunedto the fundamental
f0 of a clarinet,givesa playing frequency of f0. But this result
dependsupon their particulartract impedanceZ, which is small
andreal at harmonicsof f0. In general,the playing frequency is
shifted.

We relatethe �o w andthe pressuredifferenceat the reedby
theusualnonlinearBernoulli's equationin thetime domain,sim-
pli�ed asa third orderpolynomial. In the frequency domain,the
impedancesof theclarinetandthevocaltractarein series.To ob-
tain an analyticalresult for the frequency shift, we expandabout
the thresholdoscillation. We comparethis resultwith numerical
resultsfrom the harmonicbalancemethod. Finally, impedance
spectrameasuredon an arti�cial VT with a discretebut variable
areafunction areusedin this theoreticalstudy. We suggestthat
tuningthevocaltractto f0 mayberareandunnecessary.

1. PHYSICAL MODELLING

Theclarinetis modelledhereasa self-sustainedoscillatorwith a
linearexciter (thereed)which is couplednonlinearlyto two linear
resonators:the pipe andthe vocal tract. In previous studies,the
tract wasoften ignored. A sketchof the mouthpieceis shown in
Figure 1, which includesthe meaningof the physical quantities
used.In contrastto mostpreviousmodels,herethemouthpressure
pmouth is not constantbut insteadhastimevariation:

pmouth = Pm0 + pm(t) (1)

wherePm0 is the DC component(usedalonewhenthe effectsof
theVT areomitted),which is assumedto bethesource,andpm(t)
is theacousticcomponent,assumedperiodic.

Figure1: Schematicview of thesystemwith dimensionlessphysi-
cal quantities

1.1. The reed

As thereedis not our main interest,we will restrictdiscussionto
the casewherethe playing frequency is muchlower thanthat of
the reedresonanceand describethe reedas a simple spring, of
stiffnesskr so

kry(t) = � (p(t) � pm(t) � Pm0) � � (Dp� Pm0) (2)

1.2. The pipe

The pipe is usuallycharacterizedby its input impedance,which
describesits resonances.High frequenciesare not important in
our studyso, for the modellingonly, our 'clarinet' is a cylinder,
whoselengthl is assumedto includeendeffectsfor radiationand
thevolumevelocity dueto reeddisplacement,andin which radi-
ation lossesareneglectedcomparedto visco-thermalones.It has
neithertoneholesnor bell (which arenot importantto the oscil-
lation mechanism).Dispersionis aswell neglected.We indicate
thefrequency domainby usingcapitallettersandwrite thedimen-
sionlessequation

P(w) = Zp(w)U(w); (3)

Thedimensionlessinput impedanceis givenby [5]:

Zp(w) = i tan(kl ) (4)

where kl =
f

4fp
� iyh

s
f
fp

(5)

andwherey ' 1:3 for commonconditionsin air, fp = c=4l is the
�rst resonancefrequency of thepipe,andh is adimensionlessloss
parameter:h =

p
lvl=r2 asderivedin ref. [6, Ch.6].

1.3. The vocal tract

Thevocal tract is modelledasa (linear) impedanceZm, as'seen'
by thereed(seethediscussionin a companionpaper[7]). Flows
enteringthe mouthandthe instrumentarein oppositedirections,
so:

Pm(w) = � Zm(w)U(w); (6)

Following Jonhstonet al [4], we approximatethe vocal tract
asa onepeakresonator, anadmittedlycrudephysicalmodelthat
ignoresanatomicaldetails,whichareasyetnot reallywell known.
We notethat only the lowesttract resonancefalls in the rangein
which the instrumenthasstrongharmonicsunlessplayedloudly.
Further, thisallowsusto examineJonhstonetal'spropositionthat
coincidenceor noncoincidenceof theVT resonancewith oneof
theinstrument's resonancemaybeimportant.
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1.4. The non linear coupling

Assumingsomehypotheses,in particularthat thesystemchanges
suf�ciently slowly for Bernoulli's law to bevalid andincludingthe
volume�o w dueto the reeddisplacementin the boreimpedance
of theboreasdescribedabove, theair �o w at thereedis relatedto
thepressuredifferenceDp acrossit thus:

u(t) =
�

S(t)
p

2jDp� Pm0j=r sign(Dp� Pm0) for y > � H
0 for y � � H

(7)
whereS(t) = (H + y(t))w is thecross-sectionalareaof theopen-
ing, determinedby thereedwidth w anddisplacementy.

Denotingdimensionlesspressureand�o w with a tilde, nondi-
mensionalisingpressuresbydividingby thatwhichclosesthereed,
PM , impedancesby dividing by thecharacteristicimpedanceof the
boreZ0, andde�ning adimensionlessmouthpressureg, wewrite:

D̃p =
Dp
PM

and ũ =
uZ0

PM
(8)

g=
Pm0

PM
(9)

A dimensionless“embouchure”parametercharacterizesthemouth-
pieceandthemouthposition:

z = Z0wH

s
2

r pM
(10)

Substitutingdimensionlessquantitiesin equation(7) gives:

ũ(D̃p) = z(1+ D̃p� g)
q

jg� D̃pjsign(g� D̃p) (11)

for D̃p > g� 1 and0 otherwise.
Hereafter, all parametersare dimensionlessand the tilde is

omitted.For smalloscillations,i.e. closeto theoscillationthresh-
old, thepreviousequationcanbeexpandedasa third-orderpoly-
nomial:

u(Dp) = u00+ ADp+ BDp2 + CDp3; (12)

where

u00 = z(1� g)
p

g; A = z
3g� 1
2
p

g
;

B = � z
3g+ 1

8g3=2
; C = � z

g+ 1

16g5=2
:

(13)

Solving the non linear systemcomposedof equations(3),(6)
and(12) is simpli�ed by combiningthe�rst two thus:

DP = (Zp + Zm)U = ZU (14)

The impedancesof thepipeandof theVT arethusin series,and
Z = Zp + Zm is theequivalentimpedance.

2. THEORETICAL INFLUENCE OF THE VT ON THE
PLAYING FREQUENCY

Kergomardet al. [5] showed that in the caseof the clarinet, the
variabletruncationmethodis a goodapproximationto calculate
thespectralenvelopeeasilyandanalytically. In the �rst iteration,
even harmonicsareneglected. In the second,they arecalculated
from the odd harmonics.Higher harmonicsarepresumednot to

in�uence lowerharmonicssoequationscanbetruncatedat theor-
derof theharmonicto becalculated,ie theequationsaretruncated
at the �rst orderwhencalculatingthe �rst harmonic. This solu-
tion is substitutedinto theequationstruncatedat thethird orderto
calculatethethird harmonicandsoon.

Here we use the sameanalytical technique,but with these
modi�cations to the physical situation: the pressuredifference
acrossthe reedreplacesthepressurein themouth,andtheseries
impedanceof clarinet and VT replacesthat of the clarinet. We
do not expectthattheadditionof theVT impedancein serieswill
stronglyaffect theamplitudeof oddor evenharmonicsof pressure
in themouthpiece,unlessavocaltractresonanceliescloseto ahar-
monic.However, theVT impedancecanhavealargereffectonthe
pressurein themouth,especiallytheevenharmonicsof theplayed
note,andthereforeonthepressuredifferenceacrossthereed.This
in turn canaffect theplayingfrequency. Hencewe do not neglect
evenharmonicsandthereasonfor thatis now explained.

Thevariabletruncationmethodis in particularusedto obtain
easilythe playing frequency. Equation(12) truncatedto the �rst
orderandequation(14) give indeedfor the�rst harmonic:

Y1DP1 = ADP1 + 3CDP1jDP1j2 (15)

whereY = 1/Z is the admittanceof the seriescombination.This
gives

jDP1j2 =
Y1 � A

3C
(16)

This implies thatÁ(Y1) = 0 becauseall othertermsof this equa-
tion arereal,andthusgivestheplayingfrequency, calledw0. The
thresholdpressureis asgivenby A = Y1(w0) = A10. For themost
simpli�ed system,aharmonicpipefor theclarinet(nodispersion)
with no VT in�uence, this impliesof coursethat theplaying fre-
quency is equalto the �rst resonanceof the pipe. But if we now
addavocaltracttunedto the�rst resonanceof thepipe,wewould
expectto obtainthesameplayingfrequency. However, this result
is not repeatedfor numericalsolutionsof lesssimpli�ed versions
of the problem. Thesesolutionswerecalculatedby the program
Harmbaldevelopedby Farneret al. [8] which usestheharmonic
balancemethod[9] andobtainsthesolutionfor N harmonicsfrom
thesolutionfor N � 1 harmonics.

To seehow introductionof the secondharmonicproducesa
frequency shift, wewill truncateequation(12) to thesecondorder.
The choiceof zeroin the time domainis arbitrary, so for conve-
niencewechooseDP1 to bereal.Thefollowing equationsarethen
to besolvedsimultaneously:

Y1DP1 = ADP1 + 2BDP1DP2 + 3CDP3
1 + 6CDP1jDP2j2

Y2DP2 = ADP2 + BDP2
1 + 6CDP2

1DP2 + 6CDP2jDP2j2

For simplicity we have chosento usethe Small OscillationsAp-
proximation,usedby Worman[10] andGrandet al. [11]. Nearthe
threshold,DP2 is a secondorderof DP1 (Worman[10]) sowe can
neglectquadraticandhighertermsin DP1 to obtain:

Y1 � A = 2BDP2 + 3CDP2
1 (17)

(Y2 � A)DP2 = BDP2
1 (18)

So

DP2 =
BDP2

1
Y2 � A

(19)

DP2
1 =

(Y1 � A)(Y2 � A)
2B2 + 3C(Y2 � A)

(20)
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Following thedevelopmentof Grandet al [11] for conditions
closeto the threshold,we canwrite A = A10 + dA. Furthersup-
posingthat the playing frequency remainscloseto w0 we write
w = w0 + dw andY1(w) = A10+ dA1(w). If dw � w0, this gives

dA1(w) = A10

�
2iQ dw

w0

�
, where Q is the dimensionlessquality

factor of the impedancepeaknearwhich the oscillation occurs.
Y2(w0) is a priori complex so we write Y2(w) in the following
form:

Y2(w) = Â(A20) + iÁ(A20) + dA2(w) (21)

with dA2(w) = O(d(w)) , whichwecanneglectin �rst approxima-
tion.

As the left handsideof equation(20) is real, the imaginary
partof theright handsideis zero,whichgives:

dw
w0

=
dA

2A10Q
2B2I

2B2R+ 3C(R2 + I2)
(22)

with R = Â(A20) � A10 andI = Á(A20).

3. MEASUREMENTS

Measurementsof theVT impedanceweredonebyusingtheacous-
tic impedancespectrometerdevelopedby Smithet al [12]. What
is new is the couplingof the VT to the spectrometerandthe use
of animpedanceheadmountedinsidea clarinetmouthpiece(Fig-
ure2), thatcanbethencoupledto thetractof ahumanplayeror to
anarti�cial vocal tract (VT) composedof discreteelements.The
arti�cial tractis modelledon theMRI dataof StoryandTitze [13]
(Figure3).

microphone

acoustic attenuator

from the source

clarinet mouthpiece

Figure2: Schemeof themeasurementhead

As theimpedanceheadhasacrosssectionapproximatelyequiv-
alentto thepartof thereedwhich is insidetheplayer's mouth,we
measuretheimpedanceof theVT as“seen”by thereed.

The VT is coupledto a semi-in�nite pipe which modelsthe
lungs,assumednon-re�ective. Theglottis canbechosenopenor
closed(20 or 6 mm diameter)asthis variesamongmusicians,es-
peciallybetweenbeginnersandprofessionalsrespectively [14].

glottis

infinite pipe

discs of different cross sections

Figure3: Schemeof thearti�cial VT

Thediscreteelementtractgivesweaker impedancepeaksthan
doesa continuousmodel,but they fall at nearlythesamefrequen-
cies.

4. RESULTS

For experiencedplayerswho usetheir vocal tract, the glottis is
nearlyclosed[14], which increasesre�ection at theglottis andso
enhancesVT resonances.We thereforeconsideronly this case,
andusetheMRI dataof StoryandTitze [13] whichwereobtained
in speech,wheretheglottis is almostclosed.We presenthere,in
Figure4, theresultsfor two vowelscommonlycitedby mostof the
players:/æ/asin “had” for thelow registerand/i/ asin “heed” for
thehighregister. Thisof courseis only anapproximation,because
theembouchureconstrainstheplayer's jaw position.
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Figure4: Amplitudeof the VT impedancefor the vowels/æ/and
/i/.

Theseresults(amplitudeandfrequency of theresonances)are
consistentwith previous numericallysimulatedandexperimental
results(Hoekje[3], SommerfeldtandStrong[15]).

Thevowel /æ/hasrelatively weakresonancessoit shouldnot
affect muchthesoundof theclarinet.But thevowel /i/ presentsa
high peak,at 753Hz, sowe canexpectan in�uence on thepitch
aroundthis frequency. Theimpedanceis muchhigherbecausethe
tongueis in a high positionwhich reducestheapertureinsidethe
mouth.

We considerseveral cases. In one case,the pipe frequency
wasvariedover the range720-750Hz: ie on the low frequency
sideof the strongpeakin /i/. The playing frequency variesneg-
ligibly for /æ/. For /i/, the playing frequency is lessthanthat for
/æ/by anamountthatincreaseswith frequency over this range:ie
it increasesasthe VT impedanceincreases.Anothercaseuseda
pipe frequency of 228 Hz, which lies in the middle betweenthe
impedancepeaksfor the �rst resonancesin the two vowels cho-
sen(Figure4). At this frequency, thevocaltract is inertive for the
vowel /i/ andcompliantfor /æ/. In bothcases,thefrequency shift
is of order0:2%, andthedirectionchangeswith mouthpressure,
for reasonsthat we do not yet understand.We alsoconsiderthe
casewherethe�rst resonancefrequency of theclarinetis 753Hz
(approximatelythenoteG5),ie whenthepipefrequency coincides
with thepeakin /i/. Thiscaseis of interestbecauseof theproposal
of formanttuning[4], andit is theonewhoseresultsareshown in
Figure5.

As the impedancesaredimensionlessin our calculation,we
have to divide the impedanceof the VT by the impedanceof the
clarinet.Wecanmodelit by thegeneralformulaof theimpedance
of onepeakresonator:

Zm( f ) = iZd
k

k2
1 � k2 + i kk1

Q1

(23)
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whereZd is thedimensionlesscharacteristicimpedance,k = 2p=f
andk1 = 2pF1=c andQ1 are respectively the frequency and the
quality factorof theresonance.Fitting themodelto our measure-
mentgivesF1 = 753Hz, Zd = 35 andQ1 = 6. We canthencal-
culatethevaluesof thedifferentparameters( Q = 14, R = 0:056
andI = 0:567)andobtaintheshift in theplayingfrequency from
equation(22) (seeFigure5).
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Figure5: Frequencyshift in percentin functionof thedimension-
lessmouthpressure, givenby the approximation(22) and by the
programHarmbal

Theresultsarecomparedto thoseof Harmbal. Thedifference
is quiteacceptable,soourapproximationsgiveagoodideaof how
theplayingfrequency evolvesfor smallmouthpressures.

As well asanalysingtheeffectsof vocal tract impedance,the
Harmbaltechniquecanalsobeusedto analysetheeffectof chang-
ing reedparameters.This is interestingbecause,to changethe
pitch,clarinetistsmoveboththetongueandthelower jaw. Lower-
ing thejaw increasestheeffective lengthof thereed,decreasingits
chacteristicfrequency. Thestiffnessandthe valueof H, asfunc-
tionsof theforceappliedto closethereed(the 'jaw force'), were
measureddirectly on a clarinet and reed. Using measuredval-
uesfor modestchangesof this jaw force,andinputtingthedepen-
dentdimensionlessparametersto themodeldescribedabove give
changesin playing frequency of thesameorderasthosegiven in
Figure5 for theeffectof thevocaltract.Therelativeimportanceof
theseeffectsin playingremains,of course,aquestionto besettled
experimentally.

5. CONCLUSION

The playing frequency shift obtainedin the caseof a VT tuned
to the �rst resonancefrequency of the clarinet is interesting. If
playersdid tunetheir tract resonanceto coincidewith an instru-
mentresonancethe playing frequency would shift. However, we
doubtthat this is what playersdo. More importantly, this simple
caseshows a mechanismwherebythe playing frequency canbe
changedby changesto vocaltractgeometry. This is importantbe-
causemusiciansclaim to do it, andmodelexperimentson other
instrumentsshow it [7].

On a theoreticalpoint of view, further studywill be donein
orderto improve formula(22) by usinganextensionof theVTM
to �t betterto thenumericalresultsof Harmbal.

In anotherhand,themodelreportedhereneglectsseveralim-
portantphysical features.Measurementsof the impedanceof the
VT of musiciansmimingtheirplayingembouchurewill becarried
out to try to analysein moredetail the role of the tongueandthe
glottis. The discreteelementVT will now be usedin a blowing
machineto investigatethisshift experimentally.
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