1899 Notes, week 3, Joe Wolfe
Circular motion

Angular position 6 how far it has turned
eg: it hasturned through 90°

0 = 90°, 0O = 12radians

Angular velocity w  how fast it isturning
eg: itisturning at 3000 revolutions per minute

_ _ 3000 turns
w = 3000 rpm = “60s
*
= 50 turns/s = 505211 = 3l4rad.s?l

Angular acceleration a how fast w isincreasing
eg: it goesfrom Oto 3000 r.p.min 5 seconds
Winit = 0 Wfina = 314 rad.s?

Wfinal — Winit
At

average 0 =

Uniform circular motion

Circular motion with w = const. Evenif a =0, This
actually produces acceleration. eg bus going round a
corner

Or consider hammer thrower
-

- — —
esultant §y W

Resultant force produces acceleration in the horizontal
direction, towards the centre of the motion




Centripital force, centripital acceleration
Uniform circular motion
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As Atand AB - 0, Av - right anglesto v

_ lim @AY 4 centripital
Oas= At-0Hat B (// "L acceleration
As AB - 0, As - rAB
V—diS
T odt
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w isthe angular velocity
|av] O |vasg| (n.b.: |av| # Alv])
lim

o ldv]= fvdel

r is constant

If © measured in radians,

s = 0.
U v:%szr% = rw
- -V
V= rw W=
0 _dv _ dw _
a—a—ra = ra
a

a=ra a = -



Motion with constant d.

Analogies linear angular

displacement X 0

velocity \" w

acceleration a a
Vi=Vj+at W = wj +at
Ax:vit+%at2 AG:ooiH%atZ
Vi2 = vj2 + 2aAX w2 = w2 + 20A0
Ax =3 (vi + i)t 06 = (o + wn)t

Example. Centrifuge, initially spinning at 5000 rpm,
slows uniformly to rest over 30 s. (i) What isits
angular acceleration? (ii) How far doesiit turn while
sowing down? (iii) How far does it turn during the first
second of deceleration?

1) wf = w; +at (cf vi=vj+at)
= -175rad.s2
i) A8 = % (0 + wp)t (f DX =3 (v +vpt)

= 1,250 revolutions

i) A8 = wit + S at2 o  Ox=vi+la?)

= 82 turns

Example A bicyclewheel hasr =40 cm. What isits
angular velocity when the bicycle travels at 40 km.hr-1?
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Torque
Force applied at point displaced from axis of rotation.
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(Note: if F wereonly force [1 acceleration:

How does the 'turning tendency' depend on F?r? 8?

Togeta buta=0,need >F = 0.
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- F does not contribute to the turning about axis.

Consider rotation about z axis

==

Only the component F sin 6 tendsto turn
T=r(Fsno)
or =F(rsinB) =Frp

wherer is called the moment arm

Example What is the maximum torque | apply by
standing on awheel brace 300 mm long?

T=r(Fsin®)
maxt =rF

Example: bicycle and rider (m = 80 kg) accelerate at

2 ms1. Wheel with r = 40 cm. What is torque at
wheel ? Front sprocket has 50 teeth, rear has 25, what is
torque applied by legs?

F

ext

Mfront _ 90
back 25

Frront = Fback



Moment of inertia  (Rotational analogue of mass)

Choose frame so that axis of rotationisat origin

K = %m1v12+ %m2v22+

_1 1
=5 ma(rimw)? + > ma(rowp)2 + ...

= % (Z miriz) w2 (cfK = %mvz)

Define the Moment of inertia
(also called moment of inertia)

System of masses I 2 mijri2
Continuous body | = ] r2dm
body

| depends on total mass, distribution of mass, shape and
axis of rotation. Units are kg.m2
Example What is| for a hoop about its axis?

All the massis at radiusr, so

| = Mr2
For adisc: | = boLyerm = = %MR2
For a sphere | = = %MR2
| = nMR2 nisanumber
=M (?/nR)2 = Mk2 wherek = YnR

| = Mk2 defines the radius of gyration k

k isthe radius of ahoop with the same | asthe object in
guestion

object I k

hoop MR?2 R

disc IMR2 R
2 V2

i 2MR2 ~/2
solid sphere 5MR '\/5R



Example Use aflywheel to store the K of abus at
stops. Disc R =80 cm, M = 1 tonne. How fast must it
turn to store al the kinetic energy of a10t. bus at

60 km.hr-1?
w
O F ON

Vm = 60 km.hr-1 vs=0 not rolling

wm =0 ws= ?rev.si

Newton's law for rotation
Ttotal = 10 cf Frota = ma

Example. What constant torque would be required to
stop the earth's rotation in one revolution? (Assume
earth uniform.)

Plan: Know M, R, wj, wf, A6. Need 1.
Use 7 = la, where wj, wf, 46 - a

Example Space-walking cosmonaut (m = 80 kg, k =
0.3 m about short axes) throws a 2 kg ball (from

shoulder) at 31 ms'1 (v displaced 40 cm from c.m.).
How fast does she turn? Isthis arecord?
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In orbit so no ext torques so L conserved
Li = Lf = Lbpal + Lcos

Analogies: linear and rotational kinematics

Linear Angular
displacement X angular displacement 6
velocity v angular velocity w
acceleration a angular acceleration «

kinematic equations
Vi=vj+a W =W +at
Ax:vit+%at2 AezooiH%atZ
Vi2 = vi2 + 2alX W2 = wi2 + 200
Ax =3 (vi + i)t 06 =2 (0 + o)t



Analogies. linear and rotational mechanics

mass m rotationa inertia I
| = Zmiri2 | = [r2dm
Work & energy
W = [F.ds W= Ir.de
_ 102 -1
K = 2Mv K = 2Ioo2
force F torque T=rFsn®B
momentum angular momentum
p=myv L] = mrvsin®
Newton 2
_d__ _d, _
F=gb=ma T=4L=la
if m const if | const

Conservation of pand L :

forces
If no external torques act on asystem,

momentum

angular momentum 'S conserved.

its

Conservation of mechanical energy: if non-conservative
forces and torques do no work, mechanical energy is
conserved

mg

Example. Object mass m suspended by two strings as
shown. Find T1 and T».

It's not accelerating vertically so
N2 -~ ZF, =ma=0
0 T1+T2-mg=0 0]

It's not accelerating horizontally so
N2 - > Fx =May = 0

0 0=0 not enough equations
It's not rotationally accelerating so:
N2 - 21T =1la=0

T about c.m. _ _ _
dockwice O TitT2=ToD-Tid =0

mg

d _ _ mg _
Ti+pTi-mg =0 - Ti=7-9p T2= 13 Dprg
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Exgmple Conical pendulum (Uniform circular
motion.) What is the frequency?

Apply Newton 2 in two directions:
Veticd: ay=0 0O 2ZFK=0
0O TcosB-W=0

T=-"9
cos 6
Horizonta:;
2
mTv =a =Tsno
_mgsin 6
cos 0
2

O VT:gtane

O v= §7rgtan9
O me = §7rgtane

- f:i ]gtane
21 r

Example Whereis centre of earth-moon orbit?

Fe=Fm = Fg equa and opposite
each makes a circle about common centre of mass

Fg: Mmém = mm(x)zrm

Fg= Mede = MewPre

g fe - Mm _ 598 1024 kg
'm ~ Me  7.36 1022 kg

"earth-moon distance” re+ rm =3.85108 m

solve - Im =3.80108m, re =4.7105m

O centre of orbit isinside earth

=813



(Weight) = - (theforce exerted by scales)
At poles, F-N=0
At latitude®, F - N = ma

wherea= re? = (ReC0s8)w?

=... = 0.03ms?! at equator
= Oat poles

Wedefine g = % = E—mmg
Question. How can one buy and sell gold at different
latitudes so as to make a profit?

Example: Inwhat orbit does a satellite remain above
the same point on the equator?

Called the Clarke Geosynchronous Orbit
i)  Period of orbit = period of earth's rotation

i)  Must becircular so that w constant

T = 23.9 hours
2
2 _ SN
T2 = mvo

[ = ?GMT2 _
e

= 44,000 km  popular orbit!



