Rotational kinematics. Physics UNSWJoe Wolfe

r is constant

If @ measured in radians,

s = 6. (definition of anglg
V=g Slgt =
%
V = 1 W = r
a=gt “fagr =™
a
a=nu a = r
Motion with constant a.
Analogies linear angular
displacement X 0
velocity \% w
acceleration a a
Vi =V +at wf =W +at
szvit+%at2 AG:ooit+%0(t2
Vi2 = 2 + 2a\X w2 = w2 + 20A8
Ax =2 (vi + )t 06 =2 (o + )t

Derivations identical - see previoutNeed only remember one version

Example. Centrifuge, initially spinning at 5000 rpm, slows uniformly to rest
over 30 s. (i) What is its angular acceleration? (ii) How far does it turn while
slowing down? (iii) How far does it turn during the first second of deceleration?

)] wf = wj +at (cf vi=y +at)
o = Wy ; Wi
0 5000*2rtrad
o 60s
B 30s
= -17.5rad3.
i) A0 =2 (o + )t (f DX =5+ wt)

= ~ (0 +5000rpm)*0.5 min
= 1,250 revolutions
i A8 = wjt +%at2 cf  Ax=vt+3aR)

_ %ﬁsﬂad(l s)- % (17.5 rad.2).(1 sp

515rad (=82 turns)



Example A bicycle wheel has r = 40 cm. What is its angular velocity when the
bicycle travels at 40 km.Hf?

-
r ’ da
............... T
V=t dt
V = 1w Important result
0 = v _ 40000 m/3600 s
r - 04m
=28rad3 (= 4.4 turns/second)

What causes angular acceleration?

Force applied at point displaced from axis of rotation.
r
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(Note: if F were only forcé]l acceleration:
How does the 'turning tendency' depend on FB2r?

Torque. (rotational analogue of force)
Consider rotation about z axis

==

)}
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Only the component F skhtends to turn
T =r (F sinB) (r * component of
or =F(rsimB) = Frp (F * component of
where 1_is called the moment arm
E

xample What is the maximum torque | apply by standing on a wheel spanner
300 mm long?

T =r (F sinB)
maxt = rF
= 0.3m*700 N = 200 Nm

if it still doesn't move: lift, use both hands or jump on it




Example: bicycle and rider (m = 80 kg) accelerate at
2 ms2. Wheel with r = 40 cm. What is torque at

wheel?
Fext
Fext = Mma
T = rkextsin® = rF
= rma = ... = 64 Nm. horizontal
Front sprocket has 50 teeth, rear has 25, what is torque applied by legs?
F F
W@,
_ rfront _ 90
Ffront = Foack lback _ 25

Tfront _ TfrontHfront _

Thack  Ibackback
= 128 Nm horizontal why larger?
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Moment of inertia (Rotational a

nalogue of mass)

Choose frame so that axis of rotation is at origin

K = %m1v12+ %m2v22+

1 1
= 5 m(rw)? + 5 mp(raep)? + ...

= % (Z min2) o?
Define theMoment of inertia
System of masses I
Continuous body I

(cf K = 5mv?)

Z mijri2
- (2
bo[dg dm

| depends on total mass, distribution of mass, shapexasdf rotation.

All the mass is at radius r, so

| = Mr2
For a disc: | =bofd§2 dm = ... =
For a sphere | =

| = NMR2

= M@FnR)" = Mk

Example What is | for a hoop
about its axis?

1 2
5 MR
2 MR2
= MR
n is a number
where k =Vn R

Mk2 defines theadius of gyration k

| =
k is the radius of a hoop with the same | as the object in question

object I k
hoop MR R
disc 1MR2 _B
2 V2
i 2MIR2 ~/2
solid sphere 5 MR 5 R

Units are kg.rA



Example Use a flywheel to store the K of a bus at stops. Disc R = 80
cm, M =1 tonne. How fast must it turn to store all the kinetic energy of a

10 t. bus at 60 km.Hr?

o g

Vm = 60 km.hrl Vg=0 not rolling
wm=0 ws= ? rev.st
Km = KS

1 1
> Mpus/m? = > | disc0s?
1
Mbug/m? = 5 MdisdR?ws?

w. = Ym—J2Mpus
S R Mdisc

= 21rad.s = 3.3rev.d = 200 rpm

Example. A solid sphere, a disc and a hoop roll down an inclined plane. Which
travels fastest?

Rolling: point of application of friction stationafy non-conservative forces do
no work[]

Ut + Kf = U + K
0+(%Mv2+%lw2) = Mgh + 0

W :% and write | = MR
2
aMVZ+ 5 Mk2 25 = Mgh
1 _
v+ @ gh
2gh
1+ K/R2
Ksphere he 2 Kdisc _ —/1 Khoop _
\/ R ‘\/2 < R 1

il Vsphere > V(disc > \hoop independent of size



Newton's law for rotation
System of particles, ynall rotating with samey anda about same axis. is
perpendicular distance from the axis of rotation.

Ti = rixFj
Ti = iR
where ks the tangential component of F
T = I mia
T = mig
= imjria;j
ST = 2 mijriZa; but all aj =a
SO Ttotal = la andt, a on axis

Example. What constant torque would be required to stop the earth's rotation
in one revolution? (Assume earth uniform.)

Plan: Know M, Ry, wf, AB. Needr.
Usert = la, where w;, w, 46 - a

21
- 1
W =0, = 5apepi. = 1.72 16trad.s

w2 = wi2 + 20A8 (cf Vi2 = v2+ 2a\x)
o o P Wi
- 2MA0
WF2 — ;2
= 2
T la = MR “oNG

= 4.1 168Nm



Example Mass m on string on drum radius
r on a wheel with radius of gyration k and
mass M. How long does it take to turn 10

turns?
Plan: solve for a o, use kinematic equations.

N2 for m (vertical): mg-T=ma

N2 for wheel: T = lo
T = Mk2.2

T = Ma%@
g - a2 = ma
a :rw%g

AB = wit+%0(t2 cf Ax = v,t+%at2

M
) o _\/ 2(20r rad%l +M %ﬁ@
t= Vzg = g

Example A car is doing work at a rate of 20 kW and travelling at 100 kph.
Wheels are r = 30 cm. What is the (total) torque applied by the drive wheels?

P = Fv,so by analogy P =Tw

Wheels are rolling so w:\FI
_P _Pr

Ot =4 =
_210°W 0.3 m

10° m/3600 s
=220 Nm (not equal to torque on tail shaft or at flywheel)




Analogies: linear and rotational kinematics

Angular
angular displacemert
angular velocity
angular acceleration o

kinematic equations

Linear
displacement X
velocity %
acceleration a

Vi =V +at

wf = ;i +at

Ax=vit+%at2 Ae:wit+%at2

Vi2 = 42 + 23\

AX =% (Vi + vt

w2 = w2 + 2000
£ =3 (o + o)t

Analogies: linear and rotational mechanics

mass m

Work & energy
W = [Eds

- 1w2
K —2Mv

force

T

momentum
p=myv
Newton 2:
_d __
EF = gtk = ma
if m const

rmoment of inertia I

| =Smiri2 | =Jrddm
W = IT.dG
-1
K =3 lw?
torque T=rXxE

angular momentum

L = mrxy
_d, _
T =4k =la

if | const



Momentum p = nmv

Newton 1&2 Fext = dgtp

Conservation law:

If no external forces act momentum conserved

If m constant, Fext= dgtp = % (mv) = ma

axis axis
E G\/Q
r 9 r 9
~ - ~N

Fext (r sing) = % (p r sinB)

Angular momentum L = (r sin@) mv
only consider one axis

. _d
Newton for rotation Text = gtk
Conservation law:
angular
If no external torques act |, o mentumcenserved

4 _d =
Iflconstant,  Tey= gL =gilw=la

| defined for a collection of particles

Conservation op andL :

forces
If no externaltorquesact on a system,

momentum

IS angular momenturl§ conserved.
Conservation of mechanical energy: if non-conservative forces and torques do

no work, mechanical energy is conserved



Example Particle mass m moves with

r =(A)i +Bj + (Ct -%th k

(i) What isp for the mass? (ii) What is iksabout the origin? (iii) what torque
T acts on it? (iv) What is the shape of this motion?

- - - md
)] p=my=mgl

mAL+(C-ghk)

i) L=rxp recall:

rx fy fz Ix

Px Py Pz Px
L] ki

= (5py -ryPok + (fyPz- 2Py)i + (tzPx - TxP7)].
= -BmAK + Bm(C-gt) +

((Ct -5 gt2) MA - Atm(C-gt)) i
= B(C-gt)mi_+ %Amgt2 j -ABmk

@) T = —tg = -Bmgi_ +Amgtj

T Py P P P P P PP P P PR Ty Torsional pendulum.

Useful way of comparing unknown | with that
of a simple object (e.g. rod).
Object with | is suspended on wire. The
wire, when twisted, produces a restoring
torquet = -k0

T =l = I@
dt2
d2e 1 K
e 1 -1
solution is:
0 = Bpsin Qt+@ whereQ = _'\/IE
Period

_2m _ 2,_[_ 13 wherek is the
- Q - K const of the wire

T2 L]_

[0 for two different objects, T2 o
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Example. String round drum (r) on spool
T (R). What is the critical angwhich
determines direction of motion?

E fr

a) Ifitslides (kinetic frictiorFk) it moves right.
b) Ifitrolls (static frictionFEg) it moves left.

N2 vertical: Tsin6 + N = W (i)
N2 horizontal: TcosO = Hy (i)
N2 rofl about centre  Tr= FfR (iii)
At point of sliding, fr = psN (iv)
Unknowns: T8, Fg, N. Substitute (iv):
(i) - T cosBc = psN
(i) - Tr = usNR
- 5 cosOc = R
Simple pendulum.
L 8 You may meet this in the lab.....
T Mass m, suspended on light string. Radius of
- mass r << M treat as patrticle.
\‘___ -
L
N2 in vertica: mg = Tos6
2
N2 in horizontal: T sir@ = ma =- m;lt;(
If 6<<1, sl 06 Oy, cod O 1.
d2x o X

rertZ = -TsinB = - mg

d2x _ . g

e - -Tsin@ = -7 x
solution is:

X = XmSin @t +¢@) wherew = V%
Period

T:ZJ:ZHVS

11



Physical pendulum.
B\ h Object, mass m, rotational inertia I, free to
rotate.
c.m.
mg
N2 for rotation: T = la
: d?e
-mghsin@ = I@
d® _  mgh .
If 6<<1, a2 - sin®
d20 mgh
@ D - | 9
solution is:
0 = Bpsin (Wt +¢@ wherew = ;zl—gh
Period

_2m I
T-w-mﬁaw

(put all mass at c.m.l = mk= mh2 [J previous result)

Example.

Disc, mass m, radius R, suspended at point h
from centre. What is T for this pendulum?

Period

2 I
T=% = 20\/5gh

Parallel axis theorem:
lnew= lem + mH?

:%mR2+mh?
§R2+hz
T=a\[ %

(if h>> R, get 21 -\/g as for simple pendulum ifh=0,F o)
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""""""""""""""""""" Example. Object mass m suspended by two

T, Ad4—D AT, strings as shown. Find; &nd .
c.m._—
mg

It's not accelerating vertically so
N2 - 2ZFK =mg=0
a T1+ T2 - mg =0 0]

It's not accelerating horizontally so
N2 - 2K =mg=0

il 0=0 not enough equations
It's notrotationally accelerating so:
N2> 21T =la =20

T about c.m. _ _ _
clockwise 0 T1+T2 = To;D-Tad =0

d
T1 +5T1 - mg =0

mg

_ mg
1= 1+d/D

T =1+ D/d

T2
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The vector product (not in syllabus).

C
b

a
Definela x b| = absin®
ax b at right angles ta andb in right hand sense

pronounced "a cross b"
Forright hand
Thumb x index = middle (remember TINI

(or North x East=down remember NED

Turn screwdriver fronato b and (r.h.) screw moves in direction(afx b)

Usually evaluate bya x b| = absin®
but Vector product by components is neat

axb =(axi+aj+akxbxi+byj+bzk)
= (axbx) Lx 1 +(gby) jx ] +(azhz) k xk
+ (xby) ix] + (gbz) jxk + (abx) kx i
+ (aybx) [x1 +(aby) kx ] + (axbz) i xk

axb = (axby - ayby)k + (aybz - azhy)i + (azbx - axbz)j

p X

Example.
F=@L+5])N, r=(4j +6km; T=7?
T =rxE

= (xFy - yFx)K + (yFz - rzFy)i + (rzFx - ixF2)].
=(0-4m.3Nk+(0-6m.5N) +(6m.3N-0)
:(-30i_+ 1§ - 125) Nm

Angular momentum

For aparticle of mass m and momentyprat positionr
relative to origin O of an inertial reference frame, we
define angular momentum  (w.r.t.) O

p

==

=
1

|“
X
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or =rpsiné

Example What is the angular momentum of the moon about the earth?
L= Irxp]
= rp sind
O rmv sin 90°
= MPW

(7.4 182 kg) (3.8 16 m)2m2—”

24 3600 s
= 2.81684kgn¥ sl
Direction is North

f d/2

v

L
Example Two trains mass m approach at same speed v, travelling antiparallel,
on tracks separated by distance d. What is their total angular momentum, as a
function of separation, about a point halfway between them?
L1 = nxpp
X mvp
(d/2)mv (clockwise on my diagram)
= (d/2)mv (also clockwise)
= dmv independent of separation

Lo

Newton 2 for angular momentum:

= ]
2T =1 XE =1 X 4P

d d
Gl = ¢ Cxp

= %r_@x b trXx gtp_) order important!

=vxmv + T

_ d Newton 2
2t = dit in rotation

15



Question: A top balances on a sharp point. Why doesn't it fall over?
(Qualitative treatment only.)
d
T =4t
dL /T
but T is horizontal
so d is perpendicular tg

Also boomerangs, frisbees, satellites

Systems of particles
Total angular momentur

L =2(r;xp;)

d d

gtk = Zq®ixp)
=21

= 2 Tjinternal + 2 Tjexternal
Internal torques cancel in pairs (Newton 3)
d d
u 2 Tyt = ditll cf Fext= 4P
whereZ Teyt is the sum of all external torques.

(This equation derived fanertial framesbut it is also true for other frames if centre of
mass is taken as origin.)

Consequence:

d
F3 Text=0, gL = 0.

Conservation of angular momentum of isolated system

Example Circular motion of ball on string. What happens to the speed of the
ball as the string is shortened? (Neglect air resistance).

e
F\RQQ

tube m;

F| string
| | mz

Tensiondoesdo work, but it doesn't exert torque (/ r ) O angular
momentum conserved.
L= rxp
= rp sind
= rmv sind
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Example: Person on rotating seat
holds two 2.2 kg masses at arms'
length. Draws masses in to chest.

What is the increase w? Is K conserved?
Rough estimates: pkrsonabout long axis115 cm

= ME = ~ 70kg. (15 ) "ol o
lp ~ 1.6 kgm
Im = mZ 0 2.2 kg. (0.8 M
Im O 1.4 kgn? (arms extended)
Im' = mr2 0 2.2 kg. (0.2 nd

0 0.1 kgn? (arms in)

No external torqueS Lj = Ls
(Ip + 2Imwi = (Ip + 2I'm)wy

@_lp*Zm _ 5y
@ = Ip+ 2,

1
Kt = §(|p+2|m)(ﬂf2 =24
S L (p+ 2
Arms do work:  Fds = ngantripds

Example Space-walking cosmonaut (m = 80 kg, k = 0.3 m about short axes)

throws a 2 kg ball (from shoulder) at 31-I displaced 40 cm from c.m.).
How fast does she turn? Is this a record?

@) -0
w
C.m.\

I
40 cm
In orbit so no ext torques $oconserved
Li = Lf = Lpall * Lcos

O =rxmv - lw
= rmv - Mk2w
L
Mk 2
= 3.4 rad3

= 33% r.p.m.
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