PHYS 1121-1131. Systems of particles and extended bodies,
Centre of mass, Momentum, CollisionsJoe Wolfe, UNSW

Centre of mass
In a finite body, not all parts have the same acceleration. Not even if it is rigid.
How to apply F = ma?
Total mass M =2 m;
Define thecentre of massas the
point with displacement
_ 2 Ml
Fem = M

origin

Why? n particles, fat positions j, Fj acts on each. Total force
acting on all particles:

2F =2ma

d2
_Zml t2_l

if masses constant.

ZWMJ
origin — di
= d2

@ml_l
w

. 2 mir;
But we defined I em = ﬁ

2
Then 2 F = IV'%r_cm: Macm

(total force) = (total mass)*(acceleration of centre of mass)

2mrj

Look at forces in detail:

E. Fiext EachF; is the sum of

ey - internal forces (from other
particles in the body/
system) and external forces
(from outside the system)

m. E ijnt
2 Fi = 2 Fj internal* Z Fi, external

Newton 3 All internal forcesFjj betweent and fh particles are
reaction pairs Fji =—Fj

O Zinternal forces = 0
2 Fi = 2 Ei, external = F external
E externa= Macm

U

g

( total e) (totaD ( acceleration Os)
external forc - mas centre of ma



For n discrete particlesentre of massat
i _2Zmir 2 mjrj :
Lem = "5y = M (i)
For a continuous body, elements of mass dm at
Jr dm Jr dm
body body~

F'em = fdm = M (i)
body

Can rearrange (i):

M —Mifem
0= 2 M =

2mi(ri — rem =0

(i) — (j-remdm =0
bady

Later, when doing rotation, we'll consider

which is a useful way to find c.m. experimentally.

Example. Where is the c.m. of the earth moon system?

i _2mjrj
—_cm Z mi
Take origin at centre of earth.
« _ MeXet MXm _  mMpd
Mmoo T me+mm T Me+ My

= 4,600 km i.e.inside the earth.
recall: we derived the centre of rotation of the system

Example
[ On a square plate (masg)mwe
m, place m and m as indicated.
‘ m 3] my =135 g, m =100 g and m=
—f 50 g
L cm Where is the cm of the system?

_Zmirj _ mp(l.5 + 1.5) + my(2.0) + mp(2.0. + 2.9)
Lom = "5Smy ~ Mp + My + My

— (3039)2.5'5(950391 = 1.1i+1. checktha mj (rj - rem) =0




Example. Rod, cross-section A, made of length a of material with
densityp1 and length b of material with densgiy. Where is c.m.?

If p1/ = 2pp, and a = 2b, where is cm?

P1 P2
- :::: R R }:) A
) | !
-b 0 a *
frjdm
I em [dm
dm =pdV = pAdx
fx dm
Xcm = Tdm
0 a
! P1AX dX + J p2AX dx
= 0 a
t[plA dx +Jp2A dx
_ — 5 p1b2 + 3 poe?
p1b +p2a
2 _ rh2
S L where r £1

2(a +rb) P2



Momentum
Definition: p = mv

Later we'll see that this is a low velocity approximation@ =

Generalised form of

o

Newton 2: >F =3p

d d

t
ZE:th+!Htm

If m constant, ZF = ma

System of particles: What is system? - you choose.

P =2pj and M=2m
P =zmy; =Zmigtr_i

_dg d%mir_i@

= @tZMLi M GgiH M
P = Mv

- —Ccm

Cod 5
If M constant: gt P = Ma_,

_sd o _d
zEI - Zdtgl - dt E
All internal forces are in pairgj = - Fj;
0 Fext = % P conclude:

i) Motion of cm is like that of particle mass Mragm
subjected tdrext.

ii) If Fext=0, momentum is conserved

Internal vsexternal work.
Problem. Skateboarder pushes away from a wall

‘gi‘gi O

mv

V1 -v2/c2

:

Point of application off does not mové,] normal force does no

work, but K changes. Where does energy come from?

Fext = Mam
dvem d
FextdX = Mamdxem = M%Xcm = Mvemdvem

"Centre of mass work"

f
1 1
Wem = irFexth = (5 Mchz)f - (E Mchz)i

Work done = that which would have been dongjitfad acted on

cm.



Example 90 kg man jumps {\= 5 msl) into a (stationary) 30 kg
dinghy. What is their final speed? (Neglect friction.)

Vi
Vi
I / | L= 7
No external forces act in horizontal direction gsadconserved.
R=HhH
man dinghy man dinghy
Mnvj +0 = (g + mg)vs
Vi = Mm Vi
b mm+my Y
u“uul Example Rain falls into an open trailer
g F (area 10 ) at 10 litres.mirk.nr2.

Neglecting friction, what F required to maintain constant speed of
10 msl?

10 litres has mass 10 kg

I
'—\
\‘
Z

Example. Rocket has mass m = m(t), which decreases as it ejects

exhaust at rate r _:(::Tm and at relative velocity u. What is the

t

acceleration of the rocket? (%m: rate of increase of o)

mass of rocket

-dm
—o  [m=mu]—
Y
No external forces act so momentum conserved. In the frame of the
rocket, forwards direction:

dprocket+ dRexhaust= O
m.dv + €dm).(cu) = 0

dv = — M
m
q =dv__udm
dt m* dt
ur .
a :m 1st rocket equation
dv:—udﬁm: dv =-ud(n m)

mj
my

need high exhaust velocity u (c?), else requirerm;

f
Jdv = ¥-v; = uln 2nd rocket equation
i



Collisions Definition: in a collision, "large" forces act between
bodies over a "short" time.

In comparison, we shall often neglect the momentum change due to
external forces.

Example 1:

T

Vg — B - vy
Fab=Fha=0 ' . ' .
b Fa

_a _—
Fab= Fpa= large! M
Fab= Fpa=0 ‘ . ‘ .

forces that crumple cars during (brief) collision are much larger than friction force
(tires - road),[J neglect kext

In previous example: car decelerates from 30 kph to rest in a 60 cm ‘crumple
zone'. Average a = 58 nds so force on car during collision ~ ma ~ 58 kN,
compared with friction at ~ 10 kN

Example 2 Spacecraft
@ Jupiter
doesn't "hit"

Here, start and finish of collision not well defined
At large separation before and aftegy & F3 00
During collision (fly-by), forces are considerable.

However, fgray 1/r2, so much smaller at large distances.

Impulse (I) and momentum

Newton 2[] dp = Fdt
f f
0 I[dp = lIE dt SO
f
Definition: ! = pi-p; = IIEdt

mq m,
f - f f
Ap; = r[F_ldtsglm Ap, = r[Ezdtz—r[lildt
O A pp =-4p;
0 A P=Ap; -Ap,=0

If external forces are negligibl€in any direction), then the
momentum of the system is conserved (in that direction).



Example. Cricket ball, m = 156 g, travels at 70-fn&Vhat impulse

IS required to catch it? If the force applied were constant, what
average force would be required to stop it in 1 ms? in 10 ms? What
stopping distances in these cases?

v, vin
—-Q

m=0.156 kg, ¥v= 70 m.s vf = 0.
L= pi—p
= m(¥ - vj) to right
= ....= 10.9 kgms to left.
L = IJtE dt if F constant, J=At.
U Fa\/: JIAL.
Const FI consta. s =gAt. Vg = 35m.st
At 1ms 10 ms
F 11 kN 1.1 kN ouch!
S 3.5cm 35cm

Example. (Common method to measure speed of bulBtillet (m) with

vp, fired into stationary block (M) on string. (i) What is their
(combined) velocity after the collision? (ii) What is the kinetic energy
of the bullet? (iii) of the combination? (iv) How high does the
block then swing?

a-b): collision, no horizontal external forcés momentum
conservedFriction does work, smechanical energy is loshot
conserved

b-c): during this phase, external forcés act, somomentum is
lost, not conserved. However, there are no non-conservative forces,
somechanical energy conserved

Note the different stages:



Analyse a) to b)
a @ by @

Vb
. M+m
m M Vt
- | =
No horizontal ext forces during collisiah momentum conserved
) Pxi = R
mvp = (M + M)v

i) Kp=2mw?

2
i) K¢ =2(m+Mw2=1(m -+ M)%vbﬁ

Conclusion: W=U, K; £ K.
Mechanical energy isot conserved - deformation of blockrist
elastic heat is produced.
During a collision with negligible external forces,
P = Mvem is conserved

i Iy 2
M constant] vem is constantl] 2 Mv 4, constant

K of c.m. isnot lost. But the K of components with respect to c.m.
canbe lost.

Greatest possible loss of K: if all final velocitiesa, i.e. if all
objects stick together after collision.

Calledcompletely inelastic collision.

Vii Vi v
— > — —

Completely elastic collisionis one in which no non-conservative
forces do work, so mechanical energy is conserved.

Part (iv) of previous example (b-c):

here the external forces (gravity and tensamjlo work and change
momentum. But there is no non-conservative force aml this
part of the processonservation of mechanical energy applies:

AU +AK=0
(M+m)g@h -0) + (k-0) =0
Ah = | L m? Vp2



Puzzle.Fly travelling West at 5m/s meets train travelling East at 30

e <

00 00 00 00
v initally, vy =-5msl
5 finally, vy =+ 30 mst
— .
t

At some time t, the fly travels at 0 ths

i)  does this occur before or after the fly first touches the
windscreen.

i)  how fast was the windscreen going when the fly was
going 0 msl?



Elastic collision in one dimension
Vi V oi Vlf V2f

—_— > — —_— —P
O ews O o
my my mq my

Collision: neglect external forcds

Pi = B
MyV1j + MpVaj = MV1f + MpVos (i)
elastic O Kj =Ks

1

1 1 1 .
> M2 +2mvpi2 = S mva +5mpva? (i)

usually know m, mp, v1j, voi. Two unknowns (4, vor), [ we can
always solve.

Or: transform to frame where (e.gy)«0
Or: transform to centre of mass frame.

Example. Take m = mp, voj = 0, wj = V.

Voi= 0 Vg Vot

00 00

neglect external forces [ ¢

mv + 0 = mys + mwt 0]
% mvZ2+0 = % mvy2 + % mvao2 (ii)
@) - voi = v—vii (i)
substitute in (i) —
1

> mvZ2+0 = % mvy2 +% m(V2 + V12 - 2VVy¢)

O 0= wP - v
0 = wf(vif—V) 2 solutions
Either: vif=0 and (ii}» wf=V
i.e. 1st stops dead, all p and K transferred 40 m
or: vif=Vv and (ii»> vof=0
i.e. missed it.

Example Show that, for an elastic collision in one dimension, the
relative velocity is unchanged.

i.e. show vij - Wj = Vof - V1§
p and K conservation gave:
() may(vai- vi) = mp(vai - vor)
(i) 5 mvi?-vid) = Jm(va2 - Vo)
If they hit, (vj-vif) #0, (wji-Vvor)# 0
@/ O vaj+vif= Voj + Vo

H V1i - V2i = Vof - V1§
2m

m2-my .

i.e. relative velocity the same before and aftepive - s = T

Vi +

V:
mo + mp 2i



Example Two similar objects, mass m, collide completely

inelastically.
case 1. vi=V, wj=0.
case 2: Yi=V, Bi=-V.

What energy is lost in each case?
p conserved- mvij+ mwj = 2my

AK =

Vii + Vo
Vi = 1|2 2i

1 1 1
Ki = Ki = 5 2m)w2 -5 mvyi2 - 2 mv;2

. _1 +02 1
casel: AK = 2(2m)§%ﬁ 2mv2

= _1
= -3 mz2

: -1 +0s 1 21
case 2. AK = Z(Zmﬁ%ﬁ 5 MV va2

=-mv2 4 times as much energy lost

Elastic collisions in 2 (& 3) dimensions

|

"~
o

.—> } ) 01
Vi

Choose frame in which srstationary, y;j in x dif

b is called impact parameter (distance "off centre")
px conserved AV1; = Mvyf COSO1 + M COSO2

py conserved & mws sinB2 — mvy5 SiNB1

K conserved

3 equations in M, Vo1, 61 andB2: need more info (often givén or 6))

M2 = 2 mvi +2 mya +AK (ii)

2
whereAK = 0 for elastic case

Incidentally: for billiard balls, neglecting rotation and frictieeagonable during collision, but not afjer

b
>
(R+R)sinB2=b 6, = sirr1£
2 2 2R
iR
2+ 8,
i
1+ 14+
o BiR
L i 3

Note that a® - 90°, small error in b gives large erroGs ii)

Does b = R givé, = 30°?



Example. Police report of road

v Vl/( Z mg accident. Car 1, massyratrikes
— 5 "1 stationary car mat point C. They then
I slide to rest in positions shown. Given
m, C @ Uk = M (assumed same for both) find

\ S2 m.. theinitial speed v of ; Can you
Vo 2 check assumption?  redl exampl}

- F__ W__
After collision, a for both—rn == Ky =7 Hg

Vf2 — Vi2 = 2as =-2ugs

0-vi?= -2ugs

v1=V2ugs, \ERVPITE
Neglect external forces during collisiah? = 0
Px: mqv = mvicosO + movacose (i)
Py: 0 = mvyisSin® — myvasing (i)

() O v = 2ugss cosd + %Vﬁgwcosw

Note the "spare" equation—we can use it to check the model or assumptions:
(Thep may not be the same for the two: surfaces different etc)

(i) d leZLllngl sme = my\/ 21209 Sin@
Hz2 _ S1my

H1 — somp2 sm2 ®

s Example A building has S stories,
each of height h. An explosion

v destroys strength offhfloor. How
" Jong before (n+1y floor hits
A ground, falling vertically?

n  Assume inelastic collisions between
floors. To obtain a lower estimate,
assume negligible strength between
floors.

|



Example

W L
O |

Q\
N o

b

Ballbonist Albert writes message on a bottle (1 kg) and drops it over
the side. It is falling vertically at 40 mtsvhen caught by parachutist

Zelda (m = 50 kg), travelling at 1 rsit 45° to vertical. Collision
(bottle—Zelda's harjdasts 10 ms.

v)

i)  If only gravity acted, what iAp for Zelda over 10 ms ?

i) Neglecting ext forces during collision, what is the
velocity of (Zelda+bottle) after collision?

i) What impulse is applied to bottle during collision?
iv)  What is the impulse applied to Zelda?
V)  What is the average force during collision?

i)  duetoW,Ap= W At =..=5kgm.d down
i) Neglect ext force§] momentum conserved.

My Vi + Mz Vzi = Mzap) Yiz+b)i
1(-40j) + 50(1 cos 457 — 1 cos 45%) = 51(%k i + vy ])

i dir: v = cos 45°%_)x1 = 0.7 mst

jdirm w = ~ 140 _S?LO cos 45: -1.5msl

O M| = Vvl + W2 =1.6 mst
6 = tan1\§‘ 00 67° to horizontal
X

|||) |_ = Ebf _Ebl = ].X(VX i_+ Vy J_) - 1(‘40]_)
=(1.6i +38j) kgm.s?

V) |, =-J =-(16i+38j)kgm.sl
| =V1.62+3& = 38 kgm.g

- A

Fy= TF;Z = AMt:.. =380 N



