
Alternate approach to the analysis of solar photometer data

B. M. Herman, M. A. Box, J. A. Reagan, and C. M. Evans

The standard technique of analyzing solar photometer data to determine atmospheric optical depth and the
spectral solar constant is shown to inadvertently weight the data unequally. A new approach is proposed
which equally weights all the data. Assuming that the deviations of the data points result from real random
variations of optical depth during the period of the measurements, this latter approach is shown to yield
more reliable results.

1. Introduction

Solar radiometry is a technique that has become more
or less a standard method of monitoring the total at-
mospheric extinction along a vertical column through
the atmosphere. A by-product of the technique is the
ability to determine the incident solar flux at zero air
mass (i.e., the solar constant) at the wavelength in
question. Indeed, it was by this method that the orig-
inal solar constant determinationsl' 2 were made. The
method has been widely used in more recent years,3 and
although the instrumentation has become more refined
the basic data analysis techniques have remained the
same.

Analysis of solar radiometry data is based upon the
assumption that the transmission of the direct solar flux
follows Beer's law, given by

F = Fo exp(-mr), (1)

where F is the directly transmitted solar flux at a par-
ticular wavelength X, F0 is the solar flux incident at the
top of the atmosphere, T is the vertical optical depth of
the entire atmosphere at the wavelength X, and m is the
air-mass correction factor to account for the actual slant
path of the sun through the atmosphere. (Throughout
this paper, we suppress the wavelength dependence to
avoid a plethora of subscripts.) The actual experi-
mental expression is K F = K F0 exp(-m-, where K
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is an instrumental constant. However, in the work that
follows, since only relative values of F and F0 are re-
quired, the constant K will be dropped.

In Eq. (1), F is measured, and m is determined from
time of measurement; F0 and -r are the unknowns to be
determined. In principle, then, measurements of F at
two different values of air mass m (i.e., at different times
in the day) should suffice to determine the two un-
knowns. In practice, however, many measurements are
usually made throughout the day, and assuming hori-
zontal homogeneity and no temporal changes of vertical
optical depth during the measurements, the resulting
data are analyzed for the best value of F0 and r in some
statistical manner. The most common procedure is to
write Eq. (1) in logarithmic form, yielding

InF = nFo - rm (2)

which on a plot of lnF vs m is a straight line of slope -

-r and intercept lnFo. The data are then usually ana-
lyzed to yield the best-fit straight line in a least-squares
sense.

Analyses of the various sorts of errors associated with
the U. Arizona solar radiometer indicate that the
largest error is, in fact, caused by actual random varia-
tions in the total optical depth during the course of the
day. These variations can range from <1% of r on very
stable days to 10% or more of r on other occasions,
typically being in the 1-5% range of r. Other error
sources are generally <0.5% of r. Therefore, we shall
here assume that the only error of significance is caused
by random fluctuations in r.

From Eq. (2), it can readily be seen that a fluctuation
mAr will yield a fluctuation in lnF,AlnF, given by

IAmE! = mAT. (3)

Thus, it can be seen that random deviations in T will

cause deviations of nF from a straight line, and that
these deviations increase with increasing air mass.
Therefore, a simple (unweighted) least-squares fit of the
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data by a straight line will give more weight to data
points at large air mass (i.e., low sun) than to data at
small air mass.

Although the expressions for a weighted least-squares
fit may be found in a great many sources, we choose to
include our own derivation in Sec. II, as we believe it
provides greater insight, and to show a proper justifi-
cation for its use. In comparing the various weighted
and unweighted expressions in Sec. III, we will assume
that we know the relevant parameters of the underlying
population of optical thicknesses. Although we can
never know these values from a small sample, this as-
sumption is quite valid in comparing the accuracy of
different statistical expressions.

11. Proposed Technique: The Weighted Fit

We here propose a technique which will weight all
data points equally, a physically more plausible tech-
nique with the assumption of purely random variations
in -r during the period of the measurements. To ac-
complish this, we first define an instantaneous optical
depth -r by

lnFo - Fn ()
Mn

and a mean optical detph by
1 N

r = T E 'n, (5)N n= 1

where the subscript n indicates a particular measure-
ment, and N is the total number of measurements in the
sample. The fluctuation in optical depth Arnz from the
mean for the day for any measurement Fn is then simply
A-rn = Tn- T.

Ideally, the value nFo appearing in Eq. (4) is the
exact value which, of course, is unknown. It thus be-
comes an object of the data analysis to determine a best
estimate of lnF0 , nF*, before values for rn and X may
be obtained. In the present method, it is assumed that
variations in T throughout the day are random, and we
thus seek the value of the intercept lnF* so that

E ( - T)
2

n-i

is minimized. This is equivalent to finding the value
lnF' so that

d N
F (n -T )2 = °

or upon taking the derivative

2 (T)(din - ) F_
n=1 ~ d InF; d lnF

(6)

(7)

Using the relationships

drn 1 (8)
d lnFO mn

dr 1 N 1

d InF N n=1 mn

Eq. (7) may be shown to yield the following expression
for lnF':

lnF = N E lnFnm - S-1 E lnFnm1)/ A
n=l n=1

where

A = NS- 2 - 1,

and we have introduced the notation
N

S= L ml.
n=1

(10)

(11)

(12)

When this result is inserted into Eqs. (4) and (5), an
equivalent expression for i* may be obtained:

_= N -2 N
T= (S a lnFnmn2 S 8-2 E nFnmn' /A- (13)

n=1 n=1

Equation (10) thus yields the value of the intercept lnF0,
which, with the calculated mean optical depth 7,mini-
mizes the deviation of the instantaneous optical depth
about the mean value in a least-squares sense. This
procedure is reasonable with the assumption that the
values of 'r vary randomly throughout the period of
measurement, and it gives equal weighting to each
measurement. The standard procedure of least-
squares fit to the log of the measured solar fluxes nF
inherently weights the variations of optical depth A-r
by the air mass m as we have shown [i.e., Eq. (3)]
thereby weighting measurements at low solar angles
more than those at high sun. The present procedure
should thus provide better values for both the optical
depth and the intercept (i.e., solar constant) on days
when there is not a systematic temporal change in -

occurring. On these latter. days neither method will
provide reliable results, and one must resort to calcu-
lating instantaneous values of r from each individual
measurement, providing a reliable value of the intercept
has been established. On the other hand, on very stable
days the variations in T are very slight, and both meth-
ods will probably produce nearly identical results.

In a later paper, experimental testing of the present
method and comparison with the older technique will
be presented.

111. Statistical Analysis
In this Section, we propose to examine the formulas

given by Eqs. (10) and (13) from a statistical point of
view and to compare them with the old unweighted
formulas, which we now quote for reference (we shall use
a subscript u to designate all unweighted results):

lnFu = (S2 E lnFn - SI E InFnmn A.;
n=1 n=1

r = -N E IlFnmn -S I InFn)/ Au;
n-1 n=1

A = N2 - S.

(14)

(15)

(16)

We now assume that as measurements are made
throughout the day the real instantaneous optical
depths r are drawn from a population with a mean of ro
and with a standard deviation 3r caused by real atmo-
spheric fluctuations. Our measurements then repre-
sent a sample drawn from that population.
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The first result which we seek is the expectation value
of the two parameters we have obtained. From Eq. (2),
we have

(nF) = lnFo-mnTo, (17)

which may be inserted into Eqs. (10)-(16) to show
that

(InF0) (lnF,,) = lnFo, (18)

(T*) = (Tu) = To (19)

i.e., neither formula exhibits systematic errors.
That being the case, we now turn our attention to

expected deviations from the mean (or true) values.
The expressions for the standard deviations of lnF* and
T in the weighted case may be taken straight out of the
standard references4 5:

92 (lnFo) = N6T 2 /A (20)

a.2(?F*) = S- 2 T2 /A, (21)

where A is again given by Eq. (11), and we write 632 for
(6T)2~

The expressions in the unweighted case cannot be so
easily obtained, and we must resort to a longer deriva-
tion (outlined in the Appendix) to arrive at the re-
sults:

u2(lnF5a) = T2(S3 - 2SS2S3 + SlS4)/A2 (22)

u2(-r) = T2 (N2S 4 - 2NS 1S3 + SlS2 )/AI. (23)

Equations (20)-(23) are rather complicated and it is
not possible to decide by inspection which form is the
smaller or by how much. We have, therefore, per-
formed some simple calculations with these equations.
We have taken a series of cases with N ranging from 3
to 20 and air-mass values starting at m = 1 and in-
creasing in steps of 0.5 up to m = (N + 1)/2. In Table
I we list the values of the standard deviation (i.e., the
square root of the variance) divided by -r.

It can be seen that for small N, when all the air-mass
values are small, there is little to choose between the two
formulations, although we may note that the new
(weighted) expressions are always superior. As N in-
creases and the number of large air-mass values in-
creases with it, the superiority of the new formulations
increases steadily. Although the selection of air-mass
values employed in this calculation is not typical of most
radiometry programs, the results presented in Table I
make it clear that, as more readings are made at large
air-mass values, the advantages of the weighted ex-
pressions become more and more apparent. This, of
course, is precisely what we would have expected on the
basis of our earlier discussion.

IV. Conclusion

We see from Table I and he accompanying discussion
that although neither the weighted nor the unweighted
formulas lead to any systematic errors in the estimation
of solar constant and average optical depth, the un-
weighted formulas are subject to greater statistical
uncertainties as evidenced by their higher variances.

Table 1. Renormalized Standard Deviations for the Weighted and
Unweighted Cases

Weighted
D1 mmax

3 2.0
4 2.5
5 3.0
6 3.5
7 4.0
8 4.5
9 5.0

10 5.5
11 6.0
12 6.5
13 7.0
14 7.5
15 8.0
16 8.5
17 9.0
18 9.5
19 10.0
20 10.5

a(1nF;)15-r

2.777
2.195
1.878
1.677
1.537
1.434
1.354
1.291
1.239
1.196
1.159
1.128
1.100
1.076
1.055
1.036
1.019
1.003

a(T*)16T

2.087
1.495
1.177
0.979
0.844
0.745
0.669
0.610
0.562
0.522
0.488
0.459
0.434
0.413
0.393
0.376
0.361
0.347

Unweighted
(lnFO-)/6T a(TU)I6T

3.009 2.236
2.557 1.691
2.337 1.393
2.216 1.202
2.146 1.069
2.107 0.970
2.087 0.893
2.079 0.830
2.080 0.799
2.089 0.736
2.098 0.699
2.112 0.667
2.129 0.639
2.148 0.614
2.169 0.592
2.190 0.572
2.212 0.554
2.235 0.537

Thus we may conclude that, on average, use of the new
weighted formulas will yield results which are closer to
the true values of these parameters. This is especially
true in the case of the solar constant, indicating that the
new formulas should definitely be used in measurement
programs designed to monitor this most important
quantity.

This project was funded by contract N00014-76-C-
0438.

Appendix

Here we sketch the steps needed to arrive to Eqs. (22)
and (23). From the definition of the variance, we
have

C2(lnFE,) = (n 2F,,) - lnF&u)2

= (S2(N lnF;,u- E Tnmn) - 2S1S2

(nE8, n n Tmn) (lnF&,Sl - Tn)

+ (nFusl - Eg TnMn) >/Au - ln2 F0

= [2N ln2oS| E(f nmn) + S2 (E Tnmn) )

+ 2N nFslS 2 ( E Tnm )
n=1

+ 2 lnFoS2S E TnMn)

- 281S2 E nMn E Tnmn + 57 ((E Tnmn)

-2 nFoSl T nMn)j / A2

= 6r2(Sl - 2SS2S3 + S1S4)/AU,

and we have made use of the following results:
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N~~~

(nE Tnmj) = TO E m = ToSj;

( E Tn~n) ) = mn + To (Em )
(nil n=1 n=1

= TS2 + osi;

2 6 m ,\ 2 fN 2((ETnMn )=12 E 4+T( E n
n=1 n= 1

= 672S4 + TO 2;

N N N N N
A TnMn E Tmn = Sr2 A mn+ T E mn E mn

n=1 n=1 n=1 n=1 n=1

= 672S3 + TSr 1S2.

Equation (23) for o-2(6) may be obtained in an analo-
gous manner.
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