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Abstract

Green’s function is a widely used approach for boundary value problems. In problems related to
radiative transfer, Green’s function has been found to be useful in land, ocean and atmosphere remote
sensing. It is also a key element in higher order perturbation theory. This paper presents an explicit
expression of the Green’s function, in terms of the source and radiation field variables, for a plane-parallel
atmosphere with either vacuum boundaries or a reflecting (BRDF) surface. Full polarization state is
considered but the algorithm has been developed in such way that it can be easily reduced to solve scalar
radiative transfer problems, which makes it possible to implement a single set of code for computing both
the scalar and the vector Green’s function.
r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The Green’s function, which originated from the work on potential theory by Mr. George
Green [1], has been widely used to solve boundary value problems [2]. The concept of Green’s
function has been introduced into linear transport (including radiative transfer and neutron
transport) theory by Case and Zweifel [3] and Bell and Glasstone [4]. In particular, Case and
see front matter r 2005 Elsevier Ltd. All rights reserved.

jqsrt.2005.04.009

ding author. Environmental Remote Sensing Group, CSIRO Land and Water, GPO Box 1666, Canberra

ustralia. Tel.: +61 2 62465735, fax: +61 2 62465800.

ress: yi.qin@csiro.au (Y. Qin).

www.elsevier.com/locate/jqsrt


ARTICLE IN PRESS

Y. Qin, M.A. Box / Journal of Quantitative Spectroscopy & Radiative Transfer 97 (2006) 228–251 229
Zweifel [3] developed an explicit expression for the Green’s function for infinite, homogeneous,
and isotropically scattering media with vanishing boundary conditions at infinity, which after
being generalized to anisotropically scattering media has been used successfully to compute
efficiently the particular solution of the discrete-ordinate method (DOM) [5–9].
Before proceeding to further review of works related to Green’s function and its applications,

we briefly discuss the concept of the Green’s function and its relation with the normal radiative
transfer solution computed, for example, by DOM [10,6,11].
The radiative transfer equation can be equivalently expressed in terms of the radiative transfer

operator as (cf. [4]):

LIðt;m;fÞ ¼ Qðt; m;fÞ, (1)

where I is a 4-vector of the Stokes parameters, I, Q, U and V; Q is the source function, which
should be given in flux rather than intensity; ðt;m;fÞ are respectively the optical depth, cosine of
the zenith angle and the azimuth angle. The vector radiative transfer operator, L, can be written
(for plane-parallel geometry or infinite medium) as:

L ¼ m
d

dt
E4 � E4 þ

~o0ðtÞ
4p

Z 1

�1

dm0
Z 2p

0

df0Mðt;m;f; m0;f0Þ � , (2)

where E4 is the 4� 4 identity matrix; ~o0 is the single scattering albedo; M is the scattering matrix
whose detail does not affect our discussion in this section and will be discussed in the next section.
The symbol, ‘‘�’’, in the last term denotes the object on which the integral operator acts, and when
I is inserted into the integration, its arguments (m;f) should be replaced by (m0;f0). We specify that
the t axis points downwards and m ¼ �1 point to the zenith and the nadir respectively.
In the case that Q takes the special form of

Qðt; m;fÞ ¼ dðt� t0Þdðm� m0Þdðf� f0ÞE4, (3)

we denote the solution of Eq. (1) as G, i.e.,

LGðt; m;f; t0;m0;f0Þ ¼ dðt� t0Þdðm� m0Þdðf� f0ÞE4. (4)

It is apparent that G must be a 4� 4 matrix function, and Eq. (3) represents a generalized beam
source that illuminates in a mono-direction from a given vertical location, and extends
horizontally indefinitely.
Eq. (4) is often used as the definition of the Green’s function. Multiply both sides of Eq. (4)

from the right with Qðt0;m0;f0Þ, integrate over t0, m0 and f0 over the whole valid range, and note
that every term of the L operator can be moved outside the integrations. We obtain:

L

ZZZ
dt0 dm0 df0Gðt; m;f; t0;m0;f0ÞQðt0;m0;f0Þ

� �
¼ Qðt;m;fÞ. (5)

Comparing Eq. (5) with Eq. (1) suggests that

Iðt;m;fÞ �
ZZZ

dt0 dm0 df0Gðt;m;f; t0; m0;f0ÞQðt0;m0;f0Þ, (6)

which shows that the radiation field generated by an arbitrary source can be computed from the
Green’s function. Eq. (6) can be used as an alternative definition of the Green’s function. It can be
shown, by reversing the arguments leading to Eq. (5), that Eq. (4) must hold if Eq. (6) is true.
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We note that the Green’s function can be uniquely determined only after the domain of the
problem and the associated boundary conditions have been specified. The radiation field as
computed by Eq. (6) is also a function of the domain and boundary condition of the Green’s
function being used. For example, with the infinite medium Green’s function (IMGF) the result of
Eq. (6) will be the radiation field that satisfies the vanishing boundary condition at infinity. In
addition to the IMGF, the (scalar) finite medium Green’s function (FMGF) has also been found
to be very useful in some applications, as discussed in following paragraphs.
In surface remote sensing, the so called atmosphere—BRDF (Bi-directional Reflectance

Distribution Function) coupling has been a challenging task in the past. By means of the FMGF,
Lyapustin and Knyazikhin [12,13] showed that the radiance observed from space can be explicitly
expressed in terms of the surface BRDF, which generalizes the expression for Lambertian surfaces
[14]. This formulation allows for re-computing the radiance for updated surface parameters
without re-solving the atmosphere radiative transfer equation. Therefore, it allows for quick trial-
evaluation loops. Landgraf et al. [15] also used FMGF in surface remote sensing in connection
with perturbation theory [16,17]. However, although the concept of the Green’s function is used in
these works, the explicit expression for the FMGF is not provided. In Lyapustin and Knyazikhin
[12] it is briefly mentioned that a standard radiative transfer code is used to compute the Green’s
function, while in Landgraf et al. [15] the method is not discussed.
In the computation of higher order radiative perturbation [16,18,19], the Green’s function is a

key step which requires us to compute the FMGF. We may use a standard radiative transfer code
(assuming it supports beam sources of arbitrary position and direction) to accumulate a numerical
Green’s function by solving the radiative transfer equation for a set of beam sources of different
angles and positions. However, this approach is, at least, inefficient even after extending the DOM
for fast multi-source solutions [20,8]. Furthermore, a numerical Green’s function does not allow
for analytical calculations on the source variables. Such ability could be critical, for example, in
higher order perturbation computation where, by employing the explicit FMGF expression, we
have demonstrated very significant CPU-time reduction [21].
Green’s function was used by Benedetti et al. [22] to investigate the influence of cloud

and aerosol vertical (extinction coefficient) variation on remotely sensed reflected sunlight. An
explicit expression for the FMGF was developed in this work using matrix exponential together
with a doubling-adding approach. However, this complicated expression was derived for a
single layer only, and the radiance (or equivalently the source) is restricted to be at the two
boundaries of the layer. The work by Benedetti et al. [22] therefore provides a special case of the
FMGF but (unfortunately) it is not what we were searching for, and the approach used by them
probably is also difficult to be generalized for arbitrary radiance (or source) position in multi-
layered media.
Applications of the Green’s function concept are explored by several other authors as well, for

example in cloud remote sensing [23,24], in surface BRDF modeling [25], and the application of
the IMGF in neutron transport problems [26,27]. These works however also did not provide an
explicit expression for the FMGF.
The purpose of this paper is to present an explicit expression for the finite medium Green’s

function, in terms of the source and radiance position and direction, for a vertically varying and
anisotropically scattering atmosphere with two boundary types including a reflective (BRDF)
surface. Our development will consider the full polarization state, but it has been done in such way
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that the formulation for the scalar (intensity only) case can be written out systematically. We note
that the main purpose of this paper is not to present an alternative algorithm for solving normal
forward radiative transfer problems, such as the DOM [10,6,14,11], which considers the source as
fixed (direction and position) rather than as variable. However the Green’s function algorithm, as
will be seen, does have deep roots in DOM.
In the next section, the Green’s function for an infinite medium is re-developed, making the

paper more self-contained. The finite medium Green’s function for vacuum surface and BRDF
surface are then presented in Sections 3 and 3.2 respectively. We summarize finally in Section 4. A
number of appendices are included to provide better support for the main paper.
2. Infinite medium Green’s function

This section derives the expression for the IMGF, in terms of the source variables, ðt0;m0;f0Þ,
and radiation field variables, ðt; m;fÞ. The contents of this section are not new but are included to
be more self-contained.
2.1. The problem of the infinite medium Green’s function

In the case of an infinite, homogeneous and arbitrarily scattering atmosphere, plane-parallel
geometry can be used but the origin of the optical depth may be set arbitrarily. We rewrite the
radiative transfer equation for the Green’s function, Eq. (4), in the more common form of an
integral-differential equation as

m
d

dt
Gðt; m;f; t0;m0;f0Þ ¼ Gðt; m;f; t0;m0;f0Þ

�
~o0

4p

Z 1

�1

dm0
Z 2p

0

df0Mðm;f; m0;f0ÞGðt; m0;f0; t0;m0;f0Þ, ð7Þ

where ~o0 and M do not depend on t. In Eq. (7) the source term, Eq. (3), is not included: it is
imposed (equivalently) through the so called ‘‘jump condition’’ [3]:

lim
t!t0�

Gðt;m;f; t0; m0;f0Þ � lim
t!t0þ

Gðt;m;f; t0;m0;f0Þ ¼
dðm� m0Þdðf� f0Þ

m
E4 (8)

which is easily understood according to the energy conservation law. We see that G is
discontinuous at t ¼ t0. In Eq. (8) 1=m is added to the right-hand side because the source is unit
flux, or 1=m unit intensity. In addition to the jump condition, the following vanishing boundary
condition should also be satisfied

lim
t�t0!�1

Gðt; m;f; t0;m0;f0Þ ¼ 0 (9)

which should always be physically true under the current setting except in the case of ideally
vacuum medium, a condition which can be handled easily and is excluded from this work.
So far the scattering property of the medium has not been specified. In this work we restrict the

scattering phase matrix to be of the following pattern [see Section A.3 for detailed discussions
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about the M and P matrices]:

PðzÞ ¼

a1ðzÞ b1ðzÞ 0 0

b1ðzÞ a2ðzÞ 0 0

0 0 a3ðzÞ b2ðzÞ

0 0 �b2ðzÞ a4ðzÞ

0
BBBB@

1
CCCCA, (10)

which represents scattering by ensembles of randomly oriented particles with a plane of
symmetry [28].

2.2. Azimuth angle expansion

We now use the normal DOM approach to reduce the radiative transfer equation and boundary
conditions to a set of sub-problems, by expanding the phase matrix and Green’s function in
Fourier series. The matrix, M, can be expanded as [5,6] (see also Section A.3):

Mðm;f;m0;f0Þ ¼
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞAm

ðm;m0ÞDa, (11)

where Zm
1 ðfÞ and Zm

2 ðfÞ, as defined in Eqs. (A.45)–(A.46), are 4� 4 diagonal matrices composed
by cosðmfÞ and sinðmfÞ, D1 and D2 are 4� 4 constant diagonal matrices defined in Eq. (A.44).
The matrix A is defined as [5,6] (see also Section A.3):

Am
ðm; m0Þ ¼

X2N�1

l¼m

Pm
l ðmÞB

m
l P

m
l ðm
0Þ, (12)

where Pm
l ðmÞ, defined in Eq. (A.49), is composed by several orthogonal polynomials, and Bm

l ,
defined in Eq. (A.50), is the expansion of the phase matrix.
The Green’s function is also expanded as

Gðt; m;f; t0;m0;f0Þ ¼
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞG

m
a ðt; m; t0;m0Þ. (13)

Insert Eqs. (11)–(13) into Eqs. (7)–(9), we obtain for m ¼ 0; 1; . . . ; 2N � 1 and a ¼ 1; 2 the
following set of sub-problems (see Section A.4):

m
d

dt
Gm

a ðt; m; t0;m0Þ ¼ Gm
a ðt; m; t0;m0Þ �

~o
2

Z 1

�1

dm0
X2N�1

l¼m

Pm
l ðmÞB

m
l P

m
l ðm
0ÞGm

a ðt;m
0; t0;m0Þ (14)

with correspondingly the boundary conditions:

lim
t!t0�

Gm
a ðt; m; t0;m0Þ � lim

t!t0þ
Gm

a ðt;m; t0; m0Þ ¼
dðm� m0Þ

2pm
Da (15)

lim
t�t0!�1

Gm
a ðt; m; t0; m0Þ ¼ 0 (16)

Each of these sub-problems can be solved independently, and we will only deal with Eqs. (14)–(16)
thereafter. For simplicity, we will omit m from now on. The subscript, a, may also be omitted.
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2.3. Elemental solutions

To solve Eq. (14) numerically, we represent the Green’s function approximately as a matrix
function:

fGðt;mi; t0; mjÞgi;j¼�1;...;�Ns
, (17)

where mi’s are the Gaussian quadrature points of order 2Ns, and m�i � �mi. Replacing the
integration in Eq. (14) with Gaussian quadrature we obtain:

mi

dGðt;mi; t0; m0Þ
dt

¼ Gðt; mi; t0;m0Þ �
X�Ns

j¼�1

~o
2

wj

X2N�1

l¼m

Pm
l ðmiÞB

m
l P

m
l ðmjÞGðt;mj; t0; m0Þ

 !

i ¼ �1;�2; . . . ;�Ns, ð18Þ

where wj are the Gaussian quadrature weights corresponding to mj, and w�j � wj. We seek the
following form of solution to Eq. (18):

Gðt;�mi; t0;m0Þ ¼ Dujð�miÞe
�kjðt�t0Þ, (19)

Gðt;þmi; t0;m0Þ ¼ ujðþmiÞe
�kjðt�t0Þ, (20)

where ujð�miÞ are 4� 4 matrices, kj are 4� 4 diagonal matrices, and D is 4� 4 constant diagonal
matrix defined in Eq. (A.44). Inserting respectively Eq. (19) and Eq. (20) into Eq. (18), and noting
Eqs. (A.51)–(A.52), leads to:

ujð�miÞkj ¼
XNs

k¼1

½�Xikujð�mkÞ � YikujðþmkÞ�, (21)

ujðþmiÞkj ¼
XNs

k¼1

½Yikujð�mkÞ þ XikujðþmkÞ�, (22)

where Xik and Yik are 4� 4 matrices defined by:

Xik ¼ m�1i

~o
2

wk

X2N�1

l¼m

Pm
l ðmiÞB

m
l P

m
l ðmkÞ � dikE4

" #
, (23)

Yik ¼ m�1i

~o
2

wk

X2N�1

l¼m

ð�1Þl�mPm
l ðmiÞB

m
l DPm

l ðmkÞ

" #
. (24)

Write Eqs. (21)–(22) in more compact form:

�uj

þuj

" #
kj ¼

�X �Y

Y X

� �
�uj

þuj

" #
, (25)
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where �uj are 4Ns � 4 matrices and X and Y are 4Ns � 4Ns matrices:

�uj � fujðm�kÞgk¼1;...;Ns
, (26)

X ¼ fXikgi;k¼1;...;Ns
; Y ¼ fYikgi;k¼1;...;Ns

. (27)

Eq. (25) is a general real matrix eigenvalue problem of order 8Ns, which can be solved using any
standard numerical library, e.g., LAPACK [29]. However, by adding (subtracting) the first row of
Eq. (25) to (from) the second row we find:

ðþuj � �ujÞkj ¼ ðXþ YÞðþuj þ �ujÞ, (28)

ðþuj þ �ujÞk
2
j ¼ ðX� YÞðXþ YÞðþuj þ �ujÞ. (29)

Eq. (29) is an eigenvalue problem of order 4Ns, half that of Eq. (25)—an efficient technique used
first by Asano [30] for scalar radiative transfer problems. Once Eq. (29) is solved, �uj can be
found using Eq. (28).
Eq. (29) shows that the eigenvalues, kj, must be in pairs of opposite sign. It is well known that in

the case of scalar radiative transfer the eigenvalues and eigenvectors are always real valued. In the
case of vector radiative transfer, it is reported by Siewert [5,6] and observed by us that some of the
eigenvalues and corresponding eigenvectors could be complex valued, and those complex-valued
eigenvalues and eigenvectors must be in conjugate pairs. Generally for a real valued matrix, if an
eigenvalue (eigenvector) is complex valued, its conjugate must also be an eigenvalue (eigenvector)
of the matrix.
To simplify notation, we put all the eigenvectors into a single matrix:

�u�1 � � � �u�Ns �u1 � � � �uNs

þu�1 � � � þu�Ns þu1 � � � þuNs

" #
�

�U� �Uþ

þU� þUþ

" #
, (30)

which forms a 8Ns � 8Ns matrix with four sub-matrices, �U�. The rows of �U� correspond
to mi’s with their sign indicated by the left subscript, and the columns correspond to lj’s with
their sign indicated by the right subscript. If the left or right subscript is omitted, it means the
whole 8Ns rows or columns. We will also frequently use the transpose, denoted by a superscript,
T, of the eigenvector matrix. In that case, because the rows will be corresponding to the lj’s
and the columns to the mi’s, the meaning of the left and right subscripts of �U� should also
be exchanged.
By multiplying both sides of Eq. (25) by �1 we can see that, if ð�u

T
j ; þu

T
j Þ

T is an
eigenvector corresponding to kj, then ðþu

T
j ;�u

T
j Þ

T must be an eigenvector corresponding to
�kj, therefore,

�U� � �U�,

�U� � �U�. ð31Þ
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Other frequently used interchangeable notations are summarized below:

m�j � �mj, (32)

w�j � wj, (33)

k�j � �kj. (34)

2.4. The infinite medium Green’s function

The following orthogonality property of the eigenvectors has been shown by Siewert [5,6] and
re-developed in Section A.5:Z 1

�1

wT
k ðmÞmujðmÞdm ¼ Njdjk; j ¼ �1; . . . ;�Ns, (35)

where Nj is a 4� 4 diagonal matrix, and wk are the eigenvectors for the problem defined by Eq.
(25) but with Bm

l in Eqs. (23)–(24) replaced by ðBm
l Þ

T. It has also been shown in Section A.5 that
wkðmÞ ¼ RukðmÞ where R ¼ diagð1; 1; 1;�1Þ, and the eigenvalues corresponding to wk are the
same as those of the original problem. Replacing the integration of Eq. (35) with Gaussian
quadrature, the orthogonality can be written:

WTlwU ¼ N, (36)

where

l ¼ diagðl�;lþÞ; l� ¼ diagðm�jE4; j ¼ 1; . . . ;NsÞ, (37)

w ¼ diagðw�;wþÞ; w� ¼ diagðw�jE4; j ¼ 1; . . . ;NsÞ, (38)

N ¼ diagðN�;NþÞ; N� ¼ diagðN�j; j ¼ 1; . . . ;NsÞ. (39)

From Eq. (36) it is straightforward to show that:

U�1 ¼ N�1WTlw, (40)

ðWT
Þ
�1
¼ lwUN�1, (41)

N� ¼ �Nþ. (42)

We now use the orthogonality property to develop the infinite medium Green’s function. In
Section 2.3 it was shown that 2Ns pairs of (kj;uj) can be found from Eq. (25), and each of them
forms an elemental solution, i.e., Eqs. (19)–(20). All the elemental solutions satisfy Eq. (18), and
so do any of their linear combinations, i.e.,X

j

XðmÞujðmÞe
kjðt0�tÞCj, (43)
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where Cj are unknown 4� 4 coefficient matrices, and

XðmÞ ¼
D; mo0;

E4; m40;

(
(44)

where by using XðmÞ the elemental solution defined in Eqs. (19)–(20) can be written uniformly. In
the remainder of this section we will determine the proper linear combination of the elemental
solutions so that the conditions, Eqs. (15)–(16), are satisfied.
The exponential component of Eqs. (19)–(20) indicates that to satisfy the vanishing boundary

condition, Eq. (16), ReðkjÞðt� t0Þ must be negative, which suggests that the solutions for tot0
and t4t0 should be defined separately. Because of the angular discretization as shown in Eq. (17),
the jump condition, Eq. (15), will generate a system of 8Ns equations corresponding to 2Ns zenith
angles. As a result, 8Ns unknowns, or 2Ns terms of the linear combination can be determined. The
above analysis suggests the following solutions:

G1� ðmÞ ¼ �
X�Ns

j¼�1

XðmÞujðmÞe
kjðt0�tÞCj for tot0, (45)

G1þ ðmÞ ¼
XNs

j¼1

XðmÞujðmÞe
kjðt0�tÞCj for t4t0, (46)

which parallel those of the scalar radiative transfer equation [3, Section 5.2]. Note that we have
attached the superscript,1, to G to indicate the infinite medium. Inserting Eqs. (45)–(46) into Eq.
(15) leads toX�Ns

j¼�1

mujðmÞCj ¼ �
1

2p
dðm� m0ÞXðmÞDa. (47)

By using Eq. (35) we obtain

Cj ¼ �
1

2p
N�1j jW

T
ðm0ÞXðm0ÞDa. (48)

Inserting Eq. (48) back into Eqs. (45)–(46), the infinite medium Green’s function is obtained as

G1� ðt; m; t0; m0Þ ¼ XðmÞ
XNs

j¼1

u�jðmÞe
k�jðt0�tÞð�2pNþÞ

�1
�jW

T
ðm0ÞXðm0ÞDa, (49)

where the subscript, ‘‘�’’, correspond to t4t0 and tot0 respectively. In the case t ¼ t0, G1 is not
defined. We use the reciprocity principle to complete the definition. We specify, when t ¼ t0, G1þ
is for m0o0 and G1� for m0o0. Written in more compact form, we have:

G1�aðt; m; t0;m0Þ ¼ XðmÞĜ
1

� ðt; m; t0; m0ÞXðm0ÞDa, (50)

Ĝ
1

� ðt; m; t0; m0Þ ¼ U�ðmÞ ~K�ðt; t0Þ�W
T
ðm0Þ, (51)

~K�ðt; t0Þ ¼ �
1

2p
ek�ðt0�tÞN�1þ , (52)
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where

k ¼ diagðk�;kþÞ; k� ¼ diagðk�j; j ¼ 1; . . . ;NsÞ. (53)

By using the jump condition we have imposed a beam source of unit flux. Therefore the solution
shown in Eq. (50) contains the complete (diffusely and directly transmitted) radiation field. In
some cases it might be desirable to remove the direct component, denoting it as G1�dir, which can
be derived by assuming ~o0 ¼ 0. In such case, X ¼ �l�1þ and Y ¼ 0, which means that k ¼ l�1,

þUþ ¼ 0, þU� ¼ cE (the identity matrix times a non-zero constant), and N ¼ �wl from Eq. (36).
It is found from Eq. (50) that

G1�dirðt;mi; t0;mjÞ ¼
dijw

�1
i

2pmi

H �
t0 � t
mi

� �
eðt0�tÞE4=mi , (54)

where H is the Heaviside step function. It may be noted that, had Beer’s law been used to compute
the directly transmitted component, we would see dðmi � mjÞ in the place of dijw

�1
i . This difference

can be understood as the result of discretizing dðmi � mjÞ so that the definition of the Dirac delta
function,Z 1

�1

dðm� mjÞdm 	
X�Ns

i¼�1

wiðdijw
�1
j Þ ¼ 1 (55)

is maintained. The (implicit) replacement of dðmi � mjÞ with dijw
�1
i is in fact essential so that the

direct component will be computed correctly when using the Green’s function matrix to compute,
for example, Eq. (57), by means of Gaussian quadrature.
Before ending this section, we show that if a source can be expanded as

Qðt; m;f; t0;m0;f0Þ ¼
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞQ

m
a ðt; m; t0;m0Þ (56)

by virtue of Eqs. (6), (13) and (50), the radiation field generated by this source in the infinite
medium will have the same expansion as Eq. (56) but with the coefficient defined as

Im
a ðt;mÞ ¼ 2p

Z
dt0

Z 1

�1

dm0XðmÞĜ
m;1

a ðt; m; t0;m0ÞXðm0ÞQ
m
a ðt0;m0Þ. (57)

This equation will be used in the next section to construct the FMGF.
3. The finite medium Green’s function

In this section, we derive the FMGR for vacuum (free) boundaries (FMGF-VB). We assume
the atmosphere is composed of a stack of plane-parallel layers, each of which is homogeneous and
has finite optical thickness. The layers are numbered from top to bottom as layer 1; 2; . . . ;Np.
Therefore, the optical thickness in layer p is tp�1otptp. We assume the optical thickness at the
top of the atmosphere is t0 ¼ 0, and at the bottom of the atmosphere tN ¼ ta. For such geometry,
the following boundary and continuity conditions should be satisfied:

G1
að0;m; t0; m0Þ ¼ 0 mo0, (58)
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Gp�1
a ðt

p�1; m; t0;m0Þ ¼ Gp
aðt

p�1; m; t0;m0Þ p ¼ 2; . . . ;Np, (59)

GNp

a ðt
Np ;m; t0; m0Þ ¼ 0 m40, (60)

where Gp
a denotes the expansion of the FMGF for layer p, similar to Eq. (13), with m omitted for

simplicity.
3.1. Constructing finite medium Green’s function

The Placzek lemma [4, Section 2.5] states that, for a given source, the radiative transfer problem
in a finite homogeneous layer is equivalent to the problem in an infinite medium with the same
scattering properties as the finite layer, for three sources: the original source, and two pseudo-
sources which are imposed on the boundaries of the finite layer and illuminate outwards. The
pseudo-sources have angular distributions such that the boundary and continuity conditions are
satisfied. The pseudo-sources evidently have the same effect as the integral constants in the DOM
(cf. [5,6]). The objective of this section is to determine the pseudo-sources from the boundary and
continuity conditions.
According to the Placzek lemma, we denote the pseudo-sources imposed on the upper and

lower boundaries of layer p respectively as dðt� tp�1ÞS
p
t ðmÞ where m40, and dðt� tpÞS

p
bðmÞ where

mo0. Using Eq. (57), we can write the combined radiation field for layer p as

Gp
aðt;m; t0; m0Þ ¼ dp;p0XðmÞĜ

p;1
ðt; m; t0;m0ÞXðm0ÞDa þ 2p

Z 1

0

dm0XðmÞĜ
p;1

þ ðt;m; t
p�1; m0Þ

�Xðm0ÞSp
t;aðm

0; t0;m0Þ þ 2p
Z 0

�1

dm0XðmÞĜ
p;1

� ðt;m; t
p; m0Þ

�Xðm0ÞSp
b;aðm

0; t0; m0Þ, ð61Þ

where the first term is the radiation field generated by the original source. Because each layer is
treated independently, the original source is effective only when it is inside this layer, i.e., p ¼ p0

where p0 denotes the source layer ðt
p0�1ot0ptp0Þ. The second term is the radiation field generated

by the upper boundary pseudo-source, dðt� tp�1ÞS
p
t ðmÞ, recalling the choice of the proper IMGF

expression as explained following Eq. (49). The last term is the radiation field generated by the
lower boundary pseudo-source, dðt� tpÞS

p
bðmÞ.
3.2. Solving the pseudo-source problem

In the above subsection, we have constructed the Green’s function for each layer, with
unknown the pseudo-sources. In this subsection we derive the pseudo-sources in accordance with
the boundary and continuity conditions. Firstly, we use Gaussian quadrature to replace the
integrations in Eq. (61), and by using Eqs. (37)–(38) and Eq. (50), we rewrite Eq. (61) in compact
form as

Gp
aðt;m; t0; m0Þ ¼ dp;p0XðmÞĜ

p;1
ðt; m; t0;m0ÞXðm0ÞDa þXðmÞCpðt;mÞSp

aðt0; m0Þ, (62)
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where

Cpðt;mÞ ¼ ½Up
þ Up

��
Kp
þðt; t

p�1Þ 0

0 Kp
�ðt; t

pÞ

" #
, (63)

Sp
aðt0;m0Þ ¼

�ðN
p
þÞ
�1
þW

pT

þXþlwS
p
t;aðt0;m0Þ

�ðN
p
þÞ
�1
�W

pT

�X�lwS
p
b;aðt0; m0Þ

2
4

3
5, (64)

where

Kp
�ðt; t

0Þ ¼ ekp

�
ðt0�tÞ. (65)

By applying the boundary conditions to Eq. (62) we can obtain two systems of linear equations
corresponding to a ¼ 1 and 2 respectively and with the same coefficient matrix. For a ¼ 1, the 3rd
and 4th right-hand side (RHS) columns vanish due to D1, as do the 1st and 2nd RHS columns for
a ¼ 2 due to D2. We note that the (common) coefficient matrix is not singular (otherwise no
solution can be found for either a, which is physically untrue), therefore S

p
1 and S

p
2 must vanish at

those columns corresponding to the vanishing RHS columns. This suggests that S
p
1 and S

p
2 can be

combined as Sp and we can write Sp
a ¼ SpDa. With Sp defined as such, the two linear systems can

also be combined and written as:

�C1ð0; m�ÞS
1 ¼ d1;p0Ĝ

1;1

� ð0; m�; t0; m0ÞXðm0Þ, (66)

Cp�1ðtp�1; mÞSp�1 � Cpðtp�1;mÞSp ¼ dp;p0Ĝ
p;1

� ðt
p�1;m; t0; m0ÞXðm0Þ

� dp�1;p0Ĝ
p�1;1

þ ðtp�1;m; t0; m0ÞXðm0Þ p ¼ 2; . . . ;Np,

ð67Þ

CNpðtNp ;mþÞS
Np ¼ �dNp;p0Ĝ

Np;1

þ ðtNp ;mþ; t0; m0ÞXðm0Þ, (68)

where m�, when appearing in Cpðt;mÞ, means that only the rows for m40 or mo0 are included.
We further define

Cp0
0 ðt0;m0Þ ¼

Kp0
� ðt

p0�1; t0Þ 0

0 Kp0
þ ðt

p0 ; t0Þ

" #
�W

p0Tðm0Þ

þW
p0Tðm0Þ

" #
(69)

and

Tp;1 ¼ dp;p0

0 Hðt� t0ÞNpKþðtp�1; tpÞ

Hðt0 � tÞNpKþðtp�1; tpÞ 0

" #
, (70)

where

Np ¼ ð�2pNp
þÞ
�1 (71)

and HðxÞ is the Heaviside step function which equals 1 when x40 and zero when xo0. HðxÞ is
not defined for x ¼ 0, which corresponds to the special case of t ¼ t0. We have provided a
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supplementary definition of G1� for t ¼ t0 following Eq. (49). For simplicity, we will not discuss
this special case further. Using Eqs. (69)–(71), the IMGF can be rewritten as

Ĝ
p;1
ðt; m; t0;m0Þ ¼ Cpðt;mÞTp;1Cp0

0 ðt0; m0Þ. (72)

After inserting Eq. (72) back into Eqs. (66)–(68) we note that the right-hand side (RHS)
contains a common factor, Cp0

0 ðt0; m0ÞXðm0Þ, which can be removed by moving it to the left and
denoting

Tp;p0 ¼ SpðCp0
0 ðt0;m0ÞXðm0ÞÞ

�1. (73)

We then obtain:

�C1ð0;�mÞT1;p0 ¼ d1;p0b�U
p0
�Np0 0c, (74)

Cp�1ðtp�1; mÞTp�1;p0 � Cpðtp�1; mÞTp;p0 ¼ dp;p0 ½U
p0
�Np0 0� � dp�1;p0 ½0 Up0

þNp0 �,

p ¼ 2; 3; . . . ;N ð75Þ

CNpðtNp ;þmÞTNp;p0 ¼ �dNp;p0 ½0 þU
p0
þNp0 �. (76)

It is apparent that Tp;p0 only depends on the layer numbers, p and p0. We have therefore
obtained a source-independent system of equations, with a block-band coefficient matrix. The
system can be solved using a standard routine. For example, LAPACK [29] provides a subroutine
to solve a general real band system by factorizing the coefficient matrix. By doing so, the solution
for many RHS vectors (corresponding to source layers) can be found very efficiently using back-
substitution.

3.3. The uniform expression of the FMGF-VB

Having obtained the pseudo-source kernels, Tp;p0 , and recalling Eq. (62), Eq. (73) and
Sp
a ¼ SpDa, the Green’s function for vacuum lower boundary (IMGF-VB) can be written as

Gp
aðt;m; t0; m0Þ ¼ XðmÞĜ

p
ðt; m; t0;m0ÞXðm0ÞDa, (77)

where

Ĝ
p

aðt;m; t0; m0Þ ¼ Cpðt;mÞ ~T
p;p0Cp0

0 ðt0; m0Þ, (78)

where Cpðt;mÞ and Cp0
0 ðt0; m0Þ are defined in Eq. (63) and Eq. (69), and the kernel ~T

p;p0 has
combined the IMGF and the pseudo-source kernels:

~T
p;p0
¼ Tp;1 þ Tp;p0 . (79)

When pap0, i.e., the source is not in layer p, ~T
p;p0 is independent of t0 and t. When p ¼ p0,

~T
p;p0

changes at t ¼ t0 due to the IMGF kernel, which reflects the fact that the radiation field is
discontinuous when the beam source joins in through the jump condition, Eqs. (8) and (15).
The major steps to obtain the FMGF include an eigenvalue problem as defined in Eqs. (25) and

(29), and a linear system defined in Eqs. (74)–(76). Both are found to be numerically stable.
However, we note that Tp;1 as defined in Eq. (70) has a growing exponential term which could
cause overflow if the source layer is very thick, combined with very large eigenvalues, which
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occurs when a quadrature point is very close to 0.0 (or 90�) and the layer is strongly absorbing.
Simple solutions exist if it does become a problem: for example, splitting the source layer
into thinner sub-layers before starting to solve the problem, or computing the IMGF part in
Eqs. (77)–(78) separately using Eqs. (50)–(51).
A permanent solution that we consider to introduce in the future uses the layer splitting

method, but the splitting will be carried out after the eigenvalue problem and the pseudo-source
problem have been completed, when the maximum sub-layer thickness can be determined
precisely. The kernel for the new layers can then be computed from the old kernels, which involves
(at most) two multiplications of a (full) matrix with a diagonal matrix for each new layer. This
method does not change the formulations obtained, while the extra computation is considered to
be small.
4. The finite medium Green’s function for reflective surface

In this section, we use Eqs. (77)–(78) to construct the Green’s function for a medium with a
reflective surface. The reflective surface is described by a general BRDF represented by a 4� 4
matrix function, with the assumption that it can be expand as

Rðm;f;m0;f0Þ ¼
XNm

m¼0

X2
a¼1

Zm
a ðf� f0ÞXðmÞRmðm; m0ÞXðm0ÞDa, (80)

where ðm0;f0Þ denotes the incidence direction and ðm;fÞ the reflection direction. This expansion
implies that the two diagonal 2� 2 blocks must be symmetric about f� f0 ¼ 0, and the anti-
diagonal blocks must be antisymmetric about f� f0 ¼ 0. Also note that with m40 and m0o0, the
elements of the Rm matrix can be computed using:

Rm
ij ðm; m

0Þ ¼
1

2p
Oj

Z 2p

0

df0Rijðm;f; m0;f
0
Þzm

ij ðf� f0Þ,

¼ Oj

XNa

k¼1

wkRijðm; m0;DfkÞz
m
ij ðDfkÞ i; j ¼ 1; 2; 3; 4, ð81Þ

where Oj ¼ 1 for j ¼ 1; 2 or Oj ¼ �1 for j ¼ 3; 4, and zm
ij ðfÞ ¼ cosmf for the two diagonal 2� 2

blocks, zm
ij ðfÞ ¼ sinmf for the left bottom block, while zm

ij ðfÞ ¼ � sinmf for the right top block.
The Dfk’s are the Gaussian quadrature points linearly re-scaled from (0, 1) to (0, p). The reflected
radiance is expressed as

Irðta; m;f; t0;m0;f0Þ ¼
1

p

Z 2p

0

df0
Z 0

�1

dm0Rðm;f; m0;f0Þjm0jGsðta;m0;f
0; t0; m0;f0Þ, (82)

where ta is the optical depth at the bottom of the atmosphere and Gs is the radiation field after the
surface has been introduced, which is yet to be determined. We expand Gs as

Gsðt; m;f; t0;m0;f0Þ ¼
XNm

m¼0

X2
a¼1

zm
a ðf� f0ÞG

m
s;aðt;m; t0; m0Þ (83)
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and by inserting Eq. (80) and Eq. (83) into Eq. (82) we obtain

Irðta; m;f; t0;m0;f0Þ ¼ 2
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞXðmÞR

mðm; l�Þ

�Xðl�ÞwþlþG
m
s;aðta;l�; t0; m0Þ, ð84Þ

where we have replaced the integration over m0 with Gaussian quadrature. The variables wþ and
lþ are diagonal matrices defined in Eqs. (37)–(38), and the ‘‘vector argument’’, l�, is interpreted
generally as

Fðl�Þ ¼ fFðm�jÞgj¼1;...;Ns
, (85)

where Fðm�jÞ are 4� 4 matrices which may or may not be diagonal. The radiative transfer
problem of a reflective surface can be viewed as a problem of vacuum boundaries with two
sources: the original source and a source equivalent to the reflected radiance, therefore

Gsðt; m;f; t0;m0;f0Þ ¼ Gðt;m;f; t0; m0;f0Þ þ

Z 2p

0

df0
Z 1

0

dm0Gðt; m;f; ta;m0;f
0
Þ

�jm0jIrðta; m0;f
0; t0; m0;f0Þ, ð86Þ

where the first term on the RHS represents the radiation generated by the original source, which is
just the Green’s function for vacuum boundaries. The second term is the radiation field generated
by the reflected radiation. Inserting Eq. (84) into Eq. (86) we obtain:

Gm
s;aðt;m; t0;m0Þ ¼ XðmÞĜ

m
ðt;m; t0;m0ÞXðm0ÞDa þXðmÞĜ

m
ðt;m; ta; lþÞ ~R

m

�Xðl�ÞG
m
s;aðta; l�; t0; m0Þ, ð87Þ

where we have replaced the integration over m0 with Gaussian quadrature, and

~R
m
¼ 4pwþlþR

mðlþ;l�Þwþlþ. (88)

We solve Eq. (87) for Gm
s;aðta; l�; t0;m0Þ, and insert it back to Eq. (87) to obtain the final result

as

Gm
s;aðt;m; t0;m0Þ ¼ XðmÞĜ

m

s ðt;m; t0;m0ÞXðm0ÞDa (89)

where

Ĝ
m

s ðt; m; t0;m0Þ ¼ Ĝ
m
ðt; m; t0;m0Þ þ Ĝ

m
ðt;m; ta; lþÞ ~R

m
½E� Ĝ

m
ðta; l�; ta;lþÞ ~R

m
��1

�Ĝ
m
ðta; l�; t0; m0Þ, ð90Þ

where E is the 4Ns � 4Ns identity matrix. Writing Eq. (90) in a form consistent with Eq. (78), we
have

Ĝ
p;p0
s ðt0; m0; t;mÞ ¼ Cpðt; mÞ ~T

p;p0
s ðAs; t; t0ÞC

p0
0 ðt0;m0Þ, (91)

where we have reattached the layer numbers, p and p0, and omitted m, and

~T
p;p0
s ¼ ~T

p;p0
þ ~T

p;Np ~T
Np;Np

ms
~T

Np;p0 , (92)
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where

~T
Np;Np

ms ðRÞ ¼ CNp

0 ðta; lþÞ ~R½E� CNpðta; l�Þ ~T
Np;NpCNp

0 ðta;lþÞ ~R�
�1CNpðta; l�Þ, (93)

where Np is the total number of atmospheric layers. We see that the Green’s function with a
reflective surface is similar to that for vacuum boundaries, except that the kernel matrix, ~T

p;p0
s , also

depends on the surface BRDF matrix.
5. Summary

An explicit expression for the Green’s function for plane-parallel geometry, with vacuum or
BRDF surface has been developed, which considers the full polarization state but the
development can be easily reduced to consider the intensity only. The algorithm has been
implemented using Fortran 95, which will be discussed in a separate paper.
The benefit of developing such an explicit expression for the Green’s function is two fold: firstly

an analytical expression allows for analytical computations when the Green’s function is
employed, which is impossible if the GF is represented numerically; secondly, computing the
Green’s function is much more efficient. In contrast, using a standard radiative transfer code to
‘‘accumulate’’ a numerical GF could be very expensive, especially when the mesh of the source
optical thickness has to be dense.
We would like to point out that, although the Green’s function can be used to compute the

radiation field generated by virtually any source, such an approach may not necessarily be the most
efficient way for normal forward radiative transfer problems, where specialized algorithm such as
DOM should be used. On the other hand, the Green’s function approach becomes useful in, for
example, inversion problems where the radiation field needs be computed repeatedly for changing
surface BRDF, changing surface/deep space temperature or emissivity, or changing atmosphere
temperature profile. The work by Benedetti et al. [22] showed another example where we have a
changing profile of extinction coefficient. In all such examples, the Green’s function approach makes
it possible to reveal explicitly the dependence of the radiation field on the changing parameters.
Appendix A

A.1. Generalized spherical function

The generalized spherical function was initially introduced by Gelfand and Sapiro [31] for
representation of rotation groups, and used by Siewert [6] in radiative transfer computation with
polarization. For lX supðjmj; jnjÞ, the generalized spherical function is defined as

Pm;n
l ðmÞ ¼ Al

m;nð1� mÞ�ðn�mÞ=2
ð1þ mÞ�ðnþmÞ=2 dl�n

dml�n
½ð1� mÞl�m

ð1þ mÞlþm
�, (A.1)

where

Al
m;nðmÞ ¼

ð�1Þl�min�m

2lðl �mÞ!

ðl �mÞ!ðl þ nÞ!

ðl þmÞ!ðl � nÞ!

� �1=2
. (A.2)
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When m ¼ 0, Pm;n
l reduces to

P0;n
l ðmÞ ¼ in ðl � nÞ!

ðl þ nÞ!

� �1=2
Pn

l ðmÞ, (A.3)

where Pn
l is the associated Legendre polynomial defined as

Pn
l ðmÞ ¼

1

2l l!
ð1� m2Þn=2

dlþn

dmlþn
ðm2 � 1Þl . (A.4)

The generalized spherical function has the following orthogonality property:

ð�1Þm�n

Z 1

�1

Pm;n
j ðmÞP

m;n
k ðmÞdm ¼

2

2k þ 1

� �
djk (A.5)

and recursive relations

el
m;nPm;n

lþ1ðmÞ ¼ ð2l þ 1ÞmPm;n
l ðmÞ � f l

m;nPm;n
l�1ðmÞ �

mnð2l þ 1Þ

lðl þ 1Þ
Pm;n

l ðmÞ, (A.6)

amþ1P
mþ1;n
l ¼

1

2
ð1þ mÞanPm;n�1

l þ
1

2
ð1� mÞanþ1P

m;nþ1
l � in

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
Pm;n

l , (A.7)

amPm�1;n
l ¼

1

2
ð1� mÞanPm;n�1

l þ
1

2
ð1þ mÞanþ1P

m;nþ1
l þ in

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
Pm;n

l , (A.8)

where

el
m;n ¼

1

l þ 1
½ðl þmþ 1Þðl �mþ 1Þðl þ nþ 1Þðl � nþ 1Þ�1=2, (A.9)

f l
m;n ¼

1

l
½ðl þmÞðl �mÞðl þ nÞðl � nÞ�1=2, (A.10)

an ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ nÞðl � nþ 1Þ

p
. (A.11)

The generalized spherical function has the following addition theorem which will be used in
phase matrix expansion:

e�imf2Pm;n
l ðcos yÞe

�inf1 ¼
Xl

k¼�l

e�ikfPm;k
l ðcos y

0
ÞPk;n

l ðcos y
00
Þ, (A.12)

where

cos y ¼ cos y0 cos y00 þ sin y0 sin y00 cosf, (A.13)

tanf1 ¼
sinf sin y00

cos y0 sin y00 cosfþ sin y0 cos y00
, (A.14)

tanf2 ¼
sinf sin y0

sin y0 cos y00 cosfþ cos y0 sin y00
. (A.15)
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A.2. Rm
l and Tm

l functions

The Rm
l and Tm

l functions are defined in terms of Pm;n
l as:

Rm
l ðmÞ ¼ �

1

2
im ðl þmÞ!

ðl �mÞ!

� �1=2
½Pm;2

l ðmÞ þ Pm;�2
l ðmÞ�, (A.16)

Tm
l ðmÞ ¼ �

1

2
im ðl þmÞ!

ðl �mÞ!

� �1=2
½Pm;2

l ðmÞ � Pm;�2
l ðmÞ�. (A.17)

These two functions are computed using the following recursions:
For m ¼ 0:

T0
l ðmÞ ¼ 0 for all lX0, (A.18)

R0
0ðmÞ ¼ R0

1ðmÞ ¼ 0, (A.19)

R0
2ðmÞ ¼

ffiffiffi
6
p

4
ð1� m2Þ, (A.20)

R0
lþ1ðmÞ ¼ ðx

0
l Þ
�1
½ð2l þ 1ÞmR0

l ðmÞ � y0l R0
l�1ðmÞ�, (A.21)

where xm
l and ym

l are defined in Eqs. (A.31)–(A.32).
For m ¼ 1 and lp2:

R1
1ðmÞ ¼ 0, (A.22)

T1
1ðmÞ ¼ 0, (A.23)

R1
2ðmÞ ¼ �

1

2
m
ffiffiffi
6
p
ð1� m2Þ1=2, (A.24)

T1
2ðmÞ ¼ �

1

2

ffiffiffi
6
p
ð1� m2Þ1=2. (A.25)

For mX2 and l ¼ m:

Rm
mðmÞ ¼ Kmð1þ m2Þð1� m2Þm=2�1, (A.26)

Tm
mðmÞ ¼ Kmð2mÞð1� m2Þm=2�1, (A.27)

where

Km ¼
ð2mÞ!

2m ½ðm� 2Þ!ðmþ 2Þ!��1=2. (A.28)

For all others:

Rm
lþ1ðmÞ ¼ ðx

m
l Þ
�1
½ð2l þ 1ÞmRm

l ðmÞ � ym
l R1

l�1ðmÞ � zm
l Tm

l ðmÞ�, (A.29)

Tm
lþ1ðmÞ ¼ ðx

m
l Þ
�1
½ð2l þ 1ÞmTm

l ðmÞ � ym
l Tm

l�1ðmÞ � zm
l Rm

l ðmÞ�, (A.30)
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where

xm
l ¼

l �mþ 1

l þ 1
½ðl þ 3Þðl � 1Þ�1=2, (A.31)

ym
l ¼ ð1� dmlÞ

l þm

l
ðl2 � 4Þ1=2, (A.32)

zm
l ¼

2mð2l þ 1Þ

lðl þ 1Þ
. (A.33)

A.3. Scattering phase matrix and expansion

The scattering matrix of the radiative transfer equation, M in Eq. (2/7), is defined as

Mðm;f;m0;f0Þ ¼ Lðp� i2ÞPðm;f;m0;f
0
ÞLð�i1Þ, (A.34)

where i1 and i2 are respectively the angle between the incidence meridian plane and the scattering
plane (containing both the incident and scattering light), and the angle between the scattering
meridian plane and the scattering plane, and

Lðp� iÞ ¼ Lð�iÞ ¼

1 0 0 0

0 cosð2iÞ � sinð2iÞ 0

0 sinð2iÞ cosð2iÞ 0

0 0 0 1

0
BBB@

1
CCCA (A.35)

and

PðzÞ ¼

a1ðzÞ b1ðzÞ 0 0

b1ðzÞ a2ðzÞ 0 0

0 0 a3ðzÞ b2ðzÞ

0 0 �b2ðzÞ a4ðzÞ

0
BBBB@

1
CCCCA, (A.36)

which represents scattering by ensembles of randomly oriented particles with a plane of symmetry
[28]. P is normalized as:Z 1

�1

a1ðzÞdz ¼ 2 (A.37)

and the elements can be expanded as

a1ðzÞ ¼
X2N�1

l¼0

blPlðzÞ; b0 ¼ 1, (A.38)

a2ðzÞ ¼
X2N�1

l¼2

ðl � 2Þ!

ðl þ 2Þ!

� �1=2

½alR
2
l ðzÞ þ xlT

2
l ðzÞ�, (A.39)
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a3ðzÞ ¼
X2N�1

l¼2

ðl � 2Þ!

ðl þ 2Þ!

� �1=2

½xlR
2
l ðzÞ þ alT

2
l ðzÞ�, (A.40)

a4ðzÞ ¼
X2N�1

l¼0

dlPlðzÞ, (A.41)

b1ðzÞ ¼
X2N�1

l¼2

ðl � 2Þ!

ðl þ 2Þ!

� �1=2

glP
2
l ðzÞ, (A.42)

b2ðzÞ ¼ �
X2N�1

l¼2

ðl � 2Þ!

ðl þ 2Þ!

� �1=2

�lP
2
l ðzÞ, (A.43)

where PlðzÞ is the Legendre polynomial, Pm
l ðzÞ is the associated Legendre polynomial, and Rm

l ðzÞ
and Tm

l ðzÞ are defined in Section A.2.
By defining

D1 ¼ diagð1; 1; 0; 0Þ; D2 ¼ diagð0; 0; 1; 1Þ; D ¼ diagð1; 1;�1;�1Þ (A.44)

and

Zm
1 ðfÞ ¼ ð2� d0mÞdiagðcosmf; cosmf; sinmf; sinmfÞ, (A.45)

Zm
2 ðfÞ ¼ ð2� d0mÞdiagð� sinmf;� sinmf; cosmf; cosmfÞ, (A.46)

it has been shown by Siewert [5,6,32,33] that the phase matrix can be written as

Mðm;f;m0;f0Þ ¼
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞAm

ðm;m0ÞDa, (A.47)

where

Am
ðm; m0Þ ¼

X2N�1

l¼m

Pm
l ðmÞB

m
l P

m
l ðm
0Þ, (A.48)

where

Pm
l ðmÞ ¼

Pm
l ðmÞ 0 0 0

0 Rm
l ðmÞ �Tm

l ðmÞ 0

0 �Tm
l ðmÞ Rm

l ðmÞ 0

0 0 0 Pm
l ðmÞ

0
BBBB@

1
CCCCA (A.49)
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and Bm
l ¼ ðl �mÞ!=ðl þmÞ!Bl and Bl is defined by

Bl ¼

bl gl 0 0

gl al 0 0

0 0 xl ��l

0 0 �l dl

0
BBB@

1
CCCA, (A.50)

where Bl is the expansion of the phase matrix computed using Eqs. (A.38)–(A.43).
We write down the following relations regarding Pm

l and Bm
l which are useful in the main text,

these relations can be deduced from the definition of Pm
l and Bm

l :

Pm
l ð�mÞ ¼ ð�1Þ

l�mDPm
l ðmÞD, (A.51)

DBm
l D ¼ Bm

l ; DBm
l ¼ Bm

l D. (A.52)

A.4. Azimuth expansion and reduction

This section computes the following expression which is encountered several times in the main
text: Z 2p

0

df0Aðf;f0ÞBðf0;f0Þ, (A.53)

where Aðf;f0Þ and Bðf0;f0Þ are 4� 4 matrix functions that can be expanded as:

Aðf;f0Þ ¼
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞAmDa, (A.54)

Bðf0;f0Þ ¼
X2N�1

n¼0

X2
b¼1

Zn
bðf
0
� f0ÞB

n
b, (A.55)

where Zm
a ðfÞ and Da are diagonal matrices defined in Section A.3.

Because Z0
aðfÞ ¼ Da, Eq. (A.54) suggests that only the two 2� 2 diagonal blocks of

A0 are active, and the anti-diagonal blocks of A0 can be set to arbitrary values. We also
note that:

Zm
1 ðf� f0Þ ¼ Zm

1 ðf� f0Þ cosmðf0 � f0Þ � Zm
2 ðf� f0Þ sinmðf0 � f0Þ, (A.56)

Zm
2 ðf� f0Þ ¼ Zm

2 ðf� f0Þ cosmðf0 � f0Þ þ Zm
1 ðf� f0Þ sinmðf0 � f0Þ. (A.57)

The above relations lead to

Z 2p

0

df0Aðf;f0ÞBðf0;f0Þ ¼ 2p
X2N�1

m¼0

X2
a¼1

Zm
a ðf� f0ÞA

mBm
a . (A.58)
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A.5. Orthogonality of eigenvectors

This section derives the orthogonality property of the eigenvectors defined by Eq. (25).
Inserting Eqs. (19)–(20) into Eq. (14), and using the definition of X and Y, Eqs. (23)–(24), we have:

�mujð�mÞkj ¼

Z 1

0

dm0 ~Yðm;m0Þujðm
0Þ þ

Z 1

0

dm0 ~Xðm; m0Þujð�m
0Þ, (A.59)

mujðmÞkj ¼

Z 1

0

dm0 ~Xðm;m0Þujðm
0Þ þ

Z 1

0

dm0 ~Yðm;m0Þujð�m
0Þ, (A.60)

where ~Xðm; m0Þ ¼ mXðm; m0Þ, ~Yðm;m0Þ ¼ mYðm; m0Þ. We note that in Eqs. (A.59)–(A.60) m is always
positive. Merging Eq. (A.59) and Eq. (A.60) we have

�mE4 0

0 mE4

 !
ujð�mÞ

ujðmÞ

 !
kj ¼

Z 1

0

dm0Hðm;m0Þ
ujð�m

0Þ

ujðm
0Þ

 !
, (A.61)

where

Hðm;m0Þ ¼
~Xðm; m0Þ ~Yðm;m0Þ
~Yðm; m0Þ ~Xðm;m0Þ

" #
. (A.62)

Multiplying both sides with ½wT
k ð�mÞ wT

k ðmÞ� and integrating over m from 0 to 1, gives

Nkjkj ¼

Z 1

0

dm
wkð�mÞ

wkðmÞ

 !T Z 1

0

dm0Hðm; m0Þ
ujð�m

0Þ

ujðm
0Þ

 !
, (A.63)

where Nkj are 4� 4 matrices defined as

Nkj ¼

Z 1

0

dm
wkð�mÞ

wkðmÞ

 !T
�mE4 0

0 mE4

 !
ujð�mÞ

ujðmÞ

 !
. (A.64)

We now replace Bm
l in Eqs. (23)–(24) with ðBm

l Þ
T, and denote the corresponding matrices

~X, ~Y and H etc. as ~X
þ
, ~Y
þ
and Hþ etc. Because

ðBm
l Þ

T
¼ RBm

l R, (A.65)

Pm
l ðmÞ ¼ RPm

l ðmÞR, (A.66)

where R ¼ diagð1; 1; 1;�1Þ, we can find from Eq. (23)

Xþik ¼ RXikR, (A.67)

Yþik ¼ RYikR, (A.68)

which shows that the new problem has the same eigenvalues, and the corresponding eigenvectors,
denoted as wk, are related to uk by

wkðmÞ ¼ RukðmÞ. (A.69)
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Similar to Eq. (A.61), we can obtain for the new problem:

�m0E4 0

0 m0E4

 !
wkð�m

0Þ

wkðm
0Þ

 !
kk ¼

Z 1

0

dmHþðm0;mÞ
wkð�mÞ

wkðmÞ

 !
. (A.70)

Multiply both sides with ½uT
j ð�m

0Þ uT
j ðm
0Þ�, integrate over m0 from 0 to 1, transpose on both sides,

and note that Hþ ¼ HT, we obtain

kkNkj ¼

Z 1

0

dm
wkð�mÞ

wkðmÞ

 !T Z 1

0

dm0Hðm; m0Þ
ujð�m

0Þ

ujðm
0Þ

 !
. (A.71)

Eq. (A.63) and Eq. (A.71) have the same RHS, therefore

Nkjkj ¼ kkNkj. (A.72)

This equation means that, when jak, all elements of Nkj must be 0, and when j ¼ k, Nkj must be

diagonal, i.e.,Z 1

0

dm
wkð�mÞ

wkðmÞ

 !T
�mE4 0

0 mE4

 !
ujð�mÞ

ujðmÞ

 !
¼ Njdjk, (A.73)

where Nj are 4� 4 diagonal matrices. By expanding Eq. (A.73) we can rewrite it asZ 1

�1

wT
k ðmÞmujðmÞdm ¼ Njdjk. (A.74)

The orthogonal property is obtained.
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