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articular solution of the discrete-ordinate method

i Qin, Michael A. Box, and David L. B. Jupp

We present two methods that can be used to derive the particular solution of the discrete-ordinate method
�DOM� for an arbitrary source in a plane-parallel atmosphere, which allows us to solve the transfer
equation 12–18% faster in the case of a single beam source and is even faster for the atmosphere thermal
emission source. We also remove the divide by zero problem that occurs when a beam source coincides
with a Gaussian quadrature point. In our implementation, solution for multiple sources can be obtained
simultaneously. For each extra source, it costs only 1.3–3.6% CPU time required for a full solution.
The GDOM code that we developed previously has been revised to integrate with the DOM. Therefore
we are now able to compute the Green’s function and DOM solutions simultaneously. © 2004 Optical
Society of America

OCIS codes: 010.1300, 010.1310, 010.000.
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. Introduction

ecently we have developed an algorithm to compute
he Green’s function for radiative transfer in a plane–
arallel atmosphere,1 and a FORTRAN 95 computer
ode, GDOM, has been developed to implement this
lgorithm. In the mean time, the EDOM code,2
hich is a special implementation of the discrete-

rdinate method �DOM�3 and is capable of computing
imultaneously the radiation fields for multiple
ources, has been revised and integrated into the
DOM code to form a code package that provides

omprehensive functionalities for radiative transfer
omputation.

In the new version of GDOM, a number of improve-
ents have been included. In this paper we discuss

he improvements on the computation of the DOM
articular solution. Since the DOM algorithm was
eveloped by Chandrasekhar,3 especially after the
rst numerically stable implementation, the discrete-
rdinate radiative transfer �DISORT� code,4 became
vailable, this algorithm has become a classical
ethod for radiative transfer computation. How-

ver, accurate radiative transfer computation is gen-
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rally a time-consuming process, and improvements
re always required. One of them is the particular
olution, which was usually obtained by the solution
f one or more linear equations systems4 depending
n the source type. Godsalve5 has demonstrated
hat the order of the linear systems can be reduced by
alf. However, the burden of solving the linear sys-
ems can be completely avoided, for example, by use
f the infinite medium Green’s function.6 It is par-
icularly beneficial to cut back the CPU time on the
articular solution computation when the solutions of
he radiative transfer equation for multiple sources
re sought, for example, in the computation of
ook-up tables for atmosphere correction7 or the re-
rieval of atmospheric properties from multiangular
bservation8,9 with the perturbation theory.10 In
uch cases, the particular solution becomes the major
onsumer of CPU time �see the standard approach
ows in Table 1�.

In Section 2 we briefly review the standard ap-
roach used to find the particular solution for the
olar beam source and demonstrate how to avoid solv-
ng the linear equations system. Then we present
wo generally applicable methods that can be used to
erive analytic particular solutions �APSs� for any
ource function. Following this general discussion,
he particular solutions for generalized beam sources
re presented in Section 3, and the particular solu-
ion for angularly distributed sources �ADSs; an ex-
mple is the thermal emission from the Earth’s
urface� and atmosphere thermal emission sources
re presented in Section 4. In Section 5 we provide
ome sample results and a comparison with DIS-
RT4; the paper is summarized in Section 6.
20 June 2004 � Vol. 43, No. 18 � APPLIED OPTICS 3717
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It is known that computation of the particular so-
ution for a beam source, divide by zero, or the invert-
ng of a singular matrix, may be encountered if the
eam source happens to illuminate in a direction that
oincides with one of the Gaussian quadrature
oints.4 In Subsection 3.B the reason for this prob-
em is analyzed, and a special particular solution is
eveloped that completely removes the numerical dif-
culty.

. General Discussion on the Particular Solution

n this section we first set up the context for the whole
aper. After that, we briefly review the standard
pproach to compute the particular solution �Subsec-
ion 2.A�, and two general methods are presented
Subsections 2.B and 2.C� that can be used to derive
n APS for any source. To show the connection be-
ween these approaches, the solar beam source is
sed as an example.
The first step of the DOM is to expand the intensity

nto a Fourier cosine series and represent each Fou-
ier component of the intensity as a vector of inten-
ities at a finite number of zenith angles. This
rocess decomposes the radiative transfer equation
nto a set of independent systems of linear differen-
ial equations, each for one order of the intensity
eries. This procedure can be found in a number of
exts.3,4 We start from the equation for the mth-
rder term of the intensity series, which can be writ-
en as3

dIm��, �i�

d�
� � �

j��1

�Ns

CijI
m��, �j� � �i

�1Qm��, �i�,

i, j � �1,· · ·, �Ns (1)

here Im is the coefficient of the mth term of the
ntensity series, � is the optical thickness, the �i’s are
he Gaussian quadrature points, 2Ns is the total
umber of intensity streams that are used to approx-

mately represent the intensity, and Qm is the coef-
cient of the mth term of the source function’s
ourier series. In Eq. �1�,

Cij � �i
�1 �	̃0

2
wj �

l�m

Nm

	̃l
mpl

m��i� pl
m��j� � 
ij� ,

i, j � �1,· · ·, �Ns (2)

here 	̃0 is the single-scattering albedo, the wi’s are
he Gaussian quadrature weights, 	̃l

m is the coeffi-
ient of the phase function’s Legendre series multi-
lied with �l � m�!��l � m�!, pl

m is the associated
egendre function, and 
ij is the Kronecker delta that
quals 1 if l � j or 0 otherwise.
In Eq. �1�, Qm depends on the type of source. For

he solar beam source, it can be written as

Qm��, �i� � di exp����0�, i � �1,· · ·, �Ns,
(3)
718 APPLIED OPTICS � Vol. 43, No. 18 � 20 June 2004
here

di �
I0

��1 � 
0m�

	̃0

2 �
l�m

Nm

	̃l
mpl

m��i� pl
m��0�, (4)

here �0 
 0 is the cosine of the solar zenith angle
nd I0 is the solar intensity.
To simplify our notation, we rewrite Eq. �1� in ma-

rix form and omit the superscript m:

d
d�

I��� � �CI��� � ��1Q���, (5)

here I and Q are column vectors, C is a square
atrix, and I is a diagonal matrix composed of the
aussian quadrature points. For the solar beam

ource, we write Eq. �3� in matrix notation as

Q��� � d exp����0�, (6)

here d is a column vector with its elements defined
n Eq. �4�.

The solution to Eqs. �1�–�5� is generally expressed
s a two-term summation in the DOM: the general
olution and the particular solution. The general
olution is the solution to the homogeneous version of
he equation �which does not consider the source
erm�, and the particular solution is the solution to
he whole equation disregarding the boundary condi-
ions. Detailed discussions of the DOM algorithm
an be found in Refs. 3 and 4. The two terms of the
olution are also discussed in Subsection 2.B, in par-
icular Eq. �19�. In this paper we provide alterna-
ive, more efficient, and applicable methods to obtain
he particular solution, compared with the standard
pproach that is reviewed in Subsection 2.A.

. Standard Approach and Its Improvement

o compute the particular solution with the standard
pproach we try to find a solution that is appropriate
o the specific pattern of the source function. For
xample, in the case of the solar beam source, the
attern of its source function Qm in Eq. �6� suggests
he following solution4:

Ip��� � z exp����0�, (7)

here Ip and z are column vectors. By inserting Eq.
7� into Eq. �5� and comparing the coefficients of
xp����0� on both sides, we obtain

�C � E��0�z � ���1d, (8)

here E is the identity matrix.
The usual method to find the vector z is to solve Eq.

8� numerically,4 which is straightforward but not an
fficient method. In fact, Eq. �8� can be solved ana-
ytically. By using the eigenvalues and correspond-
ng eigenvectors of matrix C, which we obtained by
omputing the general solution,4 we can diagonalize

as1

C � ����1, (9)
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here � is a diagonal matrix composed of the eigen-
alues of C and the columns of U are the eigenvectors
orresponding to �. Because of the orthogonality of
he eigenvectors,11 we can compute the inverse of U
sing1

��1 � N�1�Tw�, (10)

here N is a diagonal matrix defined as

Nj � �j
Tw��j, j � �1,· · ·, �Ns, (11)

here �j is the jth column of �. w and � are diag-
nal matrices composed of the Gaussian quadrature
eights and points. Using Eqs. �9� and �10� we ob-

ain

z � ����� � E��0�N��1�Twd. (12)

The particular solution for the solar beam source
an then be obtained from Eq. �7�. We note that,
ecause the eigenvalues and eigenvectors are already
vailable from the general solution, evaluating Eq.
12� involves only two matrix-vector multiplications,
hich needs O�N2� operations �multiplications and
dditions�. In comparison, O�N3� operations are
enerally required to solve a linear equation system
uch as Eq. �8�. Comparison computations are given
n Section 5.

. Method 1 for General Source Functions

bove we showed a method to derive an APS for the
olar beam source. This approach, however, de-
ends on the pattern of the source function Q and is
ot generally applicable. In this subsection we
resent a method that can be used to derive the APS
or any source function.

Assume that Ig is a matrix whose columns are the
olutions to the homogeneous version of Eq. �5�, i.e.,

d
d�

Ig��� � �CIg���, (13)

here Ig is of the following form3:

Ig��� � � exp�����. (14)

ecause Ig is invertible �compare with Eq. �10��, we
btain

d
d�

�IgIg
�1� �

dIg

d�
Ig

�1 � Ig

dIg
�1

d�
� 0. (15)

y using Eq. �13� we obtain

d
d�

Ig
�1��� � �Ig

�1 dIg���

d�
Ig

�1 � Ig
�1C. (16)

ultiplying both sides of Eq. �5� with Ig
�1 and re-

lacing Ig
�1C with �d�d��Ig

�1���, we obtain

d
d�

�Ig
�1���I���� � �Ig

�1�����1Q���, (17)
hich leads to

Ig
�1���I��� � Y � �

�1

�

Ig
�1�t���1Q�t�dt, (18)

here Y is any �integral� constant vector and �1 can
e set to any value, which will only cause a difference
f a constant vector. Equation �18� leads to

I��� � Ig���Y � Ig��� �
�1

�

Ig
�1�t���1Q�t�dt, (19)

here the first term is the general solution and the
econd term is the particular solution. Using Eqs.
10� and �14�, we obtain the following general expres-
ion for the particular solution:

Ip��� � � �
�1

�

� exp���t � ���N�1�TwQ�t�dt.

(20)

e note again that �, N, and w are all diagonal
atrices and Q is a column vector.
In the case of a solar beam source, we choose �1 to

e the optical thickness at the top of the layer in
uestion. By inserting Eq. �6� into Eq. �20� and com-
ining the scalar term exp�t��0� with exp���t � ���,
e can carry out the integration:

Ip��� � �� exp�����

� ��
�1

�

exp��� � 1��0�t�dt�N�1�Twd

� ����� � 1��0�N��1�Twd exp����0�

� � exp�����zg, (21)

here

zg � ��� � 1��0�N��1 exp��� � 1��0��1��
Twd.

(22)

We note that the second term of Eq. �21� resembles
he general solution; therefore it can be dropped from
he particular solution and merged with the general
olution �with Y � zg replaced with another unknown
onstant vector�. This shows that this method leads
o the same particular solution for the solar beam
ource as in Subsection 2.A.

. Method 2 for General Source Functions

ecause the particular solution is just any solution to
q. �5� disregarding any boundary conditions, the

nfinite medium Green’s function can be used to com-
ute the particular solution for any source function1,6:

Ip��, �� � �
�1

�2

d�� �
�1

1

d��G�
����, ��; �, ��

� ����Q���, ���, (23)
20 June 2004 � Vol. 43, No. 18 � APPLIED OPTICS 3719
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here �1 and �2 are the optical thickness at the top
nd bottom of the atmosphere layer under consider-
tion and G�

� is the infinite medium Green’s func-
ion that can be written as1

G�
����, ��; �, �� � ������̃���, �����T����, (24)

here �� are the eigenvectors of C corresponding to
he negative and positive eigenvalues, respectively,
nd ��T are the transpose of ��. �̃� are diagonal
atrices defined as1

˜
���, ��� � �

1
�1 � 
0m��

N�
�1 exp������ � ���. (25)

he subscript � corresponds to � 
 �� and � � ��,
espectively; �� are diagonal matrices composed of
he negative and positive eigenvalues of matrix C,
espectively; and N� is a diagonal matrix whose di-
gonal elements are defined in Eq. �11� for the posi-
ive j’s only � j � 1, . . . , Ns�. Inserting Eq. �24� into
q. �23� and writing the result in matrix notation, we
btain

Ip��, �� � �
�1

�2

d��������̃���, �����T����w���Q����,

(26)

here w and I are diagonal matrices, Q is a column
ector, and � � represents the absolute value.
For the solar beam source, inserting Eq. �6� into Eq.

26�, combining the scaler term exp�����0� with
xp������ � ���, we can carry out the integration in
wo sections, i.e., ��1, �� and ��, �2�, which leads to

Ip��, �� � ����� � 1��0�N��1�Twd exp����0�

� � exp�����zg, (27)

here

zg � �exp���� � 1��0��1� 0
0 exp���� � 1��0��2�

�
� ��� � 1��0�N��1�Twd. (28)

gain we can drop the second term of Eq. �27� by
erging it with the general solution. This shows

hat this method leads to the same particular solu-
ion as in previous methods.

Equation �26� provides us another generally appli-
able expression to derive the particular solution for
ny source functions.

. Particular Solution for the General Beam Source

n this section we generalize the particular solution
or the solar beam source for beam sources that have
o restrictions on their position and propagation di-
ection. We also deal with the numerical difficulty
ncountered when a beam source illuminates in a
irection coinciding with one of the Gaussian quadra-
ure points.
720 APPLIED OPTICS � Vol. 43, No. 18 � 20 June 2004
. Particular Solution for a Generalized Beam Source

n the previous section we showed the APS for the
olar beam source, which is located at the top of the
tmosphere and illuminates downwards. In this
ubsection we present the particular solution for a
eneral beam source. The source function can be
ritten as2

Q��, �i� � diU��� � �0���0�exp��� � �0���0�, (29)

here �0 denotes the source position, �1 
 �0 
 1 is
he cosine of the source zenith angle, U�x� is the step
unction that equals 1 when x � 0 and 0 otherwise,
nd di is defined in Eq. �4�. In this subsection, we
lso use �1 and �2 to denote the optical thickness at
he top and bottom of the atmosphere layer under
onsideration.

For layers that are behind the source, i.e., �� �

0���0 
 0 for �1 � � � �2, Q � 0 and no particular
olution is needed. For layers that are completely in
ront of the source, i.e., �� � �0���0 � 0 for �1 � � � �2,
t is straightforward to write the particular solution
s

Ip��, �� � z exp��� � �0���0�, (30)

here z can be computed with Eq. �12�.
In the case that the source is inside a layer, i.e.,

1 
 �0 
 �2, it becomes a little more complicated.
e can treat this case by splitting this layer into two

ublayers from � � �0. Therefore the sublayers are
ither completely in front or behind the source, and
heir particular solutions can be readily obtained.
owever, in such cases the complete solutions for the

wo sublayers will be different in formalism, which
onsequently complicates the process to obtain the
ntegral constants for the two sublayers. Specifi-
ally in this case, the complete solutions can be writ-
en as

��, �� � � � exp�����Y1

� exp�����Y2 � z exp��� � �0���0�

�� � �0���0 � 0
�� � �0���0 � 0 , (31)

here Y1 and Y2 are integral constants. To simplify
he process to obtain Y1 and Y2, which also improves
omputing efficiency, it is desirable to obtain a uni-
orm complete solution for the whole layer. This can
e achieved through the requirement that the �dif-
usely transmitted� radiance must be continuous at
� �0, i.e.,

� exp����0�Y1 � � exp����0�Y2 � z, (32)

hich leads to

Y1 � Y2 � exp���0��
�1z. (33)

nserting Eq. �12� into Eq. �33� and inserting the
esulting equation into the first part of Eq. �31�, we
btain the uniform complete solution as

I��, �� � � exp�����Y � I ���, (34)
p
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here we replaced Y2 with Y, and

Ip��� � �� exp����0 � ���� �� � �0���0 � 0
exp��� � �0���0�� �� � �0���0 � 0 ,

(35)

here � is a column vector:

� � ��� � E��0�N��1�Twd. (36)

. Special Case of �0 � �j: Removing Divide by Zero

n Eq. �2�, 	̃l
m � 	̃l�l � m�!��l � m�! where 	̃l are the

oefficients of the phase function’s Legendre series.
or large m, which means very large �l � m�!, 	̃l

m

ecomes so small that Cij � �
ij�i
�1, which means

hat � � ���1. If �0 � �j, then �j � 1��0 � 0, which
auses a divide by zero error in Eq. �12�. For the
ame reason, the coefficient matrix of Eq. �8� is close
o singular, and Eq. �8� cannot be solved accurately.

The usual solution to this problem is to change �0
y a tiny amount.4 However, we have found that
his problem can be completely removed. In fact, in
uch a case the vector d in Eqs. �8�–�12� is also close
o zero, so Eq. �12� contains a 0�0 component.
herefore the result depends on the relative speed at
hich the numerator and the denominator approach

ero, and the 0�0 component might be removed.
hen �0 � �j, by comparing Eq. �2� with Eq. �4�, we

nd

d �
1

��1 � 
0m�
w�1�CT� � E�Ej, (37)

here Ej is the jth column of E �the identity matrix�.
ecause only the jth column of the matrix �CT� � E�
as any effect on d, all diagonal elements of I except

or the � j, j�th can be replaced by arbitrary values.
y replacing them with �j we obtain

�j

��1 � 
0m�
w�1�CT � E��j�Ej � d. (38)

nserting Eq. �38� into Eq. �12� �remember that �0 �

j and recall Eq. �9�� we obtain

z � �
�j

��1 � 
0m�
�N�1�TEj. (39)

sing Eq. �10� we obtain

z � �
1

��1 � 
0m�
w�1Ej. (40)

It turns out that in this case the z vector is only a
onstant vector whose jth element is �wj

�1���1 �

0m� and all others are zero. We therefore success-
ully removed the problem of divide by zero.

. Particular Solution for Other Source Types

oth Eqs. �20� and �26� described in Section 2 can be
sed to derive particular solutions for general source

unctions. The choice between the two depends only
n which one is more convenient for the given source
unction. In this section we derive the particular
olution for two more source types: angularly dis-
ributed surface sources �Subsection 4.A� and atmo-
phere thermal emission sources �Subsection 4.B�.

. Particular Solution for Angularly Distributed Sources

DSs are sources that illuminate from a surface in
ither or both of the hemispheres as a continuous
unction of zenith angle. The thermal emission from
he Earth’s surface is an example. For an ADS, we
an write its source function as

Q��, �� � 
�� � �0�I0���, (41)

here �0 is the vertical position of the source and
0��� is any function of �.

We use Eq. �26� to derive the particular solution for
DSs because it is simpler than using Eq. �20�. In-
erting Eq. �41� into Eq. �26�, we can show that

Ip��, �� � ������̃���, �0���Tw���I0, (42)

here w and I are diagonal matrices; I0 is a column
ector; and the subscript � corresponds to � � �0 and

 �0, respectively, which indicates that the partic-
lar solution for ADSs is discontinuous at � � �0.

. Particular Solution for Atmosphere Thermal Emission
ource

he source function of the atmosphere thermal emis-
ion is a continuous function of optical thickness.
his function depends on the temperature profile. It

s possible for us to derive the particular solution for
ny given source function using the two general
ethods. Here we follow Stamnes et al.4 to repre-

ent the atmosphere thermal emission as a polyno-
ial in optical thickness, i.e.,

Q��� � �1 � 	̃0� B��� � �
k�0

Nk

bk�
k, (43)

here B��� is the Planck function, and we did not
ssume the temperature profile.
Both Eqs. �20� and �26� can be used to derive the

articular solution for the atmosphere thermal emis-
ion source. For this particular case, Eq. �20� is
lightly more convenient, but the same result can be
btained with Eq. �26�. Inserting Eq. �43� into Eq.
20�, we obtain

Ip��� � ����
k�0

Nk

bkhk���	N�1�Tw, (44)

here w is a column vector rather than a diagonal
atrix as it usually is in this paper, and hk is a

iagonal matrix defined by the following recursive
elation:

hk��� � �
0

�

tk exp���t � ���dt

� ���1�k � k��1hk�1��� k � 0
��1 � ��1 exp����� k � 0 , (45)
20 June 2004 � Vol. 43, No. 18 � APPLIED OPTICS 3721
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here we chose the lower integral limit �1 � 0 for
onvenience �see discussion following Eq. �18��. Ex-
anding Eq. �45�, we find

hk��� � �
n�0

k

��1�k�n k!
n!

���k�n�1��n

� ��1�kk!���k�2� exp�����,

k � 0, 1,· · ·, Nk. (46)

We note that, when Eq. �46� is inserted into Eq.
44�, all the terms in the resulting equation that are
ssociated with the second part of Eq. �46� contain �
xp�����, and we can drop it from the particular
olution by merging it with the general solution.
herefore we only need insert the first part of hk into
q. �44�, and by collecting the coefficients of �n we
btain

Ip��� � ����
n�0

Nk

�n�
n	N�1�Tw, (47)

here the �n terms are diagonal matrices defined as

�n � �
k�n

Nk

��1�k�n k!
n!

bk�
��k�n�1�, (48)

here � is a diagonal matrix. By now we have ob-
ained the particular solution for the atmosphere
hermal emission source. Because Eqs. �47� and �48�
an be evaluated efficiently, we can use higher-order
olynomials in Eq. �43� to achieve higher accuracy in
tting the source function, and we are able to achieve
igher accuracy for a wider range of temperature
rofiles.

. Numerical Computation

he APSs presented in this paper have been imple-
ented in the new version of the GDOM1 code. To

emonstrate that we indeed can obtain the same so-
ution using less CPU time, we present some example
utputs in this section. The results are compared
ith the outputs from codes that use the standard
pproach of computing the particular solution, in-
luding EDOM2 and particularly the DISORT4 code.

The atmosphere is a one-layer model with an opti-
al thickness of 0.75, a single-scattering albedo of
.95, and a scattering phase function of the two-term
enyey–Greenstein function12 of parameters � �
.965, g1 � 0.75, and g2 � 0.65, which represents a
ypical aerosol atmosphere. The lower boundary is
Lambertian surface with an albedo of 0.3. Three

ources are considered: a beam source illuminating
rom the top of the atmosphere in a zenith angle of
5°, a surface thermal emission source with a tem-
erature of 310 K, and an atmosphere thermal emis-
ion source with a linear temperature profile defined
y the boundary temperature of 230 and 300 K. The
avelength used for the thermal sources is 4 �m.
Figure 1 shows the intensity generated by the

eam source and a comparison with DISORT. For
enith angles less than 60° or larger than 120°, the
722 APPLIED OPTICS � Vol. 43, No. 18 � 20 June 2004
ifference is less than 0.1%. For zenith angles close
o the horizon, the difference is still less than 0.5%.
omparison with EDOM2 �which is implemented by

he same authors of GDOM� is also conducted �but
ot presented�, and it is found that the results match
o at least six digits.

Figure 2 shows the output from GDOM and a com-
arison with DISORT for the case of the combined
hermal emission sources. We note that GDOM
enerates output for each individual source, but the
utputs for the two thermal sources are combined

ig. 1. Example output from GDOM and comparison with DIS-
RT for the case of a beam source. The upper section shows the

ntensity �no unit� of exiting radiation at, respectively, the top and
ottom of the atmosphere and in three azimuth angles �; the lower
ection shows the difference �%� between the outputs from the two
odes.

ig. 2. Example output from the GDOM and comparison with
ISORT in the case of thermal emission sources. The upper sec-

ion shows the intensity �W�cm2�sr��m�� of exiting radiation at,
espectively, the top and bottom of the atmosphere; the lower
ection shows the difference �%� between the outputs from the two
odes. Nk �see also Eq. �43�� is the order of the source function
sed by GDOM.
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ogether to compare with DISORT. Because DIS-
RT uses a linear relation to fit the source function,
q. �43�, we also use a linear relation first and find

hat the two codes agree with each other quite well
with a difference less than 1%�, which indicates that
DOM has computed the particular solution cor-

ectly. Following this testing, we increased the or-
er of the source function polynomial to 3 and found
as shown in Fig. 2� a significant �up to 10%� differ-
nce between the two codes, which indicates that use
f a linear relation to fit the source function could
esult in large errors when the temperature step is
arge.

. Discussion

n this paper we have discussed two approaches to
erive particular solutions for general source func-
ions. Choosing one or the other depends only on
hich one is more convenient. These methods allow
s to obtain an APS for any source function. The
DS case shown in Subsection 4.A has demonstrated

he advantage of these approaches. It is straightfor-
ard to derive the particular solution for ADSs with
q. �26�, and it can also be obtained with Eq. �20� with
little more work. In contrast, it would be a greater

hallenge to use the standard approach of seeking the

Table 1. Comparison of the CPU Time �in Seconds� Used by the
for Different �Hemisph

Approach

1

1 10

Particular Solution
Ns16

STD 0.0662 0.6276
APS 0.0039 0.0302
Reduced by 94% 95%

Ns32
STD 0.6795 6.8415
APS 0.0229 0.2136
Reduced by 97% 97%

Ns48
STD 2.9893 27.1941
APS 0.0801 0.8212
Reduced by 97% 97%

Total
Ns16

STD 0.3434 0.9503
APS 0.2811 0.3530
Reduced by 18% 63%

Ns32
STD 3.8927 10.4851
APS 3.2361 3.8572
Reduced by 17% 63%

Ns48
STD 18.9322 44.3187
APS 16.0230 17.9458
Reduced by 15% 60%
articular solution according to the pattern of the
ource function.
Because an APS can be obtained, we no longer need

o solve any linear equations systems to compute the
articular solution. This allows us to achieve higher
fficiency. We have shown that, in the case of beam
ources, the operation count to compute the particu-
ar solution has been reduced from O�N3� to O�N2�.
he gain of efficiency is greater when solutions for
ultiple sources are being sought.
In Table 1 we show the time used to compute the

articular solution, as well as the total time, by the
PS approach that is developed in this paper and the
tandard approach for the case of beam sources.
ases for various hemisphere stream numbers �16,
2, and 48�, atmosphere layer numbers �1 and 10�,
nd source numbers �1, 10, and 50� are compared in
able 1. The testing is done on a Windows 2000
ystem running with a 500-MHz CPU and 380-Mbyte
hysical memory.
In terms of the particular solution alone, over 94%

PU time can be saved with the APS. For single-
ource cases, the overall reduction of CPU time
anges from 12 to 18%. This percentage grows with
he increasing number of sources. For example, in
he case of 50 sources, 73–82% of time can be saved.

dard �STD� Approach and the APS in the Case of Beam Sources
tream Numbers �Ns�

Number of Layers

10

Number of Sources

0 1 10 50

358 0.6359 6.3491 27.3827
469 0.0351 0.3305 1.5823
% 94% 95% 94%

193 6.8398 68.9391 321.9918
589 0.2504 2.5437 12.8284
% 96% 96% 96%

103 26.9588 272.8924 1393.9344
158 0.9313 8.8627 44.2436
% 97% 97% 97%

131 4.0475 10.7955 35.3709
242 3.4466 4.7769 9.5704
% 15% 56% 73%

170 48.1693 117.9997 398.1212
566 41.5798 51.6042 88.9579
% 14% 56% 78%

625 223.1709 492.8988 1714.4453
679 197.1435 228.8691 364.7545
% 12% 54% 79%
Stan
ere� S

5

2.7
0.1
95

27.3
0.9
96

125.4
4.0
97

3.2
0.6
81

32.7
6.3
81

147.7
26.3

82
20 June 2004 � Vol. 43, No. 18 � APPLIED OPTICS 3723



I
c
t
t
s
f
�
m
1
t
s
b

s
c
t
t
l
o
o
t
i
p
t
h
u
d

t
d
p
s
p
s

p
p
s
m
b
t
d
s

p
d
f
s
t
p
a
fl
p
u
n
s
w
p
a
c
o
T
a
t
a

R

ative

3

n Table 2 we show the time �in percent� needed to
ompute the solution for each extra source relative to
hat for the first �full solution� source. We can see
hat, to compute the radiation field for each extra
ource, the APS approach needs only 1.3–3.6% of the
ull solution time. In contrast, a standard approach
suppose it has an implementation of a simultaneous

ultisource solution similar to that of EDOM2� needs
3.6–17.1% of the full solution time. As a result, in
he same amount of time, 4.4–10.5 times more
ources can be processed by the APS approach than
y the standard approach.
In the case of atmosphere thermal emission

ources, the gain of efficiency is even greater be-
ause the standard approach needs to solve at least
wo linear equations systems, each for one order of
he source function polynomial. The particular so-
ution developed in this paper requires only O�N2�
perations, and because Eq. �48� needs only O�N�
perations, it can be evaluated efficiently. Our
ests have shown that, with the APS, the total time
s barely affected by the order of the source function
olynomial �the total time increases up to 5% when
he order is increased from 1 to 10�. Therefore
igher-order polynomials can be used, which allows
s to fit the source function more accurately and to
eal with a wider range of temperature profiles.
In this paper we have also presented a special par-

icular solution for beam sources whose illumination
irection coincides with a Gaussian quadrature
oint. In such case, divide by zero, or inverting of a
ingular matrix, will be encountered. The special
articular solution developed in this paper removes
uch a problem.
With the particular solutions developed in this

aper, the revised GDOM code is capable of com-
uting the radiation field efficiently for multiple
ources. The new GDOM code supports the com-
only seen source types, including generalized

eam sources, ADSs �including the special cases of
hermal emission from the Earth’s surface and from
eep space�, and the atmosphere thermal emission
ource. This GDOM code has the integrated com-

Table 2. Comparison of the Unit Increase by the Standa

Approach

1

First Sourcea Extra Sourceb Unit I

STD
Ns16 0.3434 0.0586 1
Ns32 3.8927 0.5883 1
Ns48 18.9322 2.6292 1

APS
Ns16 0.2811 0.0070
Ns32 3.2361 0.0637
Ns48 16.0230 0.2111

aThe CPU time �seconds� required to find the solution for the fi
bThe CPU time �seconds� required to find the solution for each
cThe increase of CPU time �in percent� for each extra source rel
724 APPLIED OPTICS � Vol. 43, No. 18 � 20 June 2004
onent of the Green’s function algorithm that we
eveloped previously, which means that the Green’s
unction and the radiation field of any number of
ources can be obtained simultaneously. Radia-
ion field angular interpolation has also been im-
lemented to obtain the radiance at any zenith
ngle. Vacuum, Lambertian, and bidirectional re-
ectance distribution function boundaries are sup-
orted. Special consideration has been taken on the
sability of this FORTRAN 95 code, in particular, inter-
al data items can be accessed easily, and calling to
ubprograms has been greatly simplified. However,
e would like to point out that this code is based on the
lane-parallel �one-dimensional� atmosphere model,
nd the surface is assumed to be homogeneous. This
ode is a solver-style code, which requires as input the
ptical properties of the atmosphere and the surface.
he current version of GDOM computes the intensity
nd scalar Green’s function only, but a new version
hat considers the full polarization effect will be avail-
ble soon.13
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