Particular solution of the discrete-ordinate method

Yi Qin, Michael A. Box, and David L. B. Jupp

We present two methods that can be used to derive the particular solution of the discrete-ordinate method
(DOM) for an arbitrary source in a plane-parallel atmosphere, which allows us to solve the transfer
equation 12—-18% faster in the case of a single beam source and is even faster for the atmosphere thermal
emission source. We also remove the divide by zero problem that occurs when a beam source coincides
with a Gaussian quadrature point. In our implementation, solution for multiple sources can be obtained
simultaneously. For each extra source, it costs only 1.3-3.6% CPU time required for a full solution.
The GDOM code that we developed previously has been revised to integrate with the DOM. Therefore

we are now able to compute the Green’s function and DOM solutions simultaneously. © 2004 Optical

Society of America

OCIS codes: 010.1300, 010.1310, 010.000.

1. Introduction

Recently we have developed an algorithm to compute
the Green’s function for radiative transfer in a plane—
parallel atmosphere,! and a ForTRAN 95 computer
code, GDOM, has been developed to implement this
algorithm. In the mean time, the EDOM code,2
which is a special implementation of the discrete-
ordinate method (DOM)3 and is capable of computing
simultaneously the radiation fields for multiple
sources, has been revised and integrated into the
GDOM code to form a code package that provides
comprehensive functionalities for radiative transfer
computation.

In the new version of GDOM, a number of improve-
ments have been included. In this paper we discuss
the improvements on the computation of the DOM
particular solution. Since the DOM algorithm was
developed by Chandrasekhar,? especially after the
first numerically stable implementation, the discrete-
ordinate radiative transfer (DISORT) code,* became
available, this algorithm has become a classical
method for radiative transfer computation. How-
ever, accurate radiative transfer computation is gen-
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erally a time-consuming process, and improvements
are always required. One of them is the particular
solution, which was usually obtained by the solution
of one or more linear equations systems* depending
on the source type. Godsalve’ has demonstrated
that the order of the linear systems can be reduced by
half. However, the burden of solving the linear sys-
tems can be completely avoided, for example, by use
of the infinite medium Green’s function.6 It is par-
ticularly beneficial to cut back the CPU time on the
particular solution computation when the solutions of
the radiative transfer equation for multiple sources
are sought, for example, in the computation of
look-up tables for atmosphere correction’ or the re-
trieval of atmospheric properties from multiangular
observation®® with the perturbation theory.l® In
such cases, the particular solution becomes the major
consumer of CPU time (see the standard approach
rows in Table 1).

In Section 2 we briefly review the standard ap-
proach used to find the particular solution for the
solar beam source and demonstrate how to avoid solv-
ing the linear equations system. Then we present
two generally applicable methods that can be used to
derive analytic particular solutions (APSs) for any
source function. Following this general discussion,
the particular solutions for generalized beam sources
are presented in Section 3, and the particular solu-
tion for angularly distributed sources (ADSs; an ex-
ample is the thermal emission from the Earth’s
surface) and atmosphere thermal emission sources
are presented in Section 4. In Section 5 we provide
some sample results and a comparison with DIS-
ORTY4; the paper is summarized in Section 6.
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It is known that computation of the particular so-
lution for a beam source, divide by zero, or the invert-
ing of a singular matrix, may be encountered if the
beam source happens to illuminate in a direction that
coincides with one of the Gaussian quadrature
points.* In Subsection 3.B the reason for this prob-
lem is analyzed, and a special particular solution is
developed that completely removes the numerical dif-
ficulty.

2. General Discussion on the Particular Solution

In this section we first set up the context for the whole
paper. After that, we briefly review the standard
approach to compute the particular solution (Subsec-
tion 2.A), and two general methods are presented
(Subsections 2.B and 2.C) that can be used to derive
an APS for any source. To show the connection be-
tween these approaches, the solar beam source is
used as an example.

The first step of the DOM is to expand the intensity
into a Fourier cosine series and represent each Fou-
rier component of the intensity as a vector of inten-
sities at a finite number of zenith angles. This
process decomposes the radiative transfer equation
into a set of independent systems of linear differen-
tial equations, each for one order of the intensity
series. This procedure can be found in a number of
texts.34 We start from the equation for the mth-
order term of the intensity series, which can be writ-
ten as?

dIm T, i Sl -1
QZ — E Cl™(t, wj) — ;. Q™(7, py),

dr j==1
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where I'" is the coefficient of the mth term of the
intensity series, 7 is the optical thickness, the p,’s are
the Gaussian quadrature points, 2N, is the total
number of intensity streams that are used to approx-
imately represent the intensity, and @™ is the coef-
ficient of the mth term of the source function’s
Fourier series. In Eq. (1),
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where @, is the single-scattering albedo, the w,’s are
the Gaussian quadrature weights, ®,” is the coeffi-
cient of the phase function’s Legendre series multi-
plied with (I — m)!/( + m)' p/" is the associated
Legendre function, and 3,; is the Kronecker delta that
equals 1if/ =jor O 0therw1se.

In Eq. (1), @™ depends on the type of source. For
the solar beam source, it can be written as

Qm(T? “’l) = di exp(T/“‘O)’ P = il" ) iNs’
(3)
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where py < 0 is the cosine of the solar zenith angle
and I, is the solar intensity.

To simplify our notation, we rewrite Eq. (1) in ma-
trix form and omit the superscript m:

—CI(7) — p 'Q(7), (5)

d

—1I(7) =

& (T)
where I and Q are column vectors, C is a square
matrix, and I is a diagonal matrix composed of the
Gaussian quadrature points. For the solar beam
source, we write Eq. (3) in matrix notation as

Q(7) = d exp(t/ o), (6)

where d is a column vector with its elements defined
in Eq. (4).

The solution to Eqgs. (1)—(5) is generally expressed
as a two-term summation in the DOM: the general
solution and the particular solution. The general
solution is the solution to the homogeneous version of
the equation (which does not consider the source
term), and the particular solution is the solution to
the whole equation disregarding the boundary condi-
tions. Detailed discussions of the DOM algorithm
can be found in Refs. 3 and 4. The two terms of the
solution are also discussed in Subsection 2.B, in par-
ticular Eq. (19). In this paper we provide alterna-
tive, more efficient, and applicable methods to obtain
the particular solution, compared with the standard
approach that is reviewed in Subsection 2.A.

A. Standard Approach and Its Improvement

To compute the particular solution with the standard
approach we try to find a solution that is appropriate
to the specific pattern of the source function. For
example, in the case of the solar beam source, the
pattern of its source function @,,, in Eq. (6) suggests
the following solution?:

Ip(T) =Z eXp(’T/}Lo), (7)

where I, and z are column vectors. By inserting Eq.
(7) into Eq. (5) and comparing the coefficients of
exp(1/o) on both sides, we obtain

(C+E/ppz=—p'd, (8)

where E is the identity matrix.

The usual method to find the vector z is to solve Eq.
(8) numerically,* which is straightforward but not an
efficient method. In fact, Eq. (8) can be solved ana-
lytically. By using the eigenvalues and correspond-
ing eigenvectors of matrix C, which we obtained by
computing the general solution,* we can diagonalize
C as?

C=o\D ', 9)



where \ is a diagonal matrix composed of the eigen-
values of C and the columns of U are the eigenvectors
corresponding to A. Because of the orthogonality of
the eigenvectors,’* we can compute the inverse of U
using?!

® ' =N 'o"wp, (10)
where N is a diagonal matrix defined as
Nj = d)ijMd)jaj = il" h iNsy (11)

where ¢; is the jth column of ®. w and p are diag-
onal matrices composed of the Gaussian quadrature
weights and points. Using Egs. (9) and (10) we ob-
tain

z=—®[(\ + E/p)N] 'd"wd. (12)

The particular solution for the solar beam source
can then be obtained from Eq. (7). We note that,
because the eigenvalues and eigenvectors are already
available from the general solution, evaluating Eq.
(12) involves only two matrix-vector multiplications,
which needs O(N?) operations (multiplications and
additions). In comparison, O(N®) operations are
generally required to solve a linear equation system
such as Eq. (8). Comparison computations are given
in Section 5.

B. Method 1 for General Source Functions

Above we showed a method to derive an APS for the
solar beam source. This approach, however, de-
pends on the pattern of the source function @ and is
not generally applicable. In this subsection we
present a method that can be used to derive the APS
for any source function.

Assume that I, is a matrix whose columns are the
solutions to the ﬁomogeneous version of Eq. (5), i.e.,

d
an (1) = —CL(1), (13)
where L, is of the following forms3:
L(7) = ® exp(—A7). (14)

Because I, is invertible [compare with Eq. (10)], we
obtain

d o dh dr,™*
— =L, 1+ =0.
& (LL™) & I, I, g 0 (15)
By using Eq. (13) we obtain
d dL
ar L '(r)=-L" % L '=L'C. (16

Multiplying both sides of Eq. (5) with Igf1 and re-
placing Igflc with (d/d7)L,” (1), we obtain

d
ar [L'(MI(1)] = ~L (1) 'Q(1), 17

which leads to

I (1)) = Y — f L '()p 'Qud:, (18)

T1

where Y is any (integral) constant vector and 7, can
be set to any value, which will only cause a difference
of a constant vector. Equation (18) leads to

I(r) = L()Y — L(7) f "L (o 'Q0d,  (19)

T1

where the first term is the general solution and the
second term is the particular solution. Using Eqgs.
(10) and (14), we obtain the following general expres-
sion for the particular solution:

L(r) = — j " ® exp[A(t — )N D wQ(t)dt.

(20)

We note again that A\, N, and w are all diagonal
matrices and Q is a column vector.

In the case of a solar beam source, we choose 7, to
be the optical thickness at the top of the layer in
question. By inserting Eq. (6) into Eq. (20) and com-
bining the scalar term exp(¢/p,) with exp[A(z — 7)],
we can carry out the integration:

L,(7) = —® exp(—A7)
X [J.T exp[ (N + 1/pu0)t]dt}N1<I)de
= —®[(\ + 1/MO)N]71‘I)TWd exp(7/ o)
+ @ exp(—\T1)z,, (21)
where

z, = [(N + 1/pgN] " expl(A + 1/po)7,] 0 wd.
(22)

We note that the second term of Eq. (21) resembles
the general solution; therefore it can be dropped from
the particular solution and merged with the general
solution (with Y + z, replaced with another unknown
constant vector). This shows that this method leads
to the same particular solution for the solar beam
source as in Subsection 2.A.

C. Method 2 for General Source Functions

Because the particular solution is just any solution to
Eq. (5) disregarding any boundary conditions, the
infinite medium Green’s function can be used to com-
pute the particular solution for any source function?¢:

T 1
Iy(7, 1) =f dr’ f dp'G="(7", p's 7, )
1 -1

X Q' n), (23)
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where 7, and 7, are the optical thickness at the top
and bottom of the atmosphere layer under consider-
ation and G- is the infinite medium Green’s func-
tion that can be written as?

GIW(T” ”"7 T, P«) = (I)I(M);\I(T’ T’)IQT(M’)’ (24)
where ®- are the eigenvectors of C corresponding to
the negative and positive eigenvalues, respectively,
and . ®7 are the transpose of ®.. A_. are diagonal
matrices defined as?

1

As(r,7') = —m

N, lexp[A. (' —7)]. (25)

The subscript + corresponds to 1 < 1’ and T > 7/,
respectively; A are diagonal matrices composed of
the negative and positive eigenvalues of matrix C,
respectively; and N, is a diagonal matrix whose di-
agonal elements are defined in Eq. (11) for the posi-
tivey/sonly (j =1,...,N,). Inserting Eq. (24) into
Eq. (23) and writing the result in matrix notation, we
obtain

L(t, ) = J.TZ dr' @ (L)AL (7, 7) P (b )W|p|Q(T"),

(26)

where w and I are diagonal matrices, Q is a column
vector, and | | represents the absolute value.

For the solar beam source, inserting Eq. (6) into Eq.
(26), combining the scaler term exp(t'/p,) with
exp[A-(7" — 7)], we can carry out the integration in
two sections, i.e., (11, 7) and (7, T5), which leads to

L(t, p) = ~®[(\ + 1/p)N] '@ wd exp(7/po)

— @ exp(—A1)z,, 27
where
z = exp[ (A + 1/po)7] 0
€ 0 exp[(A_ + 1/po)T2]
X [(N+ 1/p)N] '@ wd. (28)

Again we can drop the second term of Eq. (27) by
merging it with the general solution. This shows
that this method leads to the same particular solu-
tion as in previous methods.

Equation (26) provides us another generally appli-
cable expression to derive the particular solution for
any source functions.

3. Particular Solution for the General Beam Source

In this section we generalize the particular solution
for the solar beam source for beam sources that have
no restrictions on their position and propagation di-
rection. We also deal with the numerical difficulty
encountered when a beam source illuminates in a
direction coinciding with one of the Gaussian quadra-
ture points.
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A. Particular Solution for a Generalized Beam Source

In the previous section we showed the APS for the
solar beam source, which is located at the top of the
atmosphere and illuminates downwards. In this
subsection we present the particular solution for a
general beam source. The source function can be
written as?

Q(t, ;) = d;U[(7 — 79)/ molexpl (T — 70) /mol, (29)

where 7, denotes the source position, —1 < p, < 1is
the cosine of the source zenith angle, U(x) is the step
function that equals 1 when x = 0 and 0 otherwise,
and d; is defined in Eq. (4). In this subsection, we
also use 7; and 1, to denote the optical thickness at
the top and bottom of the atmosphere layer under
consideration.

For layers that are behind the source, i.e., (t —
T0)/ o < 0 for 1 = 17 = 15, @ = 0 and no particular
solution is needed. For layers that are completely in
front of the source, i.e., (T — 79)/po >0 for 1y =7 =15,
it is straightforward to write the particular solution
as

Ip(Ta P«) =z exp[(T - TO)/“’O]} (30)

where z can be computed with Eq. (12).

In the case that the source is inside a layer, i.e.,
T, < 19 < Tg, it becomes a little more complicated.
We can treat this case by splitting this layer into two
sublayers from 7 = 7,. Therefore the sublayers are
either completely in front or behind the source, and
their particular solutions can be readily obtained.
However, in such cases the complete solutions for the
two sublayers will be different in formalism, which
consequently complicates the process to obtain the
integral constants for the two sublayers. Specifi-
cally in this case, the complete solutions can be writ-
ten as

I(r, b) = { ® exp(—A1)Y;
» BT @ exp(—A)Y, + 2 expl(t — 70)/ o]
(1= 70/ <0
, (31
(T—7)/ko=0 (81)
where Y; and Y, are integral constants. To simplify

the process to obtain Y; and Y,, which also improves
computing efficiency, it is desirable to obtain a uni-
form complete solution for the whole layer. This can
be achieved through the requirement that the (dif-
fusely transmitted) radiance must be continuous at
T = T, 1€,

P exp(—A1))Y; = @ exp(—AT1))Y, + 2z, (32)
which leads to
Y, =Y, + exp(A1)®P 'z (33)

Inserting Eq. (12) into Eq. (33) and inserting the
resulting equation into the first part of Eq. (31), we
obtain the uniform complete solution as

I(t, p) = ® exp(—A1)Y + L,(1), (34)



where we replaced Y, with Y, and

_ exp[A(to— 7)€ (17— 70)/ ko <0
L(w) = ‘I’{exp[u 1)/ MolE (1~ 70)/po =0
(35)

where § is a column vector:
£=[(\+ E/p,N] '®"wd. (36)

B. Special Case of py = w;
In Eq. (2), ®," = &;,( — m)!/(l + m)! where ®; are the
coefficients of the phase function’s Legendre series.
For large m, which means Very large ¢+ m), "
becomes so small that C;; —SLJle , which means
that A\~ —p~ L Ifpg= W, then \; + 1/Mo ~ 0, which
causes a divide by zero error in Eq (12). For the
same reason, the coefficient matrix of Eq. (8) is close
to singular, and Eq. (8) cannot be solved accurately.

The usual solution to this problem is to change
by a tiny amount.* However, we have found that
this problem can be completely removed. In fact, in
such a case the vector d in Egs. (8)—(12) is also close
to zero, so Eq. (12) contains a 0/0 component.
Therefore the result depends on the relative speed at
which the numerator and the denominator approach
zero, and the 0/0 component might be removed.
When Ko = W, by comparing Eq. (2) with Eq. (4), we
find

Removing Divide by Zero

= -1 T + .
(1 + 5y w (C'pn+ EE, 37

where E; is the jth column of E (the identity matrix).
Because only the jth column of the matrix (C'p + E)
has any effect on d, all diagonal elements of I except
for the (j, j)th can be replaced by arbitrary values.
By replacing them with p; we obtain

i

_— -1 T . L=
dia W CTFE/mE =d (39)

Inserting Eq. (38) into Eq. (12) [remember that p, =
p; and recall Eq. (9)] we obtain

z=-3 \ 5 N i Of (39)

Using Eq. (10) we obtain

1 1
-~ W'E. 40
T T a1t oy Y (40)

It turns out that in this case the z vector is only a
constant vector whose jth element is —wj_l/ w(1 +
dom) and all others are zero. We therefore success-
fully removed the problem of divide by zero.

4. Particular Solution for Other Source Types

Both Eqgs. (20) and (26) described in Section 2 can be
used to derive particular solutions for general source
functions. The choice between the two depends only
on which one is more convenient for the given source

function. In this section we derive the particular
solution for two more source types: angularly dis-
tributed surface sources (Subsection 4.A) and atmo-
sphere thermal emission sources (Subsection 4.B).

A. Particular Solution for Angularly Distributed Sources

ADSs are sources that illuminate from a surface in
either or both of the hemispheres as a continuous
function of zenith angle. The thermal emission from
the Earth’s surface is an example. For an ADS, we
can write its source function as

Q(T’ IJ“) = 8(T - TO)IO(“')a (41)

where 1, is the vertical position of the source and
Iy(p) is any function of .

We use Eq. (26) to derive the particular solution for
ADSs because it is simpler than using Eq. (20). In-
serting Eq. (41) into Eq. (26), we can show that

L(t, n) =

where w and I are diagonal matrices; I is a column
vector; and the subscript + corresponds to 7 > 7, and
T < 74, respectively, which indicates that the partic-
ular solution for ADSs is discontinuous at 7 = 7.

(I)t(ll)]&t(’ra To) tq)TW||-'~|107 (42)

B. Particular Solution for Atmosphere Thermal Emission
Source

The source function of the atmosphere thermal emis-
sion is a continuous function of optical thickness.
This function depends on the temperature profile. It
is possible for us to derive the particular solution for
any given source function using the two general
methods. Here we follow Stamnes et al.* to repre-
sent the atmosphere thermal emission as a polyno-
mial in optical thickness, i.e.,

Np,
Q(7) = (1 — &) B(7) = X, byt (43)
k=0
where B(7) is the Planck function, and we did not
assume the temperature profile.

Both Egs. (20) and (26) can be used to derive the
particular solution for the atmosphere thermal emis-
sion source. For this particular case, Eq. (20) is
slightly more convenient, but the same result can be
obtained with Eq. (26). Inserting Eq. (43) into Eq.
(20), we obtain

N
L(1) = —@(E bkhk(T))N_lcl)Tw, (44)
k=0

where w is a column vector rather than a diagonal
matrix as it usually is in this paper, and h, is a
diagonal matrix defined by the following recursive
relation:

hy(7) = f "t exp[N(t — 7)]dt
0

{x%k —ENh, (1) E>0
=

Nlexp(—A1) £=0" (45)
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where we chose the lower integral limit v, = 0 for
convenience [see discussion following Eq. (18)]. Ex-
panding Eq. (45), we find

k k!
hk(’T) — E (_l)kfn v )\—(k—nﬂ)q_n
n=0 n'

— (—=1)*RIN*"2 exp(—AT),
k:o’ 1;”'7Nk' (46)

We note that, when Eq. (46) is inserted into Eq.
(44), all the terms in the resulting equation that are
associated with the second part of Eq. (46) contain ®
exp(—AT1), and we can drop it from the particular
solution by merging it with the general solution.
Therefore we only need insert the first part of h;, into
Eq. (44), and by collecting the coefficients of 7" we
obtain

Np,
L(1) = —<1>(2 anT")Nl@Tw, (47)
n=0

where the a,, terms are diagonal matrices defined as

k!

N
@, =D, (=1F " A, (48)
k=n n!

where \ is a diagonal matrix. By now we have ob-
tained the particular solution for the atmosphere
thermal emission source. Because Eqs. (47) and (48)
can be evaluated efficiently, we can use higher-order
polynomials in Eq. (43) to achieve higher accuracy in
fitting the source function, and we are able to achieve
higher accuracy for a wider range of temperature
profiles.

5. Numerical Computation

The APSs presented in this paper have been imple-
mented in the new version of the GDOM! code. To
demonstrate that we indeed can obtain the same so-
lution using less CPU time, we present some example
outputs in this section. The results are compared
with the outputs from codes that use the standard
approach of computing the particular solution, in-
cluding EDOM?2 and particularly the DISORT* code.
The atmosphere is a one-layer model with an opti-
cal thickness of 0.75, a single-scattering albedo of
0.95, and a scattering phase function of the two-term
Henyey—Greenstein function!? of parameters o =
0.965, g, = 0.75, and g, = 0.65, which represents a
typical aerosol atmosphere. The lower boundary is
a Lambertian surface with an albedo of 0.3. Three
sources are considered: a beam source illuminating
from the top of the atmosphere in a zenith angle of
45°  a surface thermal emission source with a tem-
perature of 310 K, and an atmosphere thermal emis-
sion source with a linear temperature profile defined
by the boundary temperature of 230 and 300 K. The
wavelength used for the thermal sources is 4 pm.
Figure 1 shows the intensity generated by the
beam source and a comparison with DISORT. For
zenith angles less than 60° or larger than 120°, the
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Fig. 1. Example output from GDOM and comparison with DIS-

ORT for the case of a beam source. The upper section shows the
intensity (no unit) of exiting radiation at, respectively, the top and
bottom of the atmosphere and in three azimuth angles ¢; the lower
section shows the difference (%) between the outputs from the two
codes.

difference is less than 0.1%. For zenith angles close
to the horizon, the difference is still less than 0.5%.
Comparison with EDOM? (which is implemented by
the same authors of GDOM) is also conducted (but
not presented), and it is found that the results match
to at least six digits.

Figure 2 shows the output from GDOM and a com-
parison with DISORT for the case of the combined
thermal emission sources. We note that GDOM
generates output for each individual source, but the
outputs for the two thermal sources are combined

Top of Atmosphere Bottom of Atmosphere

| Thermal Emission Sources GDOM (N, = 1)

GDOM (N, = 3)

Intensity
¥ &8 8
a (&1 (4,

§ s e DISORT vs GDOM (N, = 1) v"v
~ v DISORT vs GDOM (N, = 3) o
8 s v
S ¥ v
o 4 .
o v v
£ 2 ev””
Qa vovvvvvvy?Y
1] noooooo.....oot"' ...oooooooooo.oo..

0 20 40 60 80 100 120 140 160 180 200
Zenith Angles (Deg)
Fig. 2. Example output from the GDOM and comparison with
DISORT in the case of thermal emission sources. The upper sec-
tion shows the intensity [W/cm?(sr/pum)] of exiting radiation at,
respectively, the top and bottom of the atmosphere; the lower
section shows the difference (%) between the outputs from the two

codes. N, [see also Eq. (43)] is the order of the source function
used by GDOM.



together to compare with DISORT. Because DIS-
ORT uses a linear relation to fit the source function,
Eq. (43), we also use a linear relation first and find
that the two codes agree with each other quite well
(with a difference less than 1%), which indicates that
GDOM has computed the particular solution cor-
rectly. Following this testing, we increased the or-
der of the source function polynomial to 3 and found
(as shown in Fig. 2) a significant (up to 10%) differ-
ence between the two codes, which indicates that use
of a linear relation to fit the source function could
result in large errors when the temperature step is
large.

6. Discussion

In this paper we have discussed two approaches to
derive particular solutions for general source func-
tions. Choosing one or the other depends only on
which one is more convenient. These methods allow
us to obtain an APS for any source function. The
ADS case shown in Subsection 4.A has demonstrated
the advantage of these approaches. It is straightfor-
ward to derive the particular solution for ADSs with
Eq. (26), and it can also be obtained with Eq. (20) with
a little more work. In contrast, it would be a greater
challenge to use the standard approach of seeking the

particular solution according to the pattern of the
source function.

Because an APS can be obtained, we no longer need
to solve any linear equations systems to compute the
particular solution. This allows us to achieve higher
efficiency. We have shown that, in the case of beam
sources, the operation count to compute the particu-
lar solution has been reduced from O(IN®) to O(N?).
The gain of efficiency is greater when solutions for
multiple sources are being sought.

In Table 1 we show the time used to compute the
particular solution, as well as the total time, by the
APS approach that is developed in this paper and the
standard approach for the case of beam sources.
Cases for various hemisphere stream numbers (16,
32, and 48), atmosphere layer numbers (1 and 10),
and source numbers (1, 10, and 50) are compared in
Table 1. The testing is done on a Windows 2000
system running with a 500-MHz CPU and 380-Mbyte
physical memory.

In terms of the particular solution alone, over 94%
CPU time can be saved with the APS. For single-
source cases, the overall reduction of CPU time
ranges from 12 to 18%. This percentage grows with
the increasing number of sources. For example, in
the case of 50 sources, 73—82% of time can be saved.

Table 1. Comparison of the CPU Time (in Seconds) Used by the Standard (STD) Approach and the APS in the Case of Beam Sources
for Different (Hemisphere) Stream Numbers (N;)
Number of Layers
1 10
Number of Sources
Approach 1 10 50 1 10 50
Particular Solution
N,16
STD 0.0662 0.6276 2.7358 0.6359 6.3491 27.3827
APS 0.0039 0.0302 0.1469 0.0351 0.3305 1.5823
Reduced by 94% 95% 95% 94% 95% 94%
N32
STD 0.6795 6.8415 27.3193 6.8398 68.9391 321.9918
APS 0.0229 0.2136 0.9589 0.2504 2.5437 12.8284
Reduced by 97% 97% 96% 96% 96% 96%
N 48
STD 2.9893 27.1941 125.4103 26.9588 272.8924 1393.9344
APS 0.0801 0.8212 4.0158 0.9313 8.8627 44.2436
Reduced by 97% 97% 97% 97% 97% 97%
Total
N,16
STD 0.3434 0.9503 3.2131 4.0475 10.7955 35.3709
APS 0.2811 0.3530 0.6242 3.4466 4.7769 9.5704
Reduced by 18% 63% 81% 15% 56% 73%
N,32
STD 3.8927 10.4851 32.7170 48.1693 117.9997 398.1212
APS 3.2361 3.8572 6.3566 41.5798 51.6042 88.9579
Reduced by 17% 63% 81% 14% 56% 78%
N 48
STD 18.9322 44,3187 147.7625 223.1709 492.8988 1714.4453
APS 16.0230 17.9458 26.3679 197.1435 228.8691 364.7545
Reduced by 15% 60% 82% 12% 54% 79%
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Table 2. Comparison of the Unit Increase by the Standard (STD) Approach and the APS in the Case of Beam Sources

Number of Layers

1 10
Approach First Source® Extra Source® Unit Increase® First Source Extra Source Unit Increase
STD
N,16 0.3434 0.0586 17.1 4.0475 0.6393 15.8
N,32 3.8927 0.5883 15.1 48.1693 7.1419 14.8
N8 18.9322 2.6292 13.9 223.1709 30.4342 13.6
APS
N,16 0.2811 0.0070 2.5 3.4466 0.1250 3.6
N,32 3.2361 0.0637 2.0 41.5798 0.9669 2.3
N,48 16.0230 0.2111 1.3 197.1435 3.4206 1.7

“The CPU time (seconds) required to find the solution for the first source.
®The CPU time (seconds) required to find the solution for each extra source.
“The increase of CPU time (in percent) for each extra source relative to the first source.

In Table 2 we show the time (in percent) needed to
compute the solution for each extra source relative to
that for the first (full solution) source. We can see
that, to compute the radiation field for each extra
source, the APS approach needs only 1.3-3.6% of the
full solution time. In contrast, a standard approach
(suppose it has an implementation of a simultaneous
multisource solution similar to that of EDOM?2) needs
13.6—17.1% of the full solution time. As a result, in
the same amount of time, 4.4-10.5 times more
sources can be processed by the APS approach than
by the standard approach.

In the case of atmosphere thermal emission
sources, the gain of efficiency is even greater be-
cause the standard approach needs to solve at least
two linear equations systems, each for one order of
the source function polynomial. The particular so-
lution developed in this paper requires only O(N?)
operations, and because Eq. (48) needs only O(N)
operations, it can be evaluated efficiently. Our
tests have shown that, with the APS, the total time
is barely affected by the order of the source function
polynomial (the total time increases up to 5% when
the order is increased from 1 to 10). Therefore
higher-order polynomials can be used, which allows
us to fit the source function more accurately and to
deal with a wider range of temperature profiles.

In this paper we have also presented a special par-
ticular solution for beam sources whose illumination
direction coincides with a Gaussian quadrature
point. In such case, divide by zero, or inverting of a
singular matrix, will be encountered. The special
particular solution developed in this paper removes
such a problem.

With the particular solutions developed in this
paper, the revised GDOM code is capable of com-
puting the radiation field efficiently for multiple
sources. The new GDOM code supports the com-
monly seen source types, including generalized
beam sources, ADSs (including the special cases of
thermal emission from the Earth’s surface and from
deep space), and the atmosphere thermal emission
source. This GDOM code has the integrated com-
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ponent of the Green’s function algorithm that we
developed previously, which means that the Green’s
function and the radiation field of any number of
sources can be obtained simultaneously. Radia-
tion field angular interpolation has also been im-
plemented to obtain the radiance at any zenith
angle. Vacuum, Lambertian, and bidirectional re-
flectance distribution function boundaries are sup-
ported. Special consideration has been taken on the
usability of this ForTRAN 95 code, in particular, inter-
nal data items can be accessed easily, and calling to
subprograms has been greatly simplified. However,
we would like to point out that this code is based on the
plane-parallel (one-dimensional) atmosphere model,
and the surface is assumed to be homogeneous. This
code is a solver-style code, which requires as input the
optical properties of the atmosphere and the surface.
The current version of GDOM computes the intensity
and scalar Green’s function only, but a new version
that considers the full polarization effect will be avail-
able soon.13
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