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Asymptotic behavior of the Mie-scattering amplitude
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The asymptotic form of the Mie-scattering amplitude is of interest for a number of reasons, perhaps the most
important of which is to reduce significantly the computational effort involved when the size parameter becomes
large. Recently, Nussenzveig and Wiscombe [Phys. Rev. Lett. 45,1490 (1980)] published an asymptotic expansion
for the Mie extinction efficiency based on complex-angular-momentum theory. In this paper, we show how this
result may be generalized to the full forward-scattering amplitude.

In a recent paper, Nussenzveig and Wiscombe1 presented
asymptotic approximations to the Mie efficiency factors for
extinction, absorption, and radiation pressure derived from
complex-angular-momentum theory (otherwise known as
the Watson transform). In particular, their approximation
for the extinction efficiency may be written as

Qext = 2 + 1.9923861x-213 - Imi m 2 + 1I /2
I.4(m 2 _ 1)1/2

field must be real, it is easy to show5 that S must obey a
crossing condition, namely,

S(O, - k) = [S(O, k)]*. (3)

Based on Eqs. (1) and (2) we now make the quite plausible
assumption that the asymptotic expansion for S(0) may be
written as

4 S(0)

- F exp[-2i(m - 1)x]-E (21 + 2-m)
X (m - )2 exp[-2i(m - 1 + 2jm)x]}

-0.7153537x-4/3 + 0.3320643 Im (e-i 
2 1)3/2

= 2 + 1.9923861 (1 + ia)X-2/3

+ X {(m 2 + 1 __ F exp[-2i(m - 1)x]
X14(m 2

- 1)/2

(N-1i2i
m +i1,

X exp[-2i(m - 1 + 2jm)x]}

X (2m4 - 6m2 + 3)]x-5/3 + O(x-2) + ripple,

where

F =(m __ F il m )]-

- 0.7153537(1 + i4) x-4/3 - iO.3320643 e-i/3
(1)

X 2 + 1 (2m4 - 6m2 + 3)x-5/3
(M 2 - 1)/2

+ O(x2) + ripple,

x = kr = 27rr/X is the prize parameter, and m = n - iK is the
complex refractive index. [Note that our sign convention is
the conjugate of that used by Nussenzveig and Wiscombe, in
line with the more commonly used convention of van de
Hulst.2] In writing Eq. (1), we have corrected an error that
crept into Ref. 1.3 [This misprint was subsequently correct-
ed.4 ]

Qext is related to the forward-scattering amplitude
through the optical theorem2

4
Qext = - Re S(o). (2)

Because of the relation between the scattered electric field
and the scattering amplitude, plus the fact that the scattered

(4)

where a and 3 are (real) constants to be determined.
Since x = kr, the crossing condition on S may also be

written as

S(0, -x) = [S(0, x)]*, (5)

i.e.,

Re S(0, -x) = Re S(0, x),

Im S(0, -x) = -Im S(0, x).

(6a)

(6b)

It is easy to see that, with the exception of the terms of
order x-213 and x-41 3, all terms in Eq. (4) obey these condi-
tions. [We should point out that in the published version of
Eq. (1) (see Ref. 1), a missing factor of x in the summation
term meant that it did not satisfy Eq. (5): The corrected
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version does.] We now consider the term in x-213 . Since in
our sign convention we require S to be analytic in the lower
half-plane, we note that

(-X)-2/- = e2ri/3x-2/3 = (-1/2 + il/243)x-2/3. (7)

Thus crossing for this term becomes

The discrepancy in the imaginary term can be largely traced
to the lack of sufficient published data on the imaginary part
of S(0) at that time. In the case of m = 1.20, he was able to
obtain only the real coefficient, which he determined to be
2.04. Note that a further source of error in the imaginary
term is the absence of the term

(1 + ia)(-x)-2/3 = 1/2(1 + icx) (-1 + i43)x-2/3

= (1 - ia)x-213 .

This equation has the solution

a = -W.

In the case of the term in x-4/3, we require that

(-x)-4/3 = e4 i/33x-2/3 =-1/2(1 + i)x-4 13

so that

a =3.

(7,)

.2 m +1 I i6.3x-l
x (in2 - 1)1/2 i63x

in the case of m = 1.33, in van de Hulst's formulation.
Recently, Senior8 applied complex-angular-momentum

(8) theory to the special case of a perfectly conducting sphere.
His result may be written as

S(0) = So + Sc(M) + Sc(2),
(9)

(14)

where

±So=2-1lX-2
X 2 ~6

(10)

Having evaluated a and 1, we propose the following as-
ymptotic expansion for S(0):

- S(0) = 2 + 1.9923861(1 -3)X-211

and

4 Sc(2) = (0.331888 - iO.576076)x-213 + O(x-4/3 )

= 0.331888(1 - il.002138C )x-213,

(14a)

(14b)

+ i F exp[-2i(m - 1)x]

E m-1 IHim-1A2
\2j + 1 - mJm+ 1

X exp[-2i(m - 1 + 2jm)x]}

- 0.7153537(1 + ja)x-413 - i0.3320643e-'/'

X +I (2M 4
- 6in2 + 3)x-5 /3

(in 2 - 1)3/2

+ O(x2) + ripple. (1)

In his classic book, van de Hulst 2 examined scattering by
large particles from several perspectives. The first term
(i.e., 2) is due to diffraction, and the exponential term is due
to nearly central rays, while the sum of exponentials repre-
sent multiple internal reflections of these near central rays.6

The term in x-213 is evidently due to edge effects,7 with van
de Hulst being able to obtain the result

S sedge(o) = 1.84(1- iCa)x-2'3 (12)

in the case of totally reflecting bodies. (Note that Sedge will
always obey the crossing condition, as a direct result of its
formulation.) For more normal refractive indices, van de
Hulst was forced to rely on empirical fits. For m = 1.33, he
obtained.

4_ Sedge(o 1.33) = 1.84(1 - iO.78 /3)x-2/ 3
. (13)

and SC(l) "decreases exponentially with increasing x."18
Again we see that, to within a probable numerical uncertain-
ty, Sc(2) obeys the crossing condition. (In fact, crossing may
be used to test the accuracy of the six-digit numbers cited in
Ref. 8.)

We have investigated the accuracy of Eq. (11) for a series
of refractive indices consisting of real parts of 1.1, 1.33, 1.5,
and 2.0 and imaginary parts of 0.0, -0.01, -0.1, and -0.5.
We have concluded from this study that the absolute accura-
cy of the imaginary part of Eq. (11) is comparable with that
of the real part, which has been thoroughly investigated by
Nussenzveig and Wiscombe.' However, since the imaginary
part is clearly significantly smaller than the real part (by 1 to
2 orders of magnitude for x between 100 and 1000), it is clear
that the fractional error in the imaginary part is much larger
than that of the real part. We also note that, in the case of a
real refractive index, the ripple structure of the true Mie
amplitude is not accounted for by this approximation."9

It would be possible to add to Eq. (11) a term of the form i
X constant X x-1, which will obey crossing, provided that
this constant is real. A careful study of the results that we
have obtained suggests that, if such a term does exist, the
constant involved can be no larger than about 0.02. It is
thus doubtful that such a term exists, and we believe that
Eq. (11), as it stands, is the correct asymptotic form for S(0).

In a subsequent paper,' 0 we perform some contour inte-
grals on S(0) and derive a number of sum rules. The nu-
merical accuracy of these results provides further support
for the validity of Eq. (11).

It has been pointed out by one reviewer that our result is
partially contained in the Ph.D. dissertation of Khare."1 In
particular, the complex coefficients of x2/3 and x-4/3 are
given on p. 108 of Ref. 11. The phases of these coefficients
are the same as for scalar scattering, which has already been
treated at length for real refractive indices.'2 We thank the
reviewer for bringing these references to our attention.
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