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Abstract

As an accurate and efficient algorithm, the discrete-ordinate method (DOM) has been used to solve the
radiative transfer problem of plane-parallel scattering atmosphere illuminated by a parallel beam, an idealized
case of the sun, from above the atmosphere. In this paper, we extend this algorithm so that radiative problems
of more general sources, such as parallel surface sources that illuminate with a parallel beam in any direction
from any vertical position, and general surface sources that illuminate continuously in a hemisphere, can be
solved. For a problem where intensity distributions are sought for a number of different sources within the
same atmosphere-surface system, the intrinsic properties of DOM are used so that the time required for the
solution for extra sources is reduced to a substantially small amount. In the case of parallel surface sources,
numerical testing has shown that the amount can be reduced to as little as 15% of a full solution. Examples
of applications are presented. © 2002 Published by Elsevier Science Ltd.

Keywords.: Radiative transfer; Adjoint formulation; Radiative perturbation theory

1. Introduction

In a previous paper [1], the radiative perturbation theory [2,3] was used to establish a linear system
based on the method of Sendra and Box [4,5] to represent approximately the relation between
atmospheric optical properties and exiting radiance. This linear system can then be inverted so
that the atmospheric optical properties could be retrieved. However, the perturbation theory may
require that an adjoint problem be solved for each observation [2,3], and the adjoint source of an
adjoint problem may be an arbitrary function of altitude (optical thickness), zenith angle and azimuth
angle. For example, in the case of intensity observation, the adjoint source may be expressed as
O(T — Tobs )O(L2 — Qqps ), which corresponds to an observation of intensity at optical thickness 7,5 and
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in the direction of Q. We note that 7,,s and Qs are almost arbitrary: 7,,s could be any value
between 0 and t,—the total optical thickness—and ,s could be upward or downward. Another
example is flux observation at the ground. In this case, the adjoint source becomes a continuous
function of solid angle in the upper hemisphere. Because of such requirement by the perturbation
theory, it is necessary to extend radiative transfer algorithms to deal with arbitrary adjoint sources
so that the theory can be applied in our inversion, and in other applications.

In the case of CIMEL Sunphotometer measurements [6], a principal plane scan takes as many
as 40 observations, which means up to 40 radiative transfer solutions may be needed. Because of
the approximation involved in the linear relation [3], iteration is also required. Both reasons require
measures be taken to reduce the amount of computation. However, in the case of almucantar circle
scan (and the surface reflectance is assumed to be azimuthally independent), we do not need to solve
the radiative transfer equation for each observation angle because the zenith angles of all observations
are the same. The discussion about principal plane scan thus does not apply to this case.

As an accurate as well as effective algorithm, starting with its original derivation by Chandrasekhar
[7], the discrete-ordinate method (DOM) has been well developed by a number of authors. Among
them are Liou [8,9], who extended this method to vertically variable atmospheres and introduced the
matrix method, Asano [10], who pointed out the way to reduce the order of the eigenvalue problem
by half, Stamnes and Swanson [11], who restated these ideas more clearly so that numerical imple-
mentation became easier, and Stamnes and Conklin [12], who introduced a scaling scheme to avoid
overflow while determining the integration constants, so that the algorithm becomes more stable.

In the category of accurate radiative transfer algorithms, the DOM can provide the most flexible
trade-off between precision and computation time. Most importantly, it has the natural properties that
can lead to significant efficiency improvement when multiple (different) sources are considered for
the same atmosphere-surface system. Because of this, this algorithm is most suitable for sky radiance
inversion based on perturbation theory. However, for each new type of source, special extension is
required, and a rather significant amount of programming is usually required.

In this paper, we will extend the DOM algorithm first. Then we will discuss the simultaneous
solution of multi-source problems and show how much time can be saved. After that we present
example applications of our program, especially on how to apply the Green’s function and the
general principle of reciprocity to perform high efficiency radiative transfer calculations.

2. Extended discrete-ordinate algorithm for multi-source radiative transfer problems

We will start the extension on the basis of Stamnes and Swanson [11]. However, because the
extension happens from place to place, also to maintain the integrity of the paper, we will try to
give a complete outline of the algorithm but some detailed steps may be omitted. Matrix notation
will be adopted where possible, as it leads to much more concise expressions.

2.1. Extended sources and corresponding radiative transfer equations

The first type of extended source is a parallel surface source (PSS). By “surface” it means
the source illuminates at a fixed vertical position (measured by optical thickness here) in a given
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direction, and extends infinitely in horizontal directions. If a PSS illuminates towards the lower
boundary, we call it a downward PSS and it is defined by Iy(tq, —tt4, Pa). Here we use “— to
indicate a direction towards the lower boundary. In parallel, we have an upward PSS defined by
L,(Ty, ftu, ¢u). The sun is then a special case of the downward PSS. We use subscripts “d” and “u”
to distinguish 7, u and ¢ between these two cases. These subscripts are also applied to t because
there is a necessity to distinguish it later in transmittance equations, Eqgs. (5) and (6).

Another type of extended source is a general surface source (GSS). We use “general” to indicate
that GSS illuminates in all directions within a hemisphere. In this paper, we limit GSS to be:
(1) located at the lower boundary; (2) illuminating in the upper hemisphere and; (3) azimuthally
symmetrical. Such a surface source is thus completely described by I(u, ¢) and may be referred as
the ground GSS.

In this paper, the reflection by the lower boundary is defined by a general bi-directional reflectance
function, A,(—u', ¢'; i, @), with the assumption that it is azimuthally symmetrical, where (i, ¢») and
(=, @") are the reflected and incident directions, respectively.

The atmosphere is approximated as a series of homogeneous sub-layers numbered from the top to
the bottom [9]. Each sub-layer is defined by {t;, &, Pi(u, ;s 1',¢'); 1 =1,2,...,N,}, where 1, is the
optical depth at the bottom of this sub-layer, so the first sub-layer is between 0 and 7, the second
sub-layer is between 7, and 7, and so on. @; is the single scattering albedo and P; is the phase
function. The total optical depth is denoted as t, which equals ty,. Each sub-layer will be solved
independently at first, and results finally connected through continuity conditions.

Taking into account of all the three types of source, the radiative transfer equation within a
sub-layer becomes

di(z, u, ¢) _
M =

~ 2n 1
e SR g A A CTX R U L TR VR CYRON (D

where O(z, i, ¢) depends on the type of source

D)
Qu(ra i, ¢) = Elup(n K, ¢: Hus, (bu )tu(’f), (2)
D)
QT 11, @) = 4 LaP(T; 1, §5 — > a)ta(7), (3)
) 2n 1
Ot d) = [ [ Pt G sl ) 8 @)
o Jo
respectively, for the upward PSS, the downward PSS and the ground GSS. In these equations
t(t)=U(t, — ‘E)e_(fu_f)/.“u’ (5)
ta(t) = U(t — 1q)e” 0, (6)

t(t, ) = e (O (7)
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are transmittance equations defined for the three types of source. U(x) is defined as

O, x < ().

Egs. (1)—(7) are derived in a similar way to Liou [13] for the case of solar illumination. For
simplicity, layer number is omitted until Section 2.5, where boundary and continuity conditions are
used to determine the integration constants.

2.2. Discrete radiative transfer equation and its matrix form

Following the matrix approach [11,13], we first expand the intensity, /(t,u, ¢), and the ground
GSS, I(u, ¢), into Fourier series of order 2N; — 1

2N;—1
It 1, )= > I"(x, 1) cosm(cpo — ), 9)
m=0
2N;—1
L §) =Y 1'(1)cos m(do — ¢), (10)
m=0

where ¢ is a reference azimuth. The phase function is expanded into Legendre polynomials accord-
ing to

2N;—1

P(©) = 1;P/(cos(@)), (11)

J=0

where cos(@) = up’ + (1 — u?)"2(1 — '?)"? cos(¢p — ¢') is the cosine of the scattering angle. It has
been shown by Liou [13] that

2N;—1 j
P(u s s ") = D D PP (W) cos m( — ¢,
Jj=0 m=0 (12)
(J —m)!
_( — 0o m)( Tm)! Xj»

where P}'(u) are associated Legendre functions.

To dlscretlze the radiative transfer equation, we represent the mth Fourier component of the
intensity, /"(z, 1), by two vectors of Ny elements, 17 = [1"(t, 1), ...,I"(t, £uy,)]", and represent
the mth component of the ground GSS, I/"(u), by a vector of N, element, [/"(u1),...,1"(un, )]

Considering the orthogonality of Legendre polynomials, by inserting Egs. (9) and (12) into Eq. (1)
and grouping the resulting equation by cos m(¢ — ¢g), Eq. (1) can be separated into 2; independent
equations corresponding to the 2N; Fourier components of intensity. Finally, we substitute integration
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over zenith angle by Gaussian quadrature, for example

1 N
[ PreOr@idd =3 appur . (13)
-1 i=—Nj, i0
where a; and y; are the Gaussian quadrature weights and points, and a_; =a;, pu—; = —p;. We get for

each of the Fourier component of intensity the discrete ordinate equation which is written in matrix
form as [11,13]:

U o]d[r)_[E-Cr —Cr ][I] [se (14)
0 -Ul|dr|I” —c". E-C, ||I” s |

In the above equation, U = diag(u,...,uy,), E is the Ny x N identity matrix, the C’s are N; X N
matrices of elements:

. 2N—1
m w m pm m ..
Cii =+ 0on) gy D PPOP (). i =E1, %2, EN,. (15)
k=m
Note that C%;, = Ci;, C,_, = C}}, and Cy, is symmetric. The signs of i,/ in Eq. (15) corresponds

to x,y in C,,.
S1 are Ns-element vectors that depend on the type of source. For the upward PSS, the downward
PSS and the ground GSS, respectively, the ith element, i = £1,...,£N;, is

S = Gl ()2, (16)
where
(b 2N;—1
Ci(u) = 4l kz TP ()P (f). (a7
S = Cf (u)ta(x), (18)
where
o 2N;—1
Ci(u) = la D 2P ()P (—pa), (19)
k=m
Ns
P =Y Corp)ts(x, i), (20)
k=1
where
Cop(p) = CRL (). (21)

2.3. General solution

The problem now is to solve for each sub-layer and Fourier component of intensity, i.e., in total
N1 X 2N; discrete ordinate equations, Eq. (14). Because the homogeneous part is source independent,
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the general solution needs be solved only once and the result is applicable to all sources. Seeking a
solution of the following form to the homogeneous part of Eq. (14):

L =@ e~ (22)
leads to [11]

X = YV)X+ Y@ + D) = XD, + D), (23)

X+Y) D, + ®_)= (D, — D_), (24)

where X=U"!(C,, —E) and Y=U"'C,_. Eq. (23) is a standard eigenvalue problem which can
be solved by standard library routines readily available from many sources. Together with Eq. (24),
all the eigenvectors and values, @1 and 4, can be obtained.

2.4. Particular solutions

For each type of source, the particular solution to Eq. (14), I,, needs be calculated separately.
For an upward PSS and downward PSS we seek, respectively,

I, = Zytu(2), (25)

I, = Zgt4(7). (26)

For the ground GSS, each discrete stream, /"(1y) as in Eq. (20), must be solved one by one. We
seek

ka :Zskts(fa,uk)a k= 1,2,...,Ns. (27)
Egs. (25)—(27) lead to
(E—C— U) Z.—C., (28)
My
(E—C+U> Zs=Cq4 (29)
Hd
and
- U
(E—C—) Z,=Cy, k=1,2,...,N,, (30)
e
where
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E is 2N X 2N identity matrix, and Cu/d:[C{l’;d(,ul ) C(:;d(l‘Ns ), Cl’l’;d(—,ul )yevns Cl’l’;d(—,uNs)]T. 1,724
and Zg can then be solved for, and the particular solution found.

2.5. The complete solution

The complete solution in the /th sub-layer can now be written as
I'(t) = ®'A'(0)L! + H'(1). (31)

From this section on, a superscript ‘I’ is used to indicate the sub-layer. In Eq. (31),

! ! !
I” oL @

Al(r) = diag(exp(—Alt), i=1,2,...,N,,—1,-2,...,—N;) and
Zfltu(r) for upward PSS,
Hl(r) — Zétd(r) for downward PSS, (32)

- Zékts(r, we) for ground GSS.

The integration constant vector, L/, is to be determined from boundary conditions. In matrix form,
the upper boundary condition is written as

1N (0)=0 (33)
in which the subscript ‘—’ indicates the lower hemisphere. The lower boundary condition is written
as

I¥(r,) = BIY(z,) + R 4
in which the subscript ‘+ indicates the upper hemisphere. B € R*?Ms*2% is defined as

Bl]:(l —i—50m)a/ujA'S"(u,, —,U]), l,]:il,iz,,iNS, (35)
where A? is defined via

2N, —1

A~ )= Y AV~ ) cosm(¢ — ). (36)

m=0

The Ng-element column vector, R, exist only in the case of a downward PSS (including the solar
beam case) and its elements are defined by

R = %‘WA;"(M, —ug), i=1,2,...,N;. (37)
Between the /th and (/ 4 1)th sub-layers, the intensity satisfies the continuity condition

L) =1¢"), 1=1,2,....,N; -1, (38)
where t; is the optical depth at the boundary of the /th and (/ + 1)th sub-layer.
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By inserting Egs. (33), (34) and (38) into Eq. (31), the integration constants vector, L, can be
solved for. However, in the case of a very thick atmosphere, the exponential terms in A may cause
overflow or underflow. Because of this, an adjustment has been introduced [12]:

A=A ()] Al (D),
L' = [Al(z)IL, (39)
T 1 ST T

By taking account of the above adjustment, and by merging the linear system for all sources, we
have

AL=F, (40)
where A is the matrix
[@}A'(0) ]
o —0A(n)
(DZ

A= . (41)

V! —q)N[/{Nl(TNI—l)
o) — BOY'

which is independent of the sources. <I)fl = [d)i,(bl_], d)é = [(I)I_,CI)L]. L is a matrix of Ny, columns,
where Ny 1s the total number of sources. Each column of L is the 2N x N, integration constants
of the corresponding source. F is also a Ng.-column matrix. Each column corresponds to a source
and is defined as
—~H' (0)
HZ(Tl) - HI(TI)
H’ —H?
(12) (12) ’ (42)
HY(y, ) — HY " !(zy,1)
| [BHY(z,) + R] - HY'(z,) |

where H'(7) depends on the type of source as shown in Eq. (32). The final solution for the mth
Fourier component of each source is written as

I(t)=®'A' (oL + H(x), I=1,2,...,N,. (43)

3. Applications

As well as being used in radiative perturbation calculations, this extended algorithm and the
resulting computer code will probably be most useful in applying the Green’s function and the
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general principle of reciprocity [14,15]. Briefly, the Green’s function G(z,Q;7/,Q’) is the intensity
at (7,Q) due to a parallel surface source of unit flux, or 1/i’ intensity, at (7/,Q'). The general
principle of reciprocity then is stated as

G(t,2;7, Q)= G, —Q';1,—-Q). (44)

Using the linearity of atmospheric radiative transfer, the principle can be extended to any source
and any effect.

3.1. Intensity distribution with explicit surface albedo

In the case that the surface is a Lambertian reflector, Liou [13] derived the expression for exiting
intensity, at the top and bottom of atmosphere, with the surface albedo explicitly included. In this
section, we present a general form of the expression for any optical thickness rather than at the
top or bottom of the atmosphere only, and show the method to calculate them efficiently using the
extended algorithm.

The intensity at any optical thickness, 0 < 7 < 1, where 1, is the total optical thickness, can be
decomposed into two components: (1) the intensity due to the source for the case of A =0; (2) the
intensity due to the reflected radiation by the surface, which should be azimuthally independent as
will be shown later

I*(T,,LL, d)):I(T::ua ¢)+[g(‘[5#), (45)

where the first component, (7, i, ¢), can be obtained by solving the standard problem (i.e., without
surface reflection).

Under the assumption that the surface is a Lambertian reflector, the intensity reflected by the
ground, treated as the source of the second component here, is constant over the upper hemisphere.
We thus can write it as I5(4)U(u), where A is the surface albedo and U(u) =1, where > 0 or 0
otherwise. By applying the linearity of atmospheric radiative transfer, we extend the Green’s function
to define the following functions:

2 1
() = /0 ip— ) /0 Gttt s o s VUG ) i (46)

21 1
) = /0 d(p— ) /O Gt — 1, s 7o il YUY L. (47)

In these equations, #(t,u) and r(t,u) are actually the intensity due to a general surface source,
U(p), located at the ground. So #(7, 1) and r(t, 1) can be directly computed, without computing the
Green’s function first, using the extended algorithm as described in Section 2. Note that they are
azimuthally independent, so only the Oth Fourier component is required. The second component thus
can be written as

Ty(t, 1) = I(A)[(7, 1) + e_(fa_T)/ﬂ]’ (48)

Iy(t, —p) = 1(A)r(z, ). (49)
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In Eq. (48) the term e~(™~™/* must be included to account for the part directly transmitted from

the ground.
Finally by following a similar procedure to Liou [13], it can be derived that
1 4
— 1 1
LA)= 7 =Far + Fa), (50)

where 7 =2 fol r(ty, wpdy, F jif is the total downward diffuse flux at the ground for the standard

problem, which can be simply calculated as F (}if = uolot(0, up), and F jir = uolye~%/" where py and
Iy are the cosine of solar zenith angle and solar intensity.

At this point, we have derived the expression which includes the surface albedo explicitly and
all the other required values can be calculated. The whole problem requires two solutions of the
radiative transfer: the full solution of the standard problem and the Oth Fourier component of the
problem due to a general surface source at the ground, U(u).

3.2. Simulation of an unrestricted GSS

Using the Green’s function and the general principle of reciprocity, we can, by solving the radiative
transfer equation only once, compute a particular radiative effect of the same atmosphere-surface
system for a number of sources: for example, the computation of net flux passing through a horizontal
plane for a range of solar zenith angles. If the plane is at the ground, we can readily do it using the
built-in ground GSS. Here, we present a method to simulate an unrestricted (in the vertical position
and the illuminating direction) general surface source using parallel surface sources.

Eq. (32) shows that the mth Fourier component of the solution due to a general surface source is
the integration over zenith of that due to the discrete streams of the general surface source. Actually,
this is just an extension of the linearity of atmospheric radiative transfer. By comparing Eq. (20)
with Eq. (16) or Eq. (18), it is seen that

Ns

Lss(ro ) = (1 + dou)m Y _ a1 (T, 1), (51)

J=1

where [}"(7, 1) is the solution of Eq. (14) due to ["(7,p;)—the jth stream of the mth Fourier
component of the general surface source, which is similar to I"(u;) in Eq. (10) but with the
restriction on optical thickness and direction of illumination removed. We can expect that the time
used for such a simulation will be only slightly more than when solving for a built-in general surface
source.

4. Computer program

The extended algorithm has been implemented in Fortran 90. In this section, we discuss the
methods to reduce the time used in solving for extra sources, and some other points that may need
attention while implementing the algorithm. To demonstrate the ability in time saving, the timing
results of a typical case are reported later in this section.
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Table 1
Time (in seconds) used to solve one or more source radiative transfer problem

Number of sources 1 5 20 40

General solution 11.05 11.04 10.56 11.33
Particular solutions 2.76 13.55 52.84 110.08
Integration constants 6.56 7.96 12.46 19.07
Others 0.07 0.08 0.17 0.26
Total 20.44 32.63 76.03 140.74

4.1. Implementation considerations

We have noticed in Section 2.3 that the general solution does not depend on the source, thus
it should be solved only once and reused for all the sources in question. Because an eigenvalue
problem is very time consuming, this leads to significant improvement for a multi-source radiative
transfer problem. The more sources which are solved together, the more benefit we get from the
reuse of the general solution.

While determining the integration constants in Section 2.5, because the coefficient matrix does not
depend on source, all the integration constants equation system can be merged into a single equation
system as in Eq. (40). No matter what method is used to solve this combined equation system, the
coefficient matrix, A, will need to be processed only once. This will lead to further time saving
when multiple sources are involved.

Because of the special function U(x) in Egs. (5)—(7), any layer that has an internal source, a
source that is not located exactly on the boundaries, has to be split where the source is located. The
general solution in the split layers does not change and thus may also be reused.

Although adjustments have been taken to avoid overflow as in Eq. (39), if one sub-layer is still
too thick—say its optical thickness is larger than 20—then overflow may possibly occur. One way
around to this problem is to split this thick layer into two or more layers that have the same single
scattering albedo and phase function. The general solution again should be reused.

4.2. Timing

Test cases were run to demonstrate the ability of the implemented code on time saving. Some
general controlling parameters used in the testing cases are: Ny =48 or 96 streams, N; =48, N, = 1.
The system is Windows 2000 Professional running on AMD K6 233 MHz single CPU system with
96 MB physical memory. The code is compiled by Digital Visual Fortran v6.0 and optimized at full
level. The number of sources is increased from 1 to 40. The general solution, particular solution and
integration constants are timed separately but the total time is also recorded which is slightly higher
than the sum of the three parts. Results are summarized in Table 1. All times are in seconds.

In the case of a single source, the largest contribution (about 54%) to the total time comes from
the general solution. As expected, this time does not increase with the number of sources, and thus
leads to the most significant time saving. The second largest contribution (32%) is the calculation
of the integration constants, including the generation of matrix A of Eq. (41). This time increases
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Table 2
Input parameters for comparison with the doubling and adding code of Evans and Stephens [16]

Parameter Value

Atmospheric model Single homogeneous layer

Optical thickness 1.2

Single scattering albedo 0.825

Phase function Deirmendjian’s Haze M aerosol model
Direct solar flux 1.0

Solar zenith 40°

Surface albedo 0.0

Number of streams 32

Order of azimuth expansion 31

slightly with the number of sources at a rate of about 5% for each extra source. The least time
consuming among the three in the case of a single source is the particular solution. However, this
part is proportional to the number of sources. Because of this, this time component increases linearly
with the number of sources. Roughly, after the first source, each extra source will add about 15%
to the time for a full solution.

4.3. Numerical testing

As a validation procedure, a number of testing runs have been conducted. We first compared this
program with the doubling and adding program by Evans and Stephens [16]. Care has been taken to
match input of both programs as exactly as possible, especially the number of streams and the order
of azimuth expansion, as both have a significant effect on the precision of computation. The input
parameters for both programs are shown in Table 2. The exiting intensity as function of zenith and
azimuth at the ground is shown in Fig. 1, where a negative zenith indicates the observation angle is
opposite to the sun. In Fig. 2, we show the relative difference of exiting intensities at the top and
bottom of the atmosphere calculated by the two programs. A three-layer atmospheric model with
non-black surface was also tested but there is no need to present the result here. In both cases, the
differences of exiting intensity at both the ground and the top of the atmosphere were < 0.3%, and
mostly < 0.1%.

We have also tested the simulation shown in Section 3.2. That is, we compute the intensity
distribution due to a ground GSS, such as U(u) or pU(u), using the built-in ground GSS as well
as the simulation method. The results were identical as expected.

Finally, we used the general principle of reciprocity to validate our program. That is, we computed
G(t,Q;7,Q") and G(7, —Q';1,—Q) for a number of (7, Q;7/,Q") pairs, including T and 7’ that are
inside the atmosphere, to see if they are equal to each other. It was found that the error is only
due to interpolation of zenith angles if they are not exactly at the Gauss points. This procedure has
validated the internal parallel surface source and, indirectly, the general surface source.
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Fig. 1. Intensity distribution at the ground.

5. Conclusion

The discrete-ordinate algorithm for parallel plane atmospheric radiative transfer problems has been
extended for more general sources. The first source is a parallel surface source, PSS, which illu-
minates with a parallel beam from any vertical position and in any direction. The second type is
general surface source, GSS, which illuminates in the upper hemisphere as a continuous function
of direction. Although we have restricted the GSS to be at the ground, and illuminating only in
the upper hemisphere, such restrictions can be removed using the simulation method described in
Section 3.2. A Fortran 90 code has been written and has been validated via a number of numerical
tests.

We have also discussed methods to improve computation efficiency for radiative problems of mul-
tiple sources with the same atmosphere-surface system. Numerical test has shown that, for an extra
parallel surface source, only about 15% of the time of a full solution is required by our implemented
code. In the case of sky radiance inversion using perturbation theory [1], such improvement has been
found essential.
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Fig. 2. Relative difference (%) of exiting intensity at the top (circles) and bottom (triangles) of atmosphere calculated by
our program and that of Evans and Stephens.

As well as for perturbation calculations, the extended algorithm is also a useful tool to perform
efficient radiative transfer calculations. We have presented some examples of the application of our
program. Because our program can solve multiple sources simultaneously, the full range Green’s
function, G(t,u, ¢;7, 1/, ¢’), can be computed very efficiently. The distribution of any particular
radiative effect is then just a convolution of the Green’s function with the source.
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