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ABSTRACT

Green’s function is a widely used approach for boundary value problems. In problems related to radiative
transfer, Green’s function has been found to be useful in land, ocean, and atmosphere remote sensing. It is
also a key element in higher order perturbation theory. This paper presents an explicit expression of the
Green’s function, in terms of the source and radiation field variables, for a plane-parallel atmosphere with
either vacuum boundaries or a reflecting [atmosphere-bidirectional reflectance distribution function
(BRDF)] surface. A FORTRAN 95 code, Green’s function and discrete ordinate method (GDOM), has
been developed to efficiently compute the Green’s function. This code also integrates with an implemen-
tation of the discrete ordinate method with several extensions and improvements. Computing complexity of
the Green’s function algorithm is analyzed, and validation of the code is discussed.

1. Introduction

The Green’s function, originated from the work on
potential theory by G. Green, “An essay on the appli-
cation of mathematical analysis to the theories of elec-
tricity and magnetism,” has been widely used to solve
boundary value problems (cf. Stakgold 1979). For a
given linear differential operator, L, the Green’s func-
tion of this operator is the solution to the linear differ-
ential equation, LG(x, x,) = 8(x — x,), defined on given
domain and satisfies given boundary conditions. Using
the Green’s function, the solution to any inhomoge-
neous equation of the same operator, Lf(x) = h(x), can
then be found to be the convolution of G(x, x,,) with the
inhomogeneous (source) term, A(x), that is, f(x) = [
G(x, x")h(x") dx', for the same domain and boundary
conditions. This last expression is sometimes also used
as another definition of the Green’s function. We note,
however, that a Green’s function is not only associated
with a linear differential operator, but also with certain
domain and boundary conditions.

The concept of Green’s function has been introduced
into linear transport theory, the generalized theory
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dealing with radiative transfer and neutron transport,
etc., by Case and Zweifel (1967) and Bell and Glasstone
(1970). In particular, Case and Zweifel (1967) devel-
oped an explicit expression of the Green’s function for
infinite, homogeneous, and isotropically scattering me-
dia with vanishing boundary conditions at infinity.

By generalizing from isotropic scattering to the
anisotropic case, the infinite medium Green’s function
(IMGF) has recently been used to compute the particu-
lar solution of the discrete ordinate method (DOM,;
Siewert 2000; Barichello et al. 2000; Spurr 2002), which
provides a universal approach for any sources. How-
ever, applications of the IMGF in finite media is limited
in that it cannot be used directly, by means of convo-
lution, to find the solution of radiative transfer prob-
lems in finite medium, because of different domain and
boundary conditions.

In many cases it is desirable to have an explicit ex-
pression for the finite medium Green’s function
(FMGF). The most direct application of FMGF is,
of course, in forward radiative transfer computations
using convolution. This will be discussed in more de-
tails later in this paper. In some atmosphere correc-
tion schemes for remote sensing images, for example
SeaWiFS (Wang 2003), lookup tables for a set of solar
zenith angles are needed. In such cases, FMGF may be
used to build up such lookup tables much more effi-
ciently.

In surface remote sensing, the so-called atmosphere—
bidirectional reflectance distribution function (BRDF)
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coupling has been a challenging task in the past. By
means of the FMGF, Lyapustin and Knyazikhin (2001,
2002) showed that the radiance observed from space
can be expressed in explicit terms of the surface BRDF,
which generalizes the expression for Lambertian sur-
faces (Liou 1980). This formulation allows for recom-
puting the radiance for updated surface parameters
without resolving the atmosphere radiative transfer
equation. Therefore, it allows for quick trial evaluation
loops. Landgraf et al. (2002) also used FMGF in surface
remote sensing in connection with perturbation theory
(Box et al. 1988; Trautmann et al. 1992). However, al-
though the concept of the Green’s function is used in
these works, the explicit expression for the FMGF is
not provided. In Lyapustin and Knyazikhin (2001) it is
briefly mentioned that a standard radiative transfer
code is used to compute the Green’s function, while in
Landgraf et al. (2002) the method is not discussed.

In the computation of the higher order radiative per-
turbation (Box et al. 1988, 2003; Polonsky and Box
2002), the Green’s function is a key step that requires us
to compute the FMGF. We may use a standard radia-
tive transfer code (assuming it supports beam sources
of arbitrary position and direction) to accumulate a nu-
merical Green’s function by solving the radiative trans-
fer equation for a set of beam sources of different
angles and positions. However, this approach is, at
least, inefficient even after extending the DOM for fast
multisource solutions (Qin et al. 2002, 2004). Further-
more, a numerical Green’s function does not allow for
analytical calculations on the source variables. Such
ability could be critical, for example, in higher order
perturbation computation where, by employing the ex-
plicit FMGF expression (to be presented in this paper),
we have demonstrated very significant CPU-time re-
duction (Qin et al. 2005).

Green’s function was used by Benedetti et al. (2002)
to investigate the influence of cloud/aerosol’s vertical
(extinction coefficient) variation on remotely sensed re-
flected sunlight. An explicit expression of FMGF was
developed in this work using matrix exponential to-
gether with a doubling-adding approach. However, this
complicated expression is derived for a single layer
only, and the radiance (or equivalently the source) is
restricted to be at the two boundaries of the layer. The
work by Benedetti et al. (2002) therefore provides a
special case of the FMGF but (unfortunately) it is not
what we were searching for, and the approach used by
them probably is also difficult to be generalized for arbi-
trary radiance (or source) position in multilayered media.

Applications of the Green’s function concept are ex-
plored by several other authors as well, for example, in
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cloud remote sensing (Davis and Marshak 2002; Davis
et al. 1999), surface BRDF modeling (Knyazikhin and
Marshak 2000), and the application of the IMGF in
neutron transport problems (Tezcan et al. 2003; Hong
and Cho 2001). These works however also did not pro-
vide an explicit expression for the FMGF.

The purpose of this paper is to present an explicit
expression of the finite medium Green’s function, in
terms of the source and radiance position and direction,
for a vertically varying and anisotropically scattering
atmosphere with two boundary types including re-
flective (BRDF) surface. We will also present a
FORTRAN 95 code for the computation of the FMGF.
We note that the main purpose of this paper is not to
present an alternative algorithm for solving normal for-
ward radiative transfer problems, such as the discrete
ordinate method (Chandrasekhar 1960; Liou 1980;
Stamnes et al. 1988), which considers the source as
fixed (direction/position) rather than as variables. But
we point out that the Green’s function algorithm to be
presented does have a deep root in DOM, which is now
rather mature with proven numerical stability (Stamnes
et al. 1988).

Although many of the techniques used to process the
radiative transfer equation, especially those related to
the DOM, may already be familiar to many readers,
some other parts may be less familiar, so we use appen-
dices to provide a self-contained development of the
formulation. In the main body, we will then only
present and briefly discuss the final FMGF expressions
for the two boundary types (section 2). In section 3, we
will illustrate how the FMGF may be used, by using the
computations of the radiation fields generated by com-
mon sources as examples. Following this, we will dis-
cuss an implementation in section 4 and provide an
analysis of the computing complexity compared to that
of DOM. Validation of the code, including comparisons
with the discrete ordinates model DISORT (Stamnes et
al. 1988), will also be discussed in this section. We sum-
marize finally in section 5.

2. The finite medium Green’s function

In this section, we present the two FMGF expres-
sions, for vertically varying media with two boundary
types respectively, that is, all vacuum boundaries, or an
upper vacuum boundary and a reflective (BRDF) sur-
face at the lower boundary. Since the complete devel-
opment is provided in appendix C, we give a summary
of the major steps that lead to the final results.

a. FMGF for vacuum boundaries

In handling the vertical variation of the atmosphere,
the atmosphere is modeled as a stack of layers of ho-
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mogeneous scattering properties (Liou 1973, 1975);
therefore, we will only solve the transfer equation for
constant single scattering albedo and phase function,
which may be written in the form of a linear differential
operator, L, as (Bell and Glasstone 1970):

LG (g, oy o 75 s &) = 8 — 19)3(d — b)d(r = 7o),
(1)

where G is the Green’s function, & is the Dirac delta
function, and (7, u, ¢ ) are the optical depth, the cosine
of zenith angle, and the azimuth angle for the radiation
field, respectively. Corresponding to these radiation
field variables is the set of source parameters, identified
by the subscript 0. We note that the right-hand side of
Eq. (1) represents a beam source of unit flux, not in-
tensity. The linear operator, L, is defined as (Bell and
Glasstone 1970)

L= d 1+ hd’ ld’P’ 5
=pgo L+ . o} . w P(u', ¢'s w, b,

2

where @, and P are the single scattering albedo and
phase function, respectively. The symbol ° in the last
term denotes the object on which the integral operator
acts, and when G is inserted into the integration, (w, ¢,)
should be replaced by (u', ¢').

The transfer equation is decomposed into a set of
independent subequations of the zenith angles and op-
tical thickness only, by expanding the Green’s function
(as well as the phase function) into Fourier cosine series
of the azimuth angle (Chandrasekhar 1960),

N"l
G(70, os o3 75 1y D) = 2 G"' (10, to3 T, 1)

m=0

cosm(dy — &), 3)

and by replacing the angular integration with Gaussian
quadrature. The subequations can then be solved inde-
pendently. In the remainder of this section, we will only
deal with G"(7y, wo; 7, 1), and the superscript m will be
omitted for simplicity.

The above steps essentially used the same techniques
as of DOM (Chandrasekhar 1960). A major difference
in the following steps is that, rather than directly seek-
ing the solution for the finite layers as in DOM, we start
from the infinite medium with vanishing boundary con-
ditions at infinity. The infinite medium Green’s func-
tion is first obtained by following Case and Zweifel
(1967), and by generalizing isotropic scattering to the
anisotropic case using the matrix eigenvalue approach
(Stamnes et al. 1988). The obtained IMGF expression is
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shown in Egs. (B24) and (B25), which reveal an explicit
relation of radiation field with the source position and
direction.

The radiation field of a finite layer with vacuum
boundaries can then be expressed in terms of the IMGF
in a form of an integral equation, by applying the Plac-
zek lemma (Bell and Glasstone 1970) and introducing
(yet to be decided) pseudosources on the boundaries of
each layer. The pseudosources are then found by solv-
ing the integral equations in accordance with the
boundary (and radiance continuity) conditions (see ap-
pendix C). The key point here is to derive the explicit
relation of the radiation field with the source param-
eters, 7, and p,, in order to form a Green’s function.
Analyzing the integral equations reveals that pseudo-
sources are composed of an unknown constant kernel
and a known function of 7, and u,. By multiplying the
inverse of this known function on both sides of the
integral equations, we eventually arrive at a set of linear
equations of the unknown kernels. The coefficient ma-
trix of this system has a block-band diagonal structure
similar to that of the integral constants equations in the
DOM (Stamnes et al. 1988), which can be solved nu-
merically using, for example, LAPACK (Anderson et
al. 1999).

Once the constant kernels are found, the expression
for FMGF is obtained. For [ ("' < 7 = 7') and [,
(th P <y =1"),1,1,=1,2,...,N,where N is the total
number of layers and 7’ is the optical depth at the bot-
tom of layer /; we found that for vacuum boundaries the
Green'’s function can be expressed as

G[’IU(Tm Ko Ts 1) = FI(T» ®) TI’IO(T’ 7o) Fé)o("'o’ Ko)s (4
where the T, shown in Eq. (C21), are matrices satis-
fying (T**)” = T When [ # [,, T"" depends only on
[ and [, but are independent of T and 7,. When [ = [,
T"" is also constant in the sections of 7/~ < 1 < 7, and
T, < 7 < 1,' respectively, but changes at 7 = 7,. This
reflects the fact that the radiation field is discontinuous
at the position where the beam source is imposed; I'(7,

w) and Tg(ry, u) are given by
0
[
e)\,(r —7)

(5)

/\IJr(Tlilf"r)
() = [@ (n) D ()] [ 0

and

LE(7o, o) = [T(7g, = po)]", (6)

where )Ui, a diagonal matrix, and @', a normal real

matrix, are composed of the eigenvalues and eigenvec-
tors of the scattering matrix, Eq. (B3), of layer L
Equation (4) shows a symmetric structure that re-
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veals the general principle of reciprocity. For each term
of the Fourier cosine series, Eq. (3), we have

G(1, —; 7o, — o) = G(To, 1o T, 1) (7)

We note that this FMGF expression is continuous in the
positional variables, T and T,, while it is discrete in the
angular variables, w and w,, and the value of the func-
tion in the angular variables is evaluated at the set of
the Gaussian quadrature points.

b. FMGF for a reflective (BRDF) surface

We can extend the FMGF with vacuum boundary
(FMGF-VB) to the case when a reflective (BRDF) sur-
face is present at the lower boundary. The key point is
to convert the BRDF surface problem to a vacuum
boundary problem to make use of the already estab-
lished result. This is done by treating the reflected ra-
diance as a (angularly distributed) source, and the ra-
diation field generated by this source is just its convo-
lution with the FMGF-VB. The detailed steps for this
derivation are provided in the appendix D. It is found
that the final expression of the FMGF with reflective
surface (FMGF-RS), shown in Eq. (D8), has exactly
the same form as the FMGF-VB, Eq. (4), except
that the kernel matrix, T*?, is replaced with T, which
depends on the surface BRDF matrix: see Egs. (D6)
and (D8)-(D10).

By replacing the first term and the last factor of the
second term in Eq. (D6) with the intensity generated by
a given source for vacuum surface, the equation is then
specialized to the radiation field generated by that
source for BRDF surface, which has been developed by
Lyapustin and Knyazikhin (2001). It is also not difficult
to specialize further for the Lambertian surface, for
which an expression has been presented by Liou [1980,
Egs. (6.182)-(6.183)].

3. Radiative computation using Green’s function

Although the initial motivation to develop FMGF is
for radiative perturbation computation (Box et al. 1988;
Qin et al. 2005), the Green’s function has more appli-
cations than that. In the introduction section we re-
viewed in some details the applications of the finite
medium Green’s function in surface remote sensing
(Lyapustin and Knyazikhin 2001, 2002; Landgraf et al.
2002) and in cloud/aerosol studies by remote sensing
(Benedetti et al. 2002). In all these applications, the
Green'’s function is used in some form of convolution.
In this section, we explain how the FMGF expression
may be used with specific source types, including emis-
sion sources (surface, deep space, or the atmosphere)
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and generalized beam sources with arbitrary direction
and position. We note however, by showing how radia-
tion field can be computed using convolution of the
FMGF, we do not mean to use this approach as better
alternative to normal forward radiative transfer algo-
rithms, such as DOM.

For a general source, suppose it can be expanded as
a cosine series, and the mth order of the source inten-
sity is denoted as Q(, n), then the radiance of the same
order can be calculated as

1
I(r, M):de/J G(t', w7, Wlp' |07, w') du'
—1

N e
= > ') f T TG wlkl Q) d,
I'=1 '

®)

where we have replaced the integration over u' with
Gaussian quadrature, and w and p are diagonal matri-
ces composed of the quadrature weights and points.
The term |u'| is needed to convert Q to flux. The 'l_"’”
matrix can be either T (for vacuum surface) or T:"
(for BRDF surface). We note that T* can always be
pulled out of the integration, but when / = /', the inte-
gration should be conducted in two sections because
T changes at 7 = 7.

For surface emission, Q(7, n) = 8(t — 7,)e(n)B(Ty),
where p > 0, e(p) is the angular emissivity and B(T}) is
the Planck function at surface temperature, 7. It is
straightforward to see from Eq. (8) that

I(r, p) = T'(OTN(r, 1)l Mz )wipleB(T,),  (9)

where + in I'j" indicates the columns for w' > 0, and
7, is the optical depth at the bottom. Similarly for iso-
tropic emission from the deep space we have

I(1, p) = T(D)T" (7,005 '(0) wip|e,B(T,), (10)

where T, and g, are the temperature and emissivity of
the deep space, respectively.

For atmosphere emission, the source function can be
approximated as a power series in optical thickness
(Stamnes et al. 1988):

Nk
Q'(r, ) = (1 — @YB[T(D] =~ D, dkr®,  (11)
k=1

where @) is the single scattering albedo of layer / and a},
are obtained by fitting the Planck function for the given
temperature profile. Insert Eq. (11) into Eq. (8), the
integration over 7’ can be carried out analytically, but
for simplicity, we omit the final results. In Qin et al.
(2004) we presented the result of the convolution of
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the IMGF with Eq. (11) when deriving the particular
solution for atmospheric emission.

For a generalized beam source denoted by 1,8(7" —
7)8(n' — o), it cannot be used directly in Eq. (8)
because the Green’s function, Eq. (4), can only be
evaluated at the Gaussian quadrature points. However,
we can use the diffuse source function of the mth order,
that is [cf. Eq. (6.14), Liou 1980],

! @o —(rp—V/ !
Q'(m) = 5 Hl(7o = T/uloloe ™ "Hp"0"pf,  (12)
where p” is a matrix whose ith row contains the (0 to
N, )th order of the associated Legendre polynomial
(ALP) evaluated at the ith Gaussian quadrature point,
w;, and N,, is the order of the phase function expansion;
pg’ is a column vector containing the ALP evaluated at
o, and "™ are the phase function expansion coeffi-
cients, [, is the beam source intensity, H(x) is the
Heaviside step function that equals 1 when x = 0, and
zero otherwise. Insert Eq. (12) into Eq. (8), the inte-
gration over 7' can also be carried out analytically.

We now discuss another issue regarding the using of
the Green’s function. We note that the Green’s func-
tion itself, Eq. (4) or its counterpart for a BRDF sur-
face, contains both diffusely and directly transmitted
components. This is an essential requirement for the
convolution in Eq. (8) to work. However, we should be
aware that the radiation field for a source computed
using Eq. (8) may only have the diffuse part, depending
on the source function, Q. For example, in the case of
the beam source, the direct component has been re-
moved from the source function; therefore, the result of
Eq. (8) contains the diffuse part only.

In the case that we need to remove the direct com-
ponent from the Green’s function, for example, when
we validate our implementation against standard radia-
tive transfer codes that compute the diffuse part only,
we can subtract the diagonal elements of the Green’s
function matrix by

Loir() = mh’[(% — /e ™M, (13)
where (1 + §,,)m results from the expansion of 8(¢ —
&), see Eq. (A14). The term 1/p; is due to the fact that
the Green’s function is the radiation field generated by
a beam source of unit flux, or 1/y; units of intensity, see
the discussion following Eq. (1). The term 1/w; can be
understood as the value of the discretized Dirac delta
function at u = ;. This ensures the quadrature form of
the integration, [ 6(pn — w;) dp, results in unity, which
is required by the definition of the Dirac delta function.

All other parts in the equation should be apparent.
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As shown in Eq. (13), 1,;,(w,) is in fact the negative of
the DOM particular solution for the beam source illu-
minating exactly in the direction specified by u,. See
Eq. (40) in Qin et al. (2004) where the z vector is the
part of the particular solution excluding the exponen-
tial. From this point, we can deduce the connection
between the DOM general solution and the Green’s
function matrix

L)Y =TT, )T (7). (14)

where the columns of Y’ are the integral constant vec-
tors of the DOM method, for the set of beam sources
illuminating exactly in the zenith angles specified by the
quadrature points. For such beam sources, adding the
particular solution to the general solution results in the
removal of the directly transmitted component.

4. Implementation, computing complexity, and
validation

In this section, we discuss the implementation, com-
puting complexity, and validation of the Green’s func-
tion algorithm.

a. Implementation considerations and GDOM code

A FORTRAN 95 code, Green’s function and dis-
crete ordinate method (GDOM), has been developed
by the authors. This code is composed of two modes:
the Green’s function (GF) mode ad the extended dis-
crete ordinate method (EDOM) mode. The two inte-
grated modes can be used to compute the Green’s func-
tion and/or DOM solutions in each run. A brief descrip-
tion of the EDOM mode is provided here, but all the
details are available from the GDOM manual. Valida-
tion of the EDOM mode will be discussed together with
the GF mode in the last part of this section.

The EDOM mode is an enhanced version of the
EDOM code (Qin et al. 2002). It supports generalized
beam sources (of arbitrary position and direction); gen-
eralized angular sources (of arbitrary position and con-
tinuous angular intensity) including surface/deep space
emission; atmosphere emission represented by power
series in optical thickness of virtually any order; there-
fore, it is able to accurately deal with a wide range of
temperature profiles. The EDOM mode implemented
the analytical particular solutions (Qin et al. 2004) re-
sulting in much faster particular solution computation.
Solutions for multiple sources of (mixed) types may be
computed simultaneously, costing for each extra source
less than 5% of the CPU time needed for the first full
solution. BRDF surface is supported and radiance at
arbitrary zenith angle is implemented by source func-
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tion integration (Chalhoub and Garcia 2000). Delta-M
scaling (Wiscombe 1977) and radiance corrections (Na-
kajima and Tanaka 1986, 1988) are implemented so
that reasonably accurate radiances can be obtained us-
ing fewer streams, especially in the case of strong for-
ward scattering.

We now turn our attention to the GF mode. To com-
pute the Green’s function, the following steps are
needed:

e Construct the local scattering matrix defined by Eq.
(B3), and compute all of its eigenvalues and vectors.

o Construct and solve the linear system of Egs. (C17)-
(C19) with a banded diagonal coefficient matrix and
multiple rhs columns.

Both problems have been proven to be numerically
stable (Stamnes et al. 1988), and are solved in GDOM
using LAPACK (Anderson et al. 1999), which “is a
library of numerical linear algebra subroutines de-
signed for high performance on workstations, vector
computers, and shared memory multiprocessors”
(http:/rib.cs.utk.edu/cgi-bin/object.pl?rh=222&class =
Asset&html=1&0h=30). FORTRAN 95 has been cho-
sen to write GDOM because of its apparent advantages
in numerical computations such as, strong support to
matrix operation and implicit parallelizing at the com-
piler level. Other considerations on numerical calcula-
tion: optional quadrature scheme (Legendre—Gauss
quadrature or double-Gauss quadrature) and optional
LAPACK driver routines (simple driver or expert
driver).

Differing from the EDOM mode, which normally re-
quires one entry point, the GF mode needs to work
interactively with application programs. As illustrated
in the previous section, in applications it is likely that
the Green’s function will be involved in some analytical
computations, therefore the components of the Green’s
function (®’, AL, and T'?), rather than the Green’s
function as whole, are actually used. Because of this, it
is important to provide convenient access to these com-
ponents. It is also necessary to provide elemental com-
putation functions that manipulate those components,
for example, computing T%* from T"® for given surface
BRDF model, and combining ®’. and A’, to compute
I"(7) for given 7, etc.

Access to internal data items is implemented through
a user derived data type (FORTRAN name for com-
pound data structure), which packs all the input param-
eters, and intermediate outputs, including @', A, and
T’", as its members. An object of this data type is firstly
created in an application subprogram, which is then
passed to GDOM subprograms to be initialized and
manipulated In turn, all the datasets stored in this ob-
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ject are made available to application programs (includ-
ing EDOM mode data such as particular solutions). On
the other hand, it relieves us (both authors and users of
GDOM) from passing a large number of arguments,
especially to those elemental computation functions,
because most information required by the GDOM sub-
programs is stored in this data object. The drawback is
that no rule can be imposed on how the data members
can be accessed: for example, almost all of them should
be read-only to application programs. This is because of
the lack of language support and we have to rely on the
application programs to behave properly.

Delta-M scaling (Wiscombe 1977) and intensity cor-
rections (Nakajima and Tanaka 1986, 1988) will be
turned off in GF mode because the intensity corrections
are developed only for beam sources at the top of at-
mosphere, and cannot be applied to individual terms of
the azimuthal cosine series. Techniques that might be
applicable to Green’s function problem are being in-
vestigated.

Other programming considerations include: two lev-
els of application program support to balance flexibility
and complexity of using the code; support to select
BRDF model at run time rather than compiling time;
targeted use of caches to substantially reduce repeated
computations; configuration module for centralized
code configuration at compiling or run time. A manual
is available detailing the theory and the code.

b. Computing complexity

As shown in the previous part, computing the
Green'’s function requires solving an eigenvalue prob-
lem of a general N, X N, real matrix to compute @',
and AL for each layer, and solving a linear system that
has a banded coefficient matrix and multiple ths col-
umns to obtain T+, The order of the coefficient matrix
is N X 2N, where N is the number of layers and 2N; is
the number of streams, and the number of rhs columns
is Ny X 2N, where N, is the number of source layers
(the count of all /). These two steps consume most of
the CPU time. Therefore, the CPU time required to
solve a Green’s function problem depends roughly on
N X N3.

The complexity of GF mode is comparable to that of
the DOM, which also solves the same eigenvalue prob-
lems and a linear system of exactly the same coefficient
matrix, but different number of rhs columns. Normally
the DOM has only one rhs column though the EDOM
mode of GDOM may have multiple columns, one for
each source. Another difference is that the GF problem
does not require the particular solution, while the
DOM does. By first lower and upper triangular matrix
(LU) decomposing the coefficient matrix, a solution for
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each of the rhs columns can be computed efficiently
using back substitution. Tests show that each extra rhs
column increases the total CPU time by a fraction of
1% depending slightly on the number of layers and
streams. The time required by the EDOM mode to
compute the particular solution, for each beam source,
ranges from 1.3% to 3.6% of the total time (Qin et al.
2004, their Table 2, lower portion). In conclusion, the
Green’s function of one source layer can be obtained
using roughly the same amount of computation as re-
quired to solve a DOM problem of one beam source.
When the Green’s functions for multiple source layers
are required, the time will increase because of the in-
crease of the rhs columns as discussed in the previous
paragraph. The increase of CPU time is illustrated in
Table 1 (estimated using an IBM-compatible PC with
single Pentium 4 1.8GHz CPU).

c¢. GDOM code validation

Validation measures that apply to both the GF and
EDOM modes include cross comparison between the
two modes, comparison with the original EDOM code
(Qin et al. 2002), using the reciprocity principle to
check internal (beam) sources against external sources.
In the cross comparisons, almost identical results have
been obtained (with relative differences at the level of
one part per million).

For the EDOM mode, intensity comparison with
DISORT (Stamnes et al. 1988) has been conducted for
the 13 DISORT test cases, where each case has a num-
ber of variations. It is found that, when both codes are
configured consistently, the maximum relative differ-
ence is less than 0.1% for most cases, and in no case
does the maximum difference exceed 1%.

For the GF mode, we have conducted a comparison
with DISORT as well for three sets of problems (Table
2). The phase functions used include the Rayleigh scat-
tering and the phase function of the Haze L aerosol
model (Garcia and Siewert 1985). Sets 1 and 2 have a
single layer, and set 3 has two layers of equal optical
thickness and single scattering albedo. The number of
streams is respectively 16 (set 1) and 48 (sets 2 and 3).

TABLE 1. CPU time needed to solve a Green’s function problem
of one source layer compared to that of multiple source layers.

Time (s)
N, N Ny =1 Ny=N
8 12 0.063 0.219
16 6 0.406 0.766
16 12 0.859 2.875
32 12 16.359 63.141
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TABLE 2. The relative difference (%) between GDOM-GF and
DISORT for three sets of test cases. Shown here are the averaged
difference, std dev, and the maximum difference.

Set 1: Rayleigh scattering, 16 streams, Lambertian
(albedo = 0.2)

T @, 5+ o (%) Max |5] (%)
0.1 0.5 0.0014 = 0.0118 0.0534
0.1 1 ~0.0032 = 0.0130 0.0468
1 0.5 0.0015 + 0.0038 0.0177
1 1 0.0038 + 0.0084 0.0356

20 0.5 0.0018 + 0.0040 0.0177
20 1 0.0040 + 0.0085 0.0364

Set 2: Haze L, 48 streams, Lambertian (albedo = 0.2)

0.1 0.5 0.0001 = 0.0005 0.0088
0.1 1 0.0000 = 0.0085 0.1327
1 0.5 0.0000 = 0.0020 0.0784
1 1 0.0000 = 0.0048 0.0414
20 0.5 0.0001 = 0.0003 0.0042
20 1 0.0021 = 0.0045 0.0293
Set 3: Rayleigh scattering and Haze L, 48 streams, BRDF
(Hapke)
0.1 0.5 —0.0006 = 0.0010 0.0066
0.1 1 —0.0014 = 0.0051 0.0480
20 0.5 —0.0011 =+ 0.0024 0.0140
20 1 —0.0016 = 0.0052 0.0325

The surface is Lambertian with albedo 0.2 for sets 1 and
2, and Hapke model (Hapke 1993) for set 3. The com-
parison is made for radiance at the top (upward only)
and the bottom (upward and downward), for sources
on the top illuminating downward in all the angles
specified by the quadrature points. The directly trans-
mitted radiance in the GDOM-GF output has been
removed before the comparison (see section 3). When
computing the radiances using DISORT, two more
streams are used to avoid the conflict of equal source
and radiance zenith angles. Therefore the comparison
is not exactly the same but the influence is very small.
We show in Table 2 the averaged relative difference, B
the standard derivation, o, and the maximum difference
for each case. The difference is generally small though
in one case the maximum difference exceeds 0.1%.
Considering this comparison, together with other vali-
dation measures, the algorithm is implemented cor-
rectly.

5. Summary

In this paper we presented an explicit expression for
the Green’s function for radiative transfer problems in
plane-parallel atmospheres, where the lower boundary
may be vacuum or described by bidirectional reflec-
tance distribution function (BRDF). A FORTRAN 95
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code has also been developed to compute the Green’s
function.

The benefit of developing such an explicit expression
for the Green’s function is (at least) twofold: an ana-
lytical expression allows for analytical computations
when the Green’s function is employed, which is im-
possible if the GF is represented numerically; comput-
ing the Green’s function is much more efficient. In con-
trast, using a standard radiative transfer code such as
DISORT (Stamnes et al. 1988) or the EDOM mode of
GDOM to accumulate a numerical GF could be very
expensive, especially when the mesh of the source op-
tical thickness has to be dense. The algorithm presented
in this paper uses the proven technology of the discrete
ordinate method, in particular DISORT (Stamnes et al.
1988), which ensures the numerical stability of the com-
puter code. The accuracy of the GF algorithm is ex-
pected to be equivalent with that of the DOM algo-
rithm.

In section 3 we used the forward radiative transfer
problems for commonly seen source types as examples
to illustrate how the developed Green’s function matrix
may be used. Another example can be found in Qin et
al. (2005). It is shown that Green’s function can be used
to compute the radiance generated by (virtually) any
source. However, we should point out that this ap-
proach is not specialized for the best efficiency in solv-
ing normal forward radiative transfer problems. In that
case, specialized code such as DISORT (Stamnes et al.
1988) or the EDOM mode of GDOM is recommended.
On the other hand, the Green’s function approach be-

dG(7y, o, Pos Ty s ) o
1< d’T - G(TO7 Ko (i)Ov T, K, (;b) - ET

where (7, pg, ¢,) are the source’s spatial position (op-
tical depth, 7,), and the propagation direction (cosine of
zenith angle, w,, and azimuth angle, ¢,). The corre-
sponding variables for the random field are (7, u, ¢),
P(p', ¢'; n, ¢) is the scattering phase function, and &,
is the single scattering albedo. In the case of a finite
atmosphere, the top of atmosphere (TOA) optical
depth is defined to be zero. For an infinite atmosphere,
7 = ( can be set at any arbitrary layer. We also define
the optical depth increases downward, and p = *1 as
pointing respectively to the zenith and the nadir.

For the case of an infinite medium, the radiation field
must vanish at an infinite distance from the source
(Case and Zweifel 1967), that is,
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comes useful in, for example, inversion problems where
the radiation field needs be computed repeatedly for
changing surface BRDF, changing surface/deep space
temperature or emissivity, or changing atmosphere
temperature profile. The work by Benedetti et al.
(2002) showed another example where we have a
changing profile of the extinction coefficient. The
Green'’s function approach makes it possible to reveal
explicitly the dependence of the radiation field on the
changing parameters.

Acknowledgments. The authors would like to express
their gratitude to the three anonymous reviewers for
their comprehensive, in-depth review of our manu-
script.

APPENDIX A

Radiative Transfer Equation and Its Reduction

In this appendix we define the radiative transfer
problem in an infinite medium and reduce it to a set of
subproblems that separate the azimuth angle from
other variables. In an infinite and homogeneous me-
dium illuminated by a parallel beam of unit flux, which
extends indefinitely horizontally, that is,

(= mp)d(Pd — dp)d(T — 7),

the Green’s function satisfies the plane-parallel radia-
tive transfer equation, which can be written as (Chan-
drasekhar 1960)

(A1)

21 1
j dd)’ f d“" P(I“"v q!),a L, d))G(TOa Ko, (bO’ T, IJ“,’ (b’),
0 -1

(A2)

lim G(T()9 Mo, d)o, Ty My d)) =0. (A3)

T—T)—> X%

The parallel beam source can be considered by the
jump condition (Case and Zweifel 1967)

lim G(7o, o, bp; 7o s ) — im G(7, o, b 7, 1, ) =
T—>T)— T—>T10+

(e — po)d(d — o)
m s

(Ad)

which shows the discontinuity of the radiation field
when the source joins in at 7 = 7.

We note that Eq. (A2) does not contain any external
source term. The only source, the parallel beam, has
been considered as the jump condition. Therefore, the
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transfer equation considers the total (diffusely and di-
rectly transmitted) radiation. This differs from the
usual convention that separates the two components in
the process of solving the radiative transfer equation.

Equations (A2)—(A4) form the IMGF problem. We
now separate the azimuth of the source and radiation
field from other variables in order to reduce this prob-
lem to a set of independent simpler subproblems. This
procedure is rather standard, but for completeness we
briefly repeat it here. We first expand the Green’s func-
tion and the phase function into cosine series (Chan-
drasekhar 1960, section 48)

Nm

G(7o, pos o3 T by ) = 2 G"(7o, Mos T, W)
m=0

cosm(dy — b), (A5)

Nm Nm

P(w, s, &) = Sa 2 = 8, ,Z & pr(wp)(u)

cosn(p — ¢'), (A6)
. (=m!
TG
where @, are the coefficients of the phase function’s
Legendre polynomial expansion defined by

(A7)

P©) = E &plcos(0)], (AS8)
=0
where
cos(0) = ppy + (1 — )21 — )" cos(d — )

(A9)

is the cosine of the scattering angle and p, are the Le-
gendre polynomials.

Insert Egs. (AS) and (A6) into Eq. (A2) and carry
out the integration over ¢’'. From the orthogonality of
the cosine functions, the terms m # n vanish and the
summation over n can be removed. Group the resulting
expression around cos m(¢$ — ¢,) and compare their
coefficients on both sides, we obtain a set of indepen-
dent equations as
~ Nm

dGnl(TO7 “’Oa T, IJ') m g ~_m
I = G"(7, s Ty ) — E @;"pl"(w)
dT 2 I=m

1
j P ()G (7o, pos T ) dp’
-1

m=0,1,--- N

e (A10)
By approximately representing the angular distribution

of the function G using a vector

[G(_IJ“I)7 T G(_“‘Nb)v G(Ml)’ T G(IJ“NA)] (All)
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and replacing the integral in Eq. (A10) with Gaussian
quadrature, we obtain (Chandrasekhar 1960, section
48.1)

dG™(1y, po; T, ;)

M dr = Gm(TO’ Kos T IJ“i)

-~ N
Wo -
== 2 P
I=m
=Ny
E ij;n(“'j)Gm(Tw R T 1)
j==1

(A12)
where the u,; are the Gaussian quadrature points of
order 2N, and the w; the corresponding weights. Ap-
plying the same process to Eqs. (A3)—(A4), we have

lim Gm(TO7 Mo> T» "Lz) = 0’

T—T0—>E%°
(A13)
lim G"(7y, po; 7> M) —

T—=>T0—

lim G"(7y, po; T> M) =
T—>T0+

8(k; — po)- (A14)

(1 + 8o,,)
Therefore, we can solve Eq. (A12) independently for
each m and find the solution to Eq. (A2) using Eq.
(AS). Because of this, we will only deal with Eq. (A12)

hereafter. For simplicity, the superscript, m, in Egs.
(A12)-(A14) will be omitted.

APPENDIX B

Infinite Medium Green’s Function

This section derives the analytic infinite medium
Green’s function (IMGF), in terms of the source vari-
ables, (7, po), and radiation field variables, (7, n). The
contents of this section are not by any means new ex-
cept that we will use the matrix eigenvalue method seen
in DISORT (Stamnes et al. 1988) to generalize the
work of Case and Zweifel (1967), which deals with iso-
tropic scattering only, to anisotropically scattering me-
dium.

a. Elemental solutions

First we seek the elemental solution to Eq. (A12) of
the following form (Stamnes et al. 1988):

@(p)e M (B1)

By inserting this into Eq. (A12), we obtain

+ Ny
Ne(p) = >, Cie(w))
j==1

i=+1,+2,--- N,

A

(B2)
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where

Nm

- (I)O ~m__"ni mn
Ci= ! [7 lezz &' pi" (k)P () — 51‘,‘:|- (B3)

Equation (B2) can be written in matrix form as

(-5 £
+¥ +C. LC./\ e/
where the C are N, by N, matrices and the ¢ are N-
element column vectors. The rows of C and ¢ corre-
spond to p; with their sign indicated by the left sub-
script, and the columns of C correspond to y; with their
sign indicated by the right subscript. From Eq. (B3) we
see the block symmetric property of C: ,C, = — C_
and ,C_ = —_C._.

Equation (B4) is the eigenproblem of a general real
matrix, which can be solved using any standard numeri-
cal library, for example, LAPACK (Anderson et al.
1999). However, by using the block symmetric property
of the matrices C, the order of the problem can be
reduced by half (Asano 1975; Stamnes et al. 1988). Spe-
cifically, from Eq. (B4) we have

(+C, —COHLCL +.CLe+ _@) = )\2(+‘P + _¢),
(BS)

(+Cit COet _o)=A.0— _o). (B6)

We see the order of problem Eq. (B5) is half that of Eq.
(B4).

It is well known that problem Eq. (B4) generates 2N,
paired eigenvalues (Chandrasekhar 1960, section 48.3),
A, J = 1,..., N, and correspondingly 2N, eigenvec-
tors, [, ¢}, _¢4;]". We put all these eigenvectors into

PN,

one matrix as
|:—‘P—1 o —¢r —¢NS:| _ |:—¢'— —‘I)+:|
o Lo e ) Y I

(B7)
which forms a 2N, X 2N matrix. For simplicity, matrix
notation will be frequently used hereafter, especially
the eigenvector matrix. Corresponding to the negative
and positive values of y; and A;, this matrix can be
divided into four submatrices, .®., where the rows
correspond to p; with their sign indicated by the left
subscript, and the columns correspond to A; with their
sign indicated by the right subscript. If the left subscript
is omitted, it means the 2V, X N, matrix corresponding
to the whole range of w,. If both subscripts are omitted,
it means the whole 2N, X 2N, eigenvector matrix. We
will also frequently use the transpose, denoted by a
superscript, T, of the eigenvector matrix. In that case,

(B4)

+¢7N§
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because the rows will be corresponding to the A; and the
columns to p;, the meaning of the left and right sub-
scripts should also be exchanged. Also, we often use the
following interchangeable notations:

My = Ty,
W =w;,
A= EN; (B8)

b. Properties of eigenvectors

Case and Zweifel (1967, sections 4.5 and 4.6) have
shown that the eigenvectors are orthogonal and form a
complete set. Therefore the eigenvectors form the basis
of a linear orthogonal space so that any function of
can be uniquely expressed as a linear combination of
the eigenvectors. Because the orthogonality of the
eigenvectors is used throughout the article, we discuss it
here briefly. The solution of Eq. (A12) that also satis-
fies the conditions Egs. (A13) and (A14) will be pre-
sented in the next subsection.

By inserting the elemental solution, ¢;(w)e M"~™),
into Eq. (A10) we obtain

w() ! ’ ’ N’” ~m__1n m ’
i+ Do) =5 | dw’ ¢ n) > &'p} (wpf ().
-1 I=m
(B9)
Similarly we have
~ 1 Nm
o ’ ’ ~M_ 1 my oy
Ot + Do) = > f du’ ¢up) 2 &' WPy ().
—1 I=m

(B10)

For j # k, multiply Eq. (B9) by ¢,(r) and Eq. (B10) by
@;(n), subtract and integrate over p, we have

1
(N = M) f » pe () er(p) du = 0. (B11)

This proves that ¢(w) are orthogonal with weighting
function p. For j = k, we define

1

N, = f 1 per () dp, (B12)

which can be rewritten in matrix notation as
®"wpd = N, (B13)
where w, p and N are diagonal matrices of order 2N,
w = diag(w;j = —1,- -+, =N, 1,-- -, N, (B14)
B = diag(p;j = —-1,--+ =N,1,--- Ny, (Bl5)
N = diag(N;;j = —1,--+, =N, 1,- - Ny).  (B16)
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It is straightforward to show that
N_j=—N;

O ' =N "'®"wp,

(®) ' = wudN . (B17)

Because of the block symmetry of the matrices C, the
eigenvector submatrices in Eq. (B7) have the following
symmetry as well:

(B18)

c. Uniform expression for IMGF

In the previous subsection, it has been shown that
2N eigenvalues, A;, and eigenvectors, ¢; can be found.
Each pair of (A;, ¢;) forms an elemental solution. All
the elemental solutions satisfy Eq. (A12), and so do any
of their linear combinations. This section is to find such
a linear combination that satisfies the conditions Eqs.
(A13)-(A14), so that a solution to the IMGF problem,
defined by Egs. (A12)-(A14), can be obtained.

Because at 7 = 1, the function G is discontinuous as
shown in Eq. (A14), the solution to the IMGF problem
should be expressed separately for 7 < 75 and 7 > 7,
Also, because Eq. (A13) is always satisfied by all the
elemental solutions, only N, terms are required in the
linear combination, with N unknown coefficients. Case
and Zweifel (1967, section 5.2) have suggested the fol-
lowing solutions:

7N€
GZ (T, poyy T ) = — E Lﬁpj(u)e}‘f”‘)*ﬂ <1,
=1

(B19)

and

Ny

G0, pos T @) =
i=1

Lig(We¥ ™ r> 7, (B20)

where the superscript, %, indicates the infinite medium,
and the L; are unknown coefficients, which are to be
determined from Eq. (A14). Using Eq. (A14), we have

=N

~O(p — o)

j==*1

(B21)

Multiply both sides with pwe,(r) and integrate over
from —1 to 1, noting the orthogonality of the eigenvec-
tors, we find

L. =

;= WM)WN,- @ 1eo)- (B22)
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The infinite medium Green’s function can now be writ-
ten as

Ny

G (T o T 1) = — D,

j=1

(Pij("’“())(Pij(l-L)e)\:j(7077)
(1 + 30N, ’

+Jl

(B23)

where the subscript  corresponds to 7 < 1y and 7> 7,
respectively.

Special consideration should be given to the case of 7
= 7,. To maintain the principle of reciprocity, the so-
lution depends on the sign of p,: for w, > 0, the solution
is GZ, and for u, < 0, the solution is G%. Note that
although the right subscript of GZ is used to indicate
the range of 7 relative to 7, it has been made to be
consistent with its counterpart in ¢- and A.. Rewriting
Eq. (B23) in matrix notation, we have [recall the con-
vention of ® and ®" described following Eq. (B7)]

G2 (7o, pioi 7 1) = P (AT, 70)- D (o), (B24)
where A is an N, X N, diagonal matrix
- M=)
A(T, 79) = diag|:— m Jj=1-- Ns]
(B25)

Equation (B24) gives the analytic solution for the infi-
nite medium, in terms of the source and function vari-
ables 7, o, 7, and . Recalling Eq. (B18), this symmet-
ric expression reveals the general principle of reciproc-
ity. For the infinite medium, it is

Go(r, =13 T, — o) = GL(T0, Moi > ). (B26)

APPENDIX C

Finite Medium Green’s Function with Vacuum
Boundaries

In this section, we derive the finite medium Green’s
function for vacuum (free) boundaries (FMGF-VB).
We assume the atmosphere is composed of a stack of
plane-parallel layers, each of which is homogeneous
and has finite optical thickness. The layers are num-
bered from top to bottom as layer 1, 2, ..., N. There-
fore, the optical thickness in layer /is 7/ ' < 7= 7/. We
assume the optical thickness at the top of the atmo-
sphere 7° = 0, and at the bottom of the atmosphere the
optical thickness is 7V = 7,.

a. Constructing FMGF-VB

The radiative transfer equation used for the infinite
medium applies to plane-parallel atmospheres as well.
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Therefore, the problem of FMGF-VB is constituted by
Eq. (A12) and the following vacuum boundary and
continuity conditions:

G (70, o3 0, 1) =0 p <0, (C1)
Gl_l(TOa I‘LO’ Tl_l? I‘L) = GI(TO’ MO? Tl_l7 “‘)’

I=2,...,N, (C2)

GN(T()» o> ™, m =0 p=>0, (C3)

where a superscript, /, is used to denote the layer, and
N is the total number of layers.

We use the IMGF to construct the solution to this
problem according to Placzek’s lemma (Bell and Glas-
stone 1970, section 2.5), which states that the radiative
transfer problem in a finite homogeneous layer, for a
given source, is equivalent to the problem in an infinite
medium with the same properties as the finite layer, for
three sources: the original source and two pseudo-
sources, which are imposed on the boundaries of the
finite layer and illuminate outwards, and they should
have such distributions that the boundary and continu-
ity conditions are satisfied. The pseudosources have ap-
parently the same effect as the integral constants in the
discrete ordinate method (cf. Stamnes et al. 1988).

According to the above statement, we denote the
pseudosources imposed on the upper and lower bound-
aries of layer / as 8(7 — '~ 1)S!(w), where w > 0, and &(t
L MN] u<0» Where pu < 0, respectively. Because the
radiation field generated by any source can be ex-
pressed as the convolution of the Green’s function (of
the same domain and boundary conditions) and the
source flux, the combined radiation field within layer /
can be expressed as

1 . — 1, .
G(7o, o3 T ) = 81,/(,G (To» Mo} T> W)

1
+ f G s m wlIw 1Sip) dp’

0
0

+ J G (!, w7 wIp' 1SH(r) du',
—1

(C4)

where the first term is the radiation field generated by
the original source. Because each layer is treated inde-

0

T =3
”“[H(n) ~ DEAL (T 0
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pendently, the original source is effective only when it
is inside this layer, that is, / = [, where /, denotes the
source layer (77! < 7, = t%). The second term is the
radiation field generated by 8(7 — 7/~ !)S!(w) [recalling
the choice of the proper IMGF expression, G';* or G*~,
explained following Eq. (B23)]. We note that the term
| '] is required in the integration to convert the source
into flux. The last term is the radiation field generated

by 8(7 — 7)S,(1)] u=o-

b. Pseudosource problem

In above subsection, we have constructed the
Green'’s function for each layer. However, the pseudo-
sources are still unknown. In this subsection, we will
find the pseudosources so that the boundary and con-
tinuity conditions are satisfied. First, we use Gaussian
quadrature to replace the integrations in Eq. (A44),
and by using Egs. (B14)—(B15) and Eq. (B24), we re-
write Eq. (C4) in matrix form

GI(TO:- o5 T, I‘L) = 8l,lOG‘lwoc(’TO’ o5 T, ’J')
+ Fl(Tv IJ-‘)SI(T()s I“'())? (CS)

where

/ / / AlJr(T’ Tlil) 0
I, p) = [®(n) P(n)]

0 Al(r, )
(Co)
and
_(Ni)il +(I)IIWS£(T(» o)
SI(T()a o) = |:_ /1 Tl , (€7
(N%) —DTwWS, (10, o)

where S/ and S, are the vector notation of the pseudo-
sources, S() and Sﬁ,(pu)l,KO, and

AL(r,7) = diag(e= ™ ", j=1,---N,). (C8)
We further define

Flo( ) AIE (710717 1-()) 0 —(I)IOT(”“())
Tos =
0\Tos Mo 0 Aljj (r 10’ 70) +(I)loT(MO)

(C9)

and

H(t — TO)'E,'/A+(TI_1, Tl):|
, (C10)
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where

E'=[-(1+ §,)mN\ ]! (C11)

and H(x) is the Heaviside step function which equals 1
when x = 0 and zero otherwise. The IMGF can then be
written as

—T'(0, =S (7o, o) = T(0, =) T TR(70, o),
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Gl’m(Toa Moy T, ) = FI(T, M)Tl’ml—‘(l?("'o, Ho)- (C12)

We note from Eq. (B18) that
LE(7o, o) = [T7(70, —po)]™ (C13)

Now applying Eq. (CS5) to the boundary and continuity
conditions, Egs. (C1)-(C3), we obtain

(C14)

I WS ™ rg, o) — T WS (1, 1) = T, T T (10, o) — DM, T T0(700 o),

1=2,.
FN(TN’ +I‘L)SN(TO7 IJ'O) = _FN(TN7 I‘L)TN,OCF([)O(TO7 IJ'O):-

where +pu in I'(7, ) indicates that only the rows for
> 0 or p < 0 are included. In the above linear system,
the right-hand side contains a common factor, I'§(7,

—I'(0, —)TH0 =5, , [ ®OE" 0],
=L W =5, [®@YE" 0]-5,_,,[0 ®VE"] 1=2,...

TN, + )TV = =8y, [0 DOER]

Fl—l(T/—l M)T/—l,/() _

It is apparent that T“" depends only on / and [,. We
have therefore obtained a source-independent system
of equations, with a block-band coefficient matrix. The
system can be solved using a standard routine. For ex-
ample, LAPACK (Anderson et al. 1999) provides a
subroutine to solve a general real band system by fac-
torizing the coefficient matrix. By doing so, the solution
for many right-hand side vectors (corresponding to
source layers) can be found rather efficiently using back
substitution.

c¢. Uniform expression of FMGF-VB

Once the pseudosource kernels, T'h are obtained,
the FMGF-VB can be readily evaluated. From Eq.
(C5), and recall that S’ = T*“T'%(7,, u,), we have

G’ = (7, WTo(r, 7)T8(10, o), (C20)

where I'(r, w) and I'§(r,, o) are defined in Egs. (C6)
and (C9), and the kernel T*© has combined the IMGF
and the pseudosource kernels

THo(7, 15) = THO + TV, (C21)

When [ # I, that is, the source is not in layer /, Thh s
independent of 7, and 7. When [ = [, T"* changes at the
point 7 = 7, due to the IMGF kernel, which reflects the
fact that the radiation field is discontinuous when the

.., N,

(C15)
(C16)

o), which can be removed by denoting T"* = S/[T'%(,,
to)] !, We then obtain

(C17)
(C18)
(C19)

5N7

beam source joins in [Eq. (A4)]. Also, it can be shown
that T"* = (T*/)T which is in agreement with the gen-
eral principle of reciprocity, that is,

G(t, —w; 79, — o) = G(7g, poi T ). (C22)

The major steps to obtain the FMGF include an eigen-
value problem for the matrix C defined in Eq. (B3), and
to solve the linear system of Egs. (C17)-(C19). The
eigenvalue problem is exactly the same as in DOM and
the linear system also has the same left-hand side ma-
trix. Both are proven to be stable for numerical calcu-
lations (Stamnes et al. 1988). However, we note that the
T'” as defined in Eq. (C10) has a growing exponential
term, which could cause overflow if the source layer is
very thick, combined with very large eigenvalues, which
occurs when a quadrature point is very close to 0.0 (or
90°) and the layer is strongly absorbing. Numerical test-
ing shows that, when in double precision, using 48
streams and normal Gaussian quadrature, for &, = 0.5,
the total optical thickness of the source layer can be as
large as 10 without causing overflow. However, simple
solutions exist if it does become a problem, for ex-
ample, splitting the source layer into thinner sublayers
when initializing input parameters, or replacing the
IMGF part in Eq. (C20) with Eq. (B24).

A permanent solution, which we are considering in-
troducing in the future, uses the layer splitting method,
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but the splitting will be carried out after the eigenvalue
problem and the pseudosource problem have been fin-
ished, when the maximum sublayer thickness can be
determined precisely. The kernel for the new layers can
then be computed from the old kernels, which involves
(at most) two multiplications of a (full) matrix with
diagonal matrix for each new layer. This method does
not change the formulations obtained, while the extra
computation is considered to be small.

APPENDIX D

Finite Medium Green’s Function with Reflective
Surface

In this appendix, we use Eq. (C20) to construct the
Green’s function with a reflective surface. The reflec-
tive surface is described by a general BRDF, with the
only assumption that it depends only on the phase angle
between the incidence and reflection directions. There-
fore we can expand it into a Fourier cosine series, that is,

Nm
A(—p, ' >, )= X, AT(—p' - p)

m=0

cosm(dp' — @), (D1)

where (—u’, ¢") denotes the incidence direction and (.,
¢) the reflection direction. When such a surface is
present on the lower boundary, the radiation reflected
back by the surface can be expressed as

2 0
1(7o, 1o o3 Tas s ') = f de” f dup”
0 -1

AR, " > u's d)Ip|
G(70, o> D03 Tor ', @),
(D2)

where 7, is the optical depth at the bottom of the at-
mosphere and G; is the radiation field when the reflec-
tive surface is present, which is yet to be determined.
The radiative transfer problem of a reflective surface
can be viewed as a problem of vacuum boundaries with
two sources: the original source and a source equivalent
to the reflected radiance. Therefore, the radiation field
is a combination of the radiation field generated by the
two sources, that is,

GS(TO’ Mo (bO’ T s 4)) = G(TO7 o, qSO’ T s d))

21 1
+ f dg’ f du’
0 0

Gt ', "5 7w, ) |

Ir(TO7 Mo, d)O; Ta> I-L’7 d),) (D3)
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In the above equation, the first term of the right-hand
side represents the radiation generated by the original
source, which is just the Green’s function for vacuum
boundaries. The second term is the radiation field gen-
erated by the reflected radiation. We also expand G
into a Fourier cosine series as

N"l
GS(TO7 ’J“O’ (bO’ T, U, (;b) = z G;n(TO’ I‘LO7 T, ’J“)

m=0

cosm(¢y, — ¢). (D4)

Insert Egs. (AS), (D1), (D4) into Eq. (D3) and note the
orthogonality of the cosine functions, two of the sum-
mations can be removed. By regrouping the resulting
expression around cos m(¢, — ¢) and equating their
coefficients, we have

Gs(707 ’LO, T, IJ“) = G(707 N“O’ T, IJ“) + 77(1 + 80}71)2
1 0
X f dp' | 1G(T,, p'sm, M)J' dp”
0 ~1

As(”’” - I-L,)ll-l’/ll GS(TO’ "L(]; Ta> p‘”)~
(D3)

Note that we have again omitted the superscript, m, for
simplicity. Rewriting Eq. (D5) in matrix form, the un-
known term G (7, po; T, M) can be found. We finally
obtain

Gy(To. 1oi T, 1) = G(Tg, pros 7, ) + G, +1a: 7, WA,
X (= + )l = G(7,, +p: 7, — A,
X (= +IJ«)]71G(T(), Mo Tar — ),
(D6)
where | is the identity matrix, and
A(—ps +p) = (1 + 8y, WIHIA(—p; +pw]pl,
(D7)
where w and p are diagonal matrices defined in Egs.
(B14)—(B15). Using Eq. (C20), we obtain from Eg.
(D6)
G101, i 7, 1) = Tm, W THO(A 7, 7T (7o, pro),
(D3)

where

i—é,lo — -i-l,lo + -‘I'-I,N:I'-Z,N(AS):I.’-NJO’

A

(D9)
where
TNNA,) = T (7, py) ALl = TN(r,, w ) TVNTY

X (T o)A TN (7, po), (D10)
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where N is the total number of layers of the atmo-
sphere. We see that the Green’s function with a reflec-
tive surface is similar to that for vacuum boundaries,
except that the kernel matrix, T5*, also depends on the
surface BRDF.
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