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ABSTRACT

We have employed the analytic eigenfunction technique, first developed by McWhirter and Pike, to obtain
aerosol columnar size distributions from realistic Mie extinction measurements. The theory was tested out and
its range of validity established using synthetic data. Afier that, the method was applied to several sets of volcanic
ash cloud data, and the results compared with those for a constrained linear inversion. The technique is extremely
easy to apply once the Mellin transform of the kernel has been obtained.

1. Introduction

One of the two major techniques for remotely sens-
ing the size distribution of atmospheric aerosols ( Deir-
mendjian 1980) is based on the measurement of aerosol
extinction as a function of wavelength and the inversion
of the resulting Fredholm integral equation (Yama-
moto and Tanaka 1969):

(=23
(\) = J; xr2Q(r, \, m)n(r)dr. (1)
Here 7()\) is the aerosol extinction (optical depth) at
wavelength A, Q is the Mie extinction efficiency factor
(van de Hulst 1981; Bohren and Huffman 1983), m
the (complex ) refractive index, and n(r) the aerosol
size distribution.

The inversion of Eq. (1) is a classic ill-posed problem
(Smithies 1958; Strand 1974), with the consequence
that the path from measurements [7()A)] to size dis-
tribution [n(r)] is far from smooth. Over the years, a
number of techniques have been employed (Deepak
1977, Twomey 1977), including constrained linear
(Twomey 1963; King et al. 1978; Yamomoto and
Tanaka 1969), iterative (Heintzenberg et al. 1981;
Trakhovsky et al. 1982), analytic (Perelman and Shif-
rin 1980; Box and McKellar 1978), kernel expansion
(Capps et al. 1982), singular function theory (Viera
and Box 1987), and empirical orthogonal functions
(Ben-David et al. 1988).

Some years ago, McWhirter and Pike (1978) intro-
duced a new approach, suitable for product kernels
(see below) such as the Laplace transform. This tech-
nique is based around the Mellin transform of the ker-
nel, and is thus particularly suited to those problems
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in which the kernel is a (relatively) simple analytic
function, so that its transform may be obtained exactly
from tables of integrals. Viera and Box (1985) applied
this technique to the anomalous diffraction approxi-
mation to Mie extinction (van de Hulst 1981), and
later to two diffraction approximations to forward
scattering (Box and Viera 1990). Bertero and cowork-
ers have undertaken similar studies (Bertero et al. 1985;
Bertero et al. 1986; Bertero and Pike 1983).

These applications tended to suffer from two defects.
First, an approximate kernel was used, rather than exact
Mie theory kernels, in order to make use of analytic
Mellin transforms. (In the case of the Mie theory an-
gular scattering kernel, it is not a product kernel, and
so this technique is not applicable.) Second, no restric-
tion was placed on the range of potential measurements
(wavelengths or angles). In this paper, we correct both
those defects, for the specific case of multispectral ex-
tinction.

In the next section, we give a brief outline of analytic
eigenfunction theory as it applies to the Mie extinction
kernel. The theory is tested in the following section,
first with a series of synthetic datasets, and then with
several (previously published) experimental datasets
related to the El Chichén eruption cloud.

2. Analytic eigenfunction theory

Details of the analytic eigenfunction theory have
been given elsewhere (McWhirter and Pike 1978; Viera
and Box 1985; Box and Viera 1990), so we will restrict
ourselves to an operational outline only. The generic
first-kind Fredholm integral equation may be written

g0 = [ K, (0ay )
where g(x) is the data function, K(x, y) the kernel,
and f( y) the function to be retrieved. Analytic eigen-
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function theory applies only to product kernels, that
is, kernels of the form

K(x, y) = K(xy).

The Mie theory extinction kernel is a product kernel
if we write it as

Q(r, N\, m) = Q(kr, m)

where k = 2« /X, and m is assumed constant.

The eigenfunctions and eigenvalues of such a prod-
uct kernel are defined by

fo K(xy)¢u(x)dx = Mw)du(y). (3)

(Note that this is a continuous rather than a discrete
spectrum, as the parameter w is actually a continuous
variable.)

McWhirter and Pike (1978) were able to construct

A(w) and ¢.( ) by taking the Mellin transform of Eq.
(3). They found

Mw) = ‘K(% + iw)

$u(y) = ¥~ x(0)
where X(w) = (K(1/2 + iw)/7\(w))!/? and

1€(§+iw)= f V2o K1) i
1]

is the Mellin transform of the kernel, K. (Note that
convergence of this integral places some restrictions on
K(t)—see the Appendix.)

The retrieval of f( y) involves effectively expanding
both it and g(x) in terms of the eigenfunctions, ¢. First
we define ’

(4)

G(w) = X(w) J:o g(x)x~'2 gy

and then f( y) is obtained from the truncated “sum-
mation.”

f(y)y=y'"?Re f:m G(w)y™x(w)/NMw)dw (5)

The cutoff for this integral is determined by the decay
of the eigenvalue spectrum, A(w), relative to the ex-
perimental error level (which includes the finiteness of
the measurement range).

In their work on the application of analytic eigen-
function theory to the anomalous diffraction approx-
imation, Viera and Box (1985) actually considered
three distinct cases, corresponding to three distinct
kernels. In the first case no additional assumptions were
made, and the standard kernel (see the following) was
used. In the second case, it was assumed that the total
cross-sectional area (second moment) of the size dis-
tribution was known, leading to a subtracted kernel. *
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Finally, if both the zeroth and second moments of n(r)
are known a doubly subtracted kernel was used. The
advantage of using the subtracted kernels is that the
eigenvalue spectrum decays more slowly, permitting a
higher value of w,, to be used in Eq. (5), leading to
more accurate retrievals. Further details are outlined
in the Appendix.

Let us consider now the standard (unsubtracted)
kernel. Convergence requirements on Eq. (4) require
that we select as our kernel:

K(t) = wQ(t)/t (witht = xy = kr)
. f(y)=r’n(r) (and we identify y with r)
and
g(x)= k7'7(k) (and we identify x with k).
Thus, Eq. (2) becomes

k~'r(k) = ” {7Q(kr)/kr}{r’n(r)}dr.
0

The next step is the construction of the Mellin trans-
form of K(t), K(1/2 + iw). This has to be obtained by
the numerical integration of Eq. (4), for values of w
from O to 10 (typically), and is not trivial. We assumed
a complex refractive index of n = 1.5 — 0.01i. Com-
ments and advice are provided in the Appendix. In
Fig. 1 we plot the normalized eigenvalues for this kernel
(lower curve), and also for the subtracted kernel (see
Appendix).

3. Mie extinction kernel with realistic measurement
range

This method has been shown to give very good re-
trievals of simulated data when measurements are
available for wavelengths from zero to infinity (Box et
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F1G. 1. Normalized eigenvalue spectrum for the standard kernel
(lower curve) and the subtracted kernel.
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al. 1990). In practice measurements are only available
over a restricted range of wavelengths, so we have in-
vestigated the effects of a narrow wavelength range
(0.35 um < A < 2.2 um) on the quality of retrievals
obtained by this method. Tests were done using both
haze H (Diermendjian 1969) and lognormal size dis-
tributions.

a. Haze H distribution

The standard kernel, K = #Q/t, was used and g(x)
was calculated from

g(x) = fow K(xy)f(y)dy

where f( y) = Ay*e™. The mode radius is given by
Im = 5/b (Deepak and Box 1982).

Because a restricted wavelength range is being used
in this experiment, g(x) is defined only for a corre-
sponding range x; < X < X,, and assumptions have to
be made about its behavior outside this range in the
final retrieval process. The assumptions made are

g(x) = g(x)(x/x1)% x<x

g(x) = g(x)xa/x, X>X,.

The assumption for x < x; is empirical. For small
k, (k) ~ k suggesting g(x) = g(x;) for x < x;. How-
ever, plots of g(x) versus x show that over most of the
range in which the approximation to g(x) is to be ap-
plied an assumption of the form

g(x) = gx)(x/x1)?, <y <2

is more appropriate. In Fig. 2 we plot g(x) versus x
for haze H with mode radii 0.1, 0.2, 0.4, 0.8, and 1.6
pm to show that only in the case of 1.6 um is the as-
sumption that g(x) is constant appropriate. (The
dashed lines indicate the wavelength range of the mea-
surements.)

For large values of k, 7(k) = const; thus, we can
assume

g(x) = g(x2)(x2/X), X> X3.

Retrievals were done for a range of mode radii to
see what effect the size of the particles had on the quality
of the retrieval. It was found that both the 0.1-um and
1.6-um mode radii distributions produced very poor
retrievals, while those for the 0.2-, 0.4-, and 0.8-um
distributions were generally good (Fig. 3). In each case
retrievals for r < 0.1 um were poor, as would be ex-
pected from the work of Viera and Box (1987). The
agreement between the true distribution and the
retrieved distribution is better for large r than for
small r.

All retrievals in this work were attempted using sim-
ulated data without errors and repeated for a number
of levels of random error. In no case could a significant
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FI1G. 2. Plot of g(x) vs x for five haze H size distributions
(note transposed vertical scales).

difference in the retrievals be noted. Evidently, the noise
involved in the finite measurement range is the more
significant source of difference between the retrievals
and the original size distribution function.

Figure 2 shows that in each case g(x) rises to a max-
imum value and then drops off as x becomes larger. It
is evident from the figure that for mode radii 0.1 um
and 1.6 um the peak of g(x) lies outside the measure-
ment range, and thus, the assumptions about the be-
havior of g(x) outside the measurement range are to-
tally inadequate. For r,, = 0.8 um, the g(x) maximum
is on the measurement boundary; this may explain why
the retrieved distribution overestimates the true distri-
bution in the vicinity of the mode radius.

These results suggest that good retrievals will be ob-
tained only if the maximum for g(x) lies in the mea-
surement range. Furthermore, it appears that a plot of
g(x) versus x will indicate whether or not useful re-
trievals can be obtained from a particular dataset using
this method.
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b. Lognormal distribution

The tests done with the haze H distribution estab-
lished the range of mode radii over which successful
retrievals could be obtained but gave no information
on the effect of distribution shape. This was done using
the lognormal distribution.

The function to be retrieved is

Iny ~ Inb\?
f(y) = 4y? exp[—%(—@ic—n—) ]

The mode radius is given by r,, = b exp(2c?) where
¢ is the parameter that controls the width of the dis-
tribution. Three mode radii were used—0.25, 0.50, and
0.75 um—and for each, three values of c—0.25, 0.50,
and 0.75—were used, representing narrow, medium,
and broad distributions.

The results for mode radius of 0.25 pm are shown
in Fig. 4. In general, the retrieved distributions agree
well with the true distribution above 0.1 ym. It was
found that for the narrow distribution (¢ = 0.25) the



2078

60
Fm= 025
™ =025
£ S0 Gpe 50
(8}
‘€ 4O
4
< 30
c
- 20
10—//-‘\\/
/
oL-Li111 1 1]
0-05 01 0-2 05 1-0

Radius r, pm

r3n(r), pm2zcm-3

Loy
05
r. pm

Ll | 11
005 01 02
Radius

retrieved distribution underestimated the true value in
the vicinity of the mode radius. In the case of the broad
distributions there is an opposite tendency. The general
conclusion, however, is that this method is capable of
satisfactorily retrieving the mode radius and the width
of most distributions.

¢. Bimodal distributions

‘A number of bimodal distributions with modes at
0.25 um and 0.75 um were constructed by adding two
lognormal distributions with spread parameters ¢
= 0.25, 0.33, 0.40, and 0.50. The distribution was cal-
culated for each mode and normalized to 1.0 at the
mode radius before the modes were added. The same
spread parameter was used for each mode, and both
modes given equal weighting.

The retrieval for ¢ = 0.40 is shown in Fig. 5. In each
case the bimodal character of the distribution is evident
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FIG. 4. As in Fig. 3 but for the lognormal distribution (a) for ¢
= (.25 (broken curve), (b) for ¢ = 0.5 (broken curve), and (c) for
¢ = 0.75 (broken curve).

in the retrieval, and the location and width of the modes
are generally accurate. There is a tendency for the re-
trieved distribution to give a lower maximum for the
0.25-um mode than for the 0.75-um mode even though
in the original distribution these are both the same.

Three of the bimodal distributions, for ¢ = 0.25,
0.33, and 0.40, have very distinct modes, and this is
accurately reflected in the retrievals although in each
case the intermediate minimum is overestimated. The
other distribution, ¢ = 0.50, is not so distinctly bimodal,
and the retrieval overemphasizes the bimodal character,
suggesting that some caution may be necessary inter-
preting the results under some circumstances.

d. Retrieval of size distribution for EI Chichon data

Nine sets of extinction data taken by Spinhirne and
King (1985) in May 1983 for latitudes 56°N to 55.5°S
were inverted using the method presented in the pre-
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FIG. 5. Retrieved volume-weighted distribution for the bimodal
(lognormal) distribution (broken curve).

vious sections. These data were taken from a NASA
aircraft a year after the eruption of El Chichén and
measurements were made at ten discrete wavelengths
between 0.4 ym and 2.233 um. (Measurement errors
were typically a few percent, except for the longest
wavelengths, where the smaller measurement values
resulted in somewhat larger percentage errors.)

The extinction measurements were converted to the
form required by our method using

g(x) = 7(k)/k

where x = k = 2w /. Loglinear interpolation was used
to obtain values of g(x) between the measurement
points for use in the numerical integration. Our method
retrieves r3n(r), which was converted to n(r) for com-
parison with Spinhirne and King’s results. (Note that
Spinhirne and King assume a real refractive index
of 1.45.))

In each case the retrieved distribution dropped
monotonically, even becoming negative at the large
particle end above 0.85 pm in some cases. Most of the
distributions have a definite shoulder around 0.3-0.5
um, suggesting a bimodal distribution with a large
number of particles around 0.12 um and a smaller
group around 0.4 um. The difference in the modes
ranges from 1 order of magnitude for the higher north-
ern latitudes to 2 orders of magnitude for the higher
southern latitudes.

The results for 36°N and 50°S are given in Fig. 6.
(The measurement range was 0.44 um to 1.55 um for

the 50°S dataset.) The values obtained by Spinhirne:

and King, with error bars, are also plotted. All the re-
trieved size distributions agree well with those obtained
by Spinhirne and King although there are some dif-
ferences in detail. The important point is that there is
good agreement for broad trends and number densities.

e. Effect of w,, on the solution

With this method of inverting the Fredholm equa-
tion, the question arises as to what value of w,,, should
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be chosen as the best solution. In the work presented
here, w,, = 5.0 has been chosen in most cases. Generally
if w,, is too low, a lot of information is lost, but for
high values of w,,, the solution becomes oscillatory and
thus is unsatisfactory.

To examine this further, the retrievals for 56°N,
36°N, and 50°S were plotted for several values of w,,
between 4.0 and 7.0. It was found that in each case the
broad details remained the same with w,, = 4.0 giving
the general trend and more details of the bimodal
structure emerging with the higher values of w,,. Thus,
it would appear that, provided care is taken in inter-
preting the results, the value of w,, chosen is not too
critical.

4. Discussion

The information content of any remote sensing ex-
periment is determined by the kernels associated with
the measurements (or measurement range ). Recently,
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FIG. 6. Retrieved distribution for the El Chichén cloud (a) at
36°N (solid curve) and (b) at 50°S (solid curve). Spinhirne and
King’s retrieval shown as points.
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Viera and Box (1987) have studied the information
content of aerosol extinction measurements using sin-
gular function theory (Smithies 1958; Strand 1974).
They showed that, for a measurement range of 0.35
um to 2.2 um, the first few singular functions spanned
the range of approximately 0.1 um to 2.0 um. -

Analytic eigenfunction theory, as employed in this
work, makes use of exactly the same experimental data,
and hence the same kernels. However, in this case we
exploit the symmetry of the kernels with respect to
their arguments. It is not surprising, therefore, that the
results in Fig. 3 indicate that analytic eigenfunction
theory appears to have an almost identical retrieval
range.

Box and Viera (1987) also explored the effects of
changing from a complex refractive index (the same
as used in this study) to a real one, and found very
little difference. They also discussed the effect of
changes to the real part of the refractive index, and
concluded that, apart from shifting the retrieval range
to lower or higher radii, this was not significant for the
information content of the inversion.

The choice of refractive index tends to be somewhat
personal (Bohren and Huffman 1983). Spinhirne and
King (1985) chose a constant refractive index typical
of sulphuric acid in the blue region, and ignored any
variation with wavelength. It is possible to allow for a
variable refractive index when using singular function
theory, but that technique is computationally taxing
(Viera and Box 1987). We have decided to use a re-
fractive index that can be said to be a reasonable com-
promise for a general mixture of dustlike and water
soluble aerosols (Lenoble 1985), and ignore variations
with wavelength. This assumption may be questionable
for the longest wavelengths considered in this work.

The other assumption we required in this work con-
cerns the behavior of g(x) for small x—that is, 7(k)
for small k (large wavelengths). We studied this be-
havior for a variety of size distributions, as indicated
previously, and found the parameter v typically lay
between 1.5 and 2. We did use a range of values in
some of our inversions and found little noticeable dif-
ference in the retrievals. Our conclusion is that in most
cases the value of + has little effect on the method and
in those cases where it does we would be somewhat
suspicious of the results.

5. Conclusions

Analytic eigenfunction theory is extremely easy to
implement once the Mellin transform of the Mie kernel
has been computed, and this need be done only once.
The level of coding necessary to produce the final re-
trieval—Eq. (5)—is trivial, and could easily be imple-
mented on a personal computer. (Note that complex
functions are involved, so software that admits complex
arithmetic is an obvious advantage.)

We believe that the results presented in this paper
show that analytic eigenfunction theory yields results
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that are as good as those obtained by many other in-
version techniques, and probably better than many.
Some care would be needed in the initial selection of
the cutoff, w,,, although once a suitable choice has been
made it should be suitable for all future retrievals based
on data from the same equipment. In any case, the
final retrievals are rarely sensitive to modest changes
in w,,.
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APPENDIX
Mellin Transformation

A primary concern is the utilization of analytic ei-
genfunction theory is the convergence of the Mellin
transform of the kernel—Eq. (4). As it stands, the
Mellin transform of the Mie extinction kernel clearly
diverges at the large ¢ end. However, this is easily over-
come by factoring the integral equation and multiply-
ing K by a factor such as ¢~ (for full details, see Viera
and Box 1985). We refer to this as the standard kernel.

However, it is also possible to achieve convergence
by subtracting off the leading term in the asymptotic
series for Q, namely, 2. In this case

K(1) = =(Q(t) — 2).
Then

g(x) = 7(k) — 2 f rPn(r)dr
and

f(yy=r’n(r).

Provided the new piece in g(x) is known [and it can
be found from the asymptotic expansion of 7(k) (Box
and McKellar 1976)], retrievals using this subtracted
kernel are usually more stable than for the standard
kernel (Viera and Box 1985).

In the case of the anomalous diffraction approxi-
mation to the Mie extinction kernel, Viera and Box
(1985) were able to perform a second subtraction (ac-
tually a partial integration) to obtain a kernel whose
eigenvalue spectrum is even more stable. However, this
second subtraction is not available in the case of the
Mie kernel, as its asymptotic behavior, namely,

Q(x) ~ 2+ 1.9923861x %% + O(x™") + ripple,

(see Nussenzveig and Wiscombe 1980) differs from
that of the anomalous diffraction approximation (ex-
cept for the leading term).

Thus, we were presented with two possible Mie ker-
nels, standard and subtracted. In our preliminary stud-
ies (Box et al. 1990) based on an infinite measurement
range, we did perform inversions for both kernels, with
impressive results. However, as we felt that the addi-
tional information required in the case of the subtracted






