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Series studies of the spin} Heisenberg antiferromagnet atT=0:
Magnon dispersion and structure factors
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We have extended our previous series studies of quantum antiferromagnets at zero temperature by comput-
ing the one-magnon dispersion curves and various structure factors for the linear chain, square, and simple
cubic lattices. Many of these results are a substantial extension of previous work. These results are directly
comparable to neutron-scattering experiments, and we make such comparisons where possible.

DOI: 10.1103/PhysRevB.71.184440 PACS nun®er75.10.Jm, 75.50.Ee, 75.40.Gb

I. INTRODUCTION II. METHODOLOGY AND DEFINITIONS

The essence of the linked-cluster methglithe realiza-
tion that many properties of a lattice model, in the thermo-
dynamic limit N—oo, can be expressed as a sum of contri-

_ butions from all possible connected or linked clusters of sites
H= ‘J% [512%2+ )‘(quu S’Sm =1 @) that can be embedded in the particular lattice of interest. This
is most obvious in the case of extensive bulk properties, such
is the archetypal model for describing long-range antiferro2S the ground-state energy, magnetization, susceptibility, etc.,
magnetic order in solids. Although there are no exact solu¥vhere we have
tions in greater than one spatial dimension, a great deal is —
known about the model from various systematic approaches: Fn00 = %}‘ ClP L)), @
exact diagonalizations, quantum Monte Carlo methods, and ) ) . . )
series expansions. Good overviews of the subject, with #hereFy(x) is the quantity of interest, with representing
particular focus on the square lattice and the relation to théhe set of parameters in the Hamiltonian. The sum is over all
high T, cuprate superconductors, have been given by Barnes§lusters{g}, with C(g/£) being the embedding constant of
and Manousakid An area of particular current interest is the clusterg in the latticeC of N sites(proportional toN) and
relation of models, such a4), to real materials. Quantities fq(X) areducedquantity for clustey. These latter quantities,
that can be most readily compared are the dispersion relavhich are independent of the lattice, are computed
tions of low-energy quasiparticle excitations and dynamicarecursively® It is easy to show thafy(x) is zero for any
or integrated structure factors. The calculation of these is thdisconnected cluster, provide is an extensive quantity.
main thrust of the current paper. At the same time the buildLinked-cluster series expansions are then obtained by writing
ing of more powerful neutron-scattering facilities is provid- the Hamiltonian in the usual form for perturbation theory,
ing more precise data and allowing more detailed compariH=Hy+AV, and calculating the cluster contributions pertur-
sons between experiment and thebpy. batively, as series i\, up to some maximum achievable

Our approach is through high-order “linked-cluster” seriesorder (typically 10-20. The bulk series folFy(\) is then
expansion$, where the quantities of interest are expandecdevaluated at fixed\, or extrapolated ton=1, via standard
perturbatively in powers of (the so-called Ising expansipn numerical methods, such as Padé approximants or integrated
and numerically evaluated at=1. This approach has been differential approximants! In practice, all of this is done by
used with considerable success in computing ground-stateomputer and it is feasible to deal with of order® Histinct
properties of quantum antiferromagniefsand in computing  clusters.
the magnon excitation spectrum and spectral weight for the A stringent comparison between real materials and theo-
square latticé? In our calculations we sel=1 to determine retical models is often provided by the spectrum of low-
the energy scale, except in comparisons with experiment. Ienergy excitations. These excitation energies can be mea-
Sec. Il we will define the various quantities of interest andsured in scattering experiments and are characteristic of the
give a brief overview of the methodology. Section Il gives quantum dynamics of the system. Gelféhshowed how to
results for the structure factors for the linear chain. Sectiorcompute excitation energies perturbatively, within a linked-
IV extends previous work for the square latfiéeand gives cluster approach, and this is now a standard techrfigires
results for the longitudinal and total structure factors. Sectiorbasic idea is tdi) compute areffective Hamiltoniarmatrix,

V gives results for the simple cubic lattice. Ground-state sewhich operates in the subspace of one-particle excitations of
ries are extended by two terms, and series results for the clusterii) use this to obtain a set dfansition amplitudes
magnon energies and all structure factors are given. Finally(r) that describe propagation of the excitation through a
in Sec. VI we summarize and attempt to relate our work todistancer, (i) obtain transition amplitudes for the bulk lat-
experiment. tice by summing over clusters, ard/) take the Fourier

The spin% Heisenberg antiferromagnet, which we take in
the exchange anisotropic form
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transform, giving the excitation energy knspace W (k) =1 -A,(k)/S(k) (12
e(k) =D t(r)ekr. (3) and a similar quantity for unpolarized neutron scattering
’ Wigi(K) = 1 = Ay(K)/Sii(K). (12)

Although the dispersion relatiof8) is an important probe of
the quantum dynamics, an even more comprehensive prot?g
is the dynamical structure factor

The linked-cluster formalism to compute the structure
ctor is relatively straightforward and has been discussed in
Refs. 14 and 10. The correlator sums

S,(k, o) = %T f ’ dteS e (SOF M)y  (4) Z,(r) = E (§'sh) (13)

i.e., the spatial and temporal Fourier transform of the dy-are extensive quantities and, thus, have a linked-cluster ex-
namical spin-spin correlation function. The angular bracket@ansion. There is, however, one interesting and important
denote an averagéhere a ground-state expectation vajue Point regarding the longitudinal correlators and the structure
and a=x,y,z. This quantity is directly related to the cross factor. Linked-cluster series for the correlat¢&s), com-
section for inelastic neutron scatteriigee, e.g., Ref. 13 puted from a set of clusters up to some fixed maximum size,
The integrated or static structure factor will have a maximum order i, which decreases with in-
creasing . On the other hand, the series for tmmpensated
correlatoSS) —(S)NS) has a maximum order independent
of r. This can be understood as follows. For any cluster the
. . . ) longitudinal correlator series all start with a const&x?)
is measured in an experiment where all neutron energies afgrm. Subtraction of subgraph contributions will cause can-
included. cellation of leading terms, leaving a series starting with some
For an isotropic system, in the absence of long-ranggninimum powemnPmin. Howeverp,,;, decreases with increas-
magnetic order or other spontaneously brok_en symmetry, th@,g r and is zero for =r 4, the largest correlator which fits
componentsa=x,y,z of S,(k,w) or S,(k) will be equal. into the cluster, since, in this case, there are no subgraph
This will no longer be the case if magnetic order is presentsyptractions. Thus, in the absence of the compensating term
For a collinear-ordered state, in taedirection, we need to  (14), much larger clusters would be required to give the

Su(k) =f dwS,(k,0) = > € (SS) 5

distinguish between bpngitudinal structure factor large+ correlator series to the same order. Inclusion of the
. compensating term avoids this problem since the leading
— K-
Sk=2>¢€ USS) -~ (SHS)] (6) terms in the bare correlator cancel goyl, (defined above
' after subgraph subtraction, is independent.of his allows
and atransversestructure factor longer series to be derived for the structure factor as defined

in (6). The additional term

> NSNS (14)

r

Sk) =2 eSS+ K. )

If unpolarized neutrons are used, the cross section will mea- . . . .
sure the total structure factor will give a é-function peak at the antiferromagnetic wave

vector kg, but will not change the longitudinal structure
Soi(k) =S(k) + S(k). (8) factor for k # kae. The inclusion of this term reduces the
. N . total longitudinal structure factor, summed over momentum
The dommant_contnbutlon to the transverse dynarmcal struck’ from S to —M?2, whereS andM are the spin and stag-
ture factqr will come from one-magnon excitations, andgered magnetization, respectively. For the transverse struc-
Sk, @) will have the form ture factor this total sum is jus
- _ There are two methods for computing series for the one-
Sk @)= Ak do = lo)] + Snclk, 0), © magnon spectral weighit; (k). The first is to proceed directly
whereA (k) is called the one-magnon spectral weightthe  from Eq. (10), as in Ref. 10. An alternate methidds from
exclusive structure factpandS;,.(k , w) is a smooth incoher- the linked-cluster series for another quantity, the so-called
ent background term, arising from multimagnon processes. kxclusive matrix element,

s easy to show that &= (V|(S + SV 6=1-Tp (19
A, (k) :EE eik-r<\PO|(%+%)|\Irk><q/k|(s'+sr‘)|\po>, where |¥,) is th_e one-magnon wave function with initial
2% unperturbed excitation at site. Then

(10) Ay(k) = 2
where|W,),|¥,) are, respectively, the ground state and one-
magnon state an8;,S,; are spin-raising and -lowering op- The advantage of this second method is that it can be easily
erators. It is also useful to define a relative multimagnorextended to the two-particle case, although we do not pursue
spectral weight by this here. The two methods should, of course, result in the

(16)

> Q(a)ek?
o
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same final series. This provides a useful check on the cor-
rectness of the input cluster data, more stringent than the
calculation of ground-state bulk properties or excitation
spectra.

We compare our series results to the prediction from spin-
wave calculations. For the anisotropic Hamiltonidn, the
spin-wave theory has been computed to fourth order for the -
ground-state energy and third order for most other g3
propertiest® The second-order spin-wave theory predicts the
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spin-wave excitation spectrum

Z _
€§=25¢ - E[C—Nk +(\72- H(C,- Cl)(qkl -],

(17)

wherez is the lattice coordination numbegy =(1-1%y2)"2,
C, is defined as

Com 23 [ -N"- 1], (19
k
and

1 .
n=s2 e, (19
Z,

At A=1, we can get a simple expression for the excitation

spectrum

6 =291 - )Y 1-C_4/(29)]. (20)

That is, the second-order spin-wave theory only gives an

overall renormalization, with renormalization factor
Z.=1-C_,/(29), to the dispersion given by linear spin-wave
theory.

—_—

2
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FIG. 1. The total and longitudinal structure factor for the linear
chain.

model, have been identifieee Table 1 in Ref. 16 The
possibility of exact results via Bethe ansatz methods has led
to a good overall theoretical understanding of the model. In
particular, it is known that the elementary excitations are
S:% spinons, or domain walls, with a dispersion relatfon

Gspinor(k) = |[C052(|() + 92 Sinz(k)]llz, (24)
where

I=(1-N)VK(g)m g?=1=g (25

Linear spin-wave theory gives the transverse structur@ndg is the solution of

factor as

_ l_)\’)/k
St(k)—s\/—l_l_)\%(. (21)

In the limit k=|k| —0, y,—1-k?/z,

e T N b
S(k) _5<1 +A tk (1 +)\)Zz> (22

so S(k) vanishes a_§k/\f2_z at A=1, while atk=0,S van-
ishes asS(1-\)Y2/y2 ash— 1.
In the limit q=|q|=|kaz—k|—0, % —-1+0¢?/z, and

1-N . , 2\ )1’2
+q 5

14\ (L+MN)z

s0 S(k) diverges ass\2z/q at A=1, while atk=Kk e, S di-

verges ass\2(1-\) Y2 as\ —1.
We now turn to the series results.

1/S(k) = sl( (23)

Ill. THE LINEAR CHAIN

The anisotropic spir%— Heisenberg antiferromagnet in one
dimension(the XXZ chain has been the subject of much

7K(g?)/K(g'?) = sech(\) (26)

andK denotes the complete elliptic integral,
/2
K(x) = f [1-xsirf(6)] Y2de. (27)
0

A series expansion for the spinon energy has already been
derived by Singl and shown to agree precisely with the
expansion of the exact res4) in powers of\. The struc-
ture factors are not known exactly for the XXZ chain, and
here series expansions have a role to play. Sieghl®
obtained long series for the longitudinal and transverse struc-
ture factors(6) and(7) at the antiferromagnetic wave vector
k=, to 22 and 12 terms, respectively,\n(only even terms
occur in the longitudinal cagend studied the divergence of
both quantities a3\ — 1-. They found different exponents
(~1.0,0.75 for the two power laws and explained this ap-
parently surprising result via a renormalization-group argu-
ment.

We have computed series for all of the structure factors,
for general wave vectok, to order\?®. This represents 16
additional terms for the transverdand hence the totgal
structure factor. Our results for the isotropic cse 1) are

study. Many materials, which are well represented by thisshown in Fig. 1. The structure factors divergekatsw, as
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expected. Fok# m, we find, to numerical accuracy, that ing Singh and Gelfarld we write the magnon energy at long
Soi=3S;, as expected, since the system has no long-rangeavelength in the form

order. Fork=1r, our longer series also show that longitudinal _ 2 3 _

and transverse structure factors diverge with two different e(k)=C(\) +DVK*+O(kY),  k=[k[—0. (29)

exponents, as found by Singt al® The spin-wave velocity? can be obtained from the series
for 2C(A\)D(MN), evaluated ah=1. Using integrated differen-
IV. THE SQUARE LATTICE tial approximants! we estimate €D=2.7746) atA=1 and

The square IatticéS:% antiferromagnet has been much conclude that;/Jazl_.66€(2). Fork=0, we expect the spin-
wave energy to vanish as

studied in recent years, largely because of its relevance to the
high T, cuprate superconductors. There is convincing, ek=0=c(1-A\)¥? N—1-, (30)

though not yet rigorous, evidence that the ground state has - . .
Iong-grange I)\lléel grder reduced by quantumgfluctuations where the coefficient can be estimated from our series: the

Some years ago we derivegerturbation series for the result is c=1.2562). Third-order spin-wave theofy gives

ground-state energy, sublattice magnetization, and paralld)/Ja=1.66802 a:)nd:=1.23531, agreeing with the series es-
susceptibility to 14th order in the exchange anisotropic palimates within 2%. o
In Fig. 3 we show results for the various integrated struc-

rameter\, and for the transverd@erpendicularsusceptibil- . ; . J o
sgerp 3 P dure factors along high symmetry lines in the Brillouin zone.

ity to order 13. These series provided very precise estimat h ¢ d .
of ground-state properties for the entire range0<1, in- 1€ transverse structure factor was compute previduly
order \*” - we have extended this series by four terms, to

cluding the isotropic point=1. We also showed that higher- ; > =
g pic B J order \.4 Calculation of the longitudinal structure factor,

order spin-wave theotywas in excellent agreement with the H h I ¢ ; h :
series results. We have recently extended these series by t#99 ﬁnce t ﬁ total strgﬁture actor, by szrles/ me} ods is
terms, to ordeh1, the calculation involving a list of 185 690 9iven here. The series &=(m,m), (,0), and(w/2,m/2)
clusters, up to 16 sites. We are happy to provide the coeffid® listed in Table I. Various features deserve comment. Both

cients on request, but do not present any analysis of grouné(_)ngitudinal_ and transverse structure factors vanish at
state properties here. k=(0,0). It is known, on general grounds, that tkelepen-

We have also extended an earlier calculdfaithe mag- ~dence at this point i&?,k, respectively. Hence the longitudi-
non excitation spectrum and spectral weight series by foupal structure factor vanishes more rapidly. We estimate, from

terms, to ordei!*. This calculation involves a large list of Our Series,

4 654 284 clusters, up to 15 sites. The series coefficients are S(k)=0.0424)k? as k=|k| —0 (30)
quite extensive and are not presented here, but we will pro-
vide them on request. We give in Table | the series at S(k) =0.1084)k ask= k| — 0 (32)

k=(m,m), (7,0), and (7/2,7/2). The resulting magnon

dispersion curve is shown in Fig. 2. It was obtained by ex-where the coefficient fo§(k) is estimated using the same
trapolating the series ta=1, using integrated differential method as used for the spin-wave velocityA second-order
approximants. The first-, second-, and third-order spin-wavepin-wave calculatioi? gives S(k)=0.1013%.

result§1% are included for comparison. We confirm the over-  Both structure factors diverge at the antiferromagnetic
all shape of the dispersion curve obtained previdlfshut  wave vectok =(, ). If the Néel state were an exact eigen-
provide greater precision from the longer series. It is evidenstate the static longitudinal structure factor would be zero,
from the figure that the dispersion curve along the edge oéxcept for as-function peak a{w, ). The actual shape re-
the magnetic Brillouin zoném,0) — (w/2,7/2) is not flat,  flects the additional contribution from quantum fluctuations.
as predicted by the first- and second-order spin-wave theoryVe first consider the asymptotic behavior of longitudinal and
We find, numerically, transverse static structure factorskat(, ), as\ — 1. As-

(m0)=2181), e(m2,m2)=2.3851), (28 SUMnd

~ —-\)" 7 ~ —\)" %%

and so there is a 9.4% increase frgm,0) to (7/2,7/2). S ~@=N7 S ~ @ =N7 (33
This agrees very well with a recent quantum Monte Carlove estimate, from biased Dlog Padé approximants, that
calculatiof® e(,0)=2.16, e(7/2,7/2)=2.39. Spin-wave 07;=0.502), while ¢;=0.31). The exponents again differ, as
theory, however, is unable to reproduce this variation even df the one-dimensionallD) case, but here it i that is
third order!> which gives e(7,0)=2.35858, e(7/2,m/2)  apparently smallethis could be related to the fact that
=2.39199. Our series results are also in qualitative agredS # 0 on the square lattigeLinear spin-wave theory gives
ment with experimental data for (DCOO0),-4D,0(CFTD)®  0y=1/2 [see EQq.(23)], but one would need a higher-order
and SpCu;0,Cl,*. However in LaCuQ, the observed mag- calculation to giver;. Next we consider the way in which the
non energy atsr,0) is higher than atw/2,7/2),5 opposite ~ transverse and total structure factors Mat1 diverge as
to the model result. It has been suggeStetht this is be- K— (m,~m). Definingq=(m,m) -k, we write
cause of the presence of a significant ring exchange term in - 2 3 —
this material, but other explanations are possible. §(@=CO0)+DMg*+0@), q=la|—~0. (34

From our series for the magnon energies we can obtain Both C(\) andD(\) diverge at\=1. However if we compute
rather precise estimate of the spin-wave veloeityFollow-  the inverse
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TABLE |. Series for the square lattice one-magnon dispersién, longitudinal structure factag(k), transverse structure fact8y(k),
and one-magnon exclusive structure fadk) atk=(, ), (w,0),(m/2,7/2), and seried for coefficient ofk? (for e andS) or g? (for

S andA;). Nonzero coefficienta" up to ordem=14 are listed.

n k=(m,m) k=(m,0) k=(ml2,m12) D
Dispersione(k)
0 2.000000000 2.000000000 2.000000000 0.000000000
2 -1.666666667 3.33333333310°1 3.33333333% 107t 1.000000000
4 3.171296296 101 -9.953703704 1072 5.324074074 1072 2.569444444 1071
6 -4.19233764% 1071 -1.69389789k 1073 -9.07330246% 1073 6.58183625% 1071
8 2.70996990% 1071 -2.80672034X 1072 5.105325304 1073 -4.886280904 1072
10 -3.89433514% 107! -1.06217700& 1072 2.07632016K 1073 7.98414831% 107!
12 4.289652578 1071 -9.04604254% 1073 4.06853893% 104 -5.05724771% 1071
14 -6.558882025 101 -8.87245863% 1073 1.30434062Xk 1073 1.460095528
Longitudinal structure factog (k)
2 2.22222222x 1071 111111111k 10?2 111111111k 101 277777777 1072
4 7.35802469% 1072 -1.580246914 1072 3.70370370& 1074 1.85185185X 1073
6 4.05516684% 1072 1.16754255X 1072 -1.11117619% 1073 3.82662771% 1073
8 3.64652475% 1072 1.06535237% 1072 4.750603835% 1073 2.311003576& 1073
10 2.48368897X 1072 2.29884078% 1073 1.37901344% 1073 1.874238376¢ 1073
12 2.21192143% 1072 1.53234696% 1073 1.422483566 1073 1.55005513% 1073
14 1.88627961% 1072 1.14125907% 1073 1.00265761%k 1073 1.31414004% 1073
Transverse structure fact&k)
0 5.000000006 1071 5.000000006x 1072 5.000000006x 10°* 0.000000000
1 6.66666666% 1071 0.000000000 0.000000000 -1.66666666I0 *
2 3.33333333% 10! -1.11111111%k 101 -1.11111111k 10?2 —-2.22222222x 1071
3 2.64814814& 1071 0.000000000 0.000000000 -3.773148%480°1
4 2.39012345% 101 1.925925926¢ 1072 1.08641975% 1072 -4.34074074K 1071
5 2.15748824% 1071 0.000000000 0.000000000 -5.52384149100°1
6 1.92228640% 1071 -1.297374724 1072 -6.73535525% 1073 -6.03659199Kk 1071
7 1.825523316 1071 0.000000000 0.000000000 -7.0225375980°1
8 1.672647956 1071 -2.593884626¢ 1074 -2.65324166% 1073 -7.48801677% 1071
9 1.58481630% 1071 0.000000000 0.000000000 -8.361027¥%510°*
10 1.48811559% 101 -2.81969506X 1073 -1.57946577( 1073 -8.78654228% 107!
11 1.43690106% 1071 0.000000000 0.000000000 -9.576556 X610 1
12 1.35813439% 101 -1.23326135K 1073 -1.42286738% 1073 -9.970882006 1071
13 1.316662916 1071 0.000000000 0.000000000 -1.069785636
14 1.25657130& 101 -1.26623669Kk 1072 -1.06101129% 1073 -1.106759542
One-magnon spectral weigh (k)
0 5.000000006 1071 5.00000000(x 1071 5.000000006x 1071 0.000000000
1 6.66666666% 107! 0.000000000 0.000000000 -1.6666666610 1
2 2.500000006 1071 -1.38888888% 10! -1.38888888% 1071 -1.94444444% 1071
3 1.425925926¢ 1071 0.000000000 0.000000000 -3.24537037100°*
4 3.32619598& 101 -1.14390432%k 1072 1.52970679( 1072 -5.07272376% 1071
5 3.91763815%4 101 0.000000000 0.000000000 -6.85847626101
6 3.93645958% 1072 -1.91720153% 1072 -1.696167024 1072 -4.52824219% 1071
7 -8.01831221% 1072 0.000000000 0.000000000 -4.216442%4B01
8 3.77881323% 101 -1.85581687% 1072 -4.20833792& 1073 -1.027026315
9 5.22032852% 107! 0.000000000 0.000000000 -1.343102568
10 -1.79904462% 1071 -1.153727416 1072 -3.16279299% 1073 -3.70126897% 1071
11 -4.03781344& 107! 0.000000000 0.000000000 -4.7161880410 2
12 6.539878806& 107! -9.01388787x 1073 -3.82148917x 1073 -1.930735417
13 9.85354053% 1071 0.000000000 0.000000000 -2.711397791
14 -7.366801888 101 -9.18448455% 1073 -1.63324115% 1073 6.45772350& 1071
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FIG. 2. (Color onlin@ The one-magnon excitation spectrum  FIG. 4. (Color onling The one-magnon spectral weight, and
e(k) along high-symmetry cuts through the Brillouin zone for the multimagnon spectral weight#; and W, for the Heisenberg anti-
Heisenberg antiferromagnet on a square lattice. Also shown are tHerromagnet on a square lattice.

results of first-orderblue dotted ling second-ordefred dashed )
line), and third-ordei(green solid ling spin-wave theory. Finally we note that the transverse structure factor ex-

ceeds the longitudinal one throughout the zone. The domi-
nant one-magnon states only contribute to the transverse

_ 212 3
1/5(q) = 1/C(\) = D(\)G?/C*(\) + O(q®) (39 structure factor. The data can be analyzed to extract the one-

and compare to the asymptotic forisee Eq.(23)) magnon spectral weigh;(k) and the relative multimagnon
_ 211/2 spectral weight§Egs. (11) and (12)]. These are shown in
1s(a) =[AN) + BT, (36) Fig. 4, for the conventional lines in the Brillouin zone. The

we find thatS diverges agBY?q)~ with B=-2D/C3. The total one-magnon spectral weight, summed ovghas the
series forD for S is given in Table I. Our series, when Value 0.4192), i.e., the one-magnon excitations contribute

analyzed in this way, gives 0.419/0.5=84% of the total transverse weight. We note that
B the maximum multimagnon contribution to the structure
S(@=0.937)/q, q—0. (837)  factors, and, hence, to the integrated neutron-scattering

The total structure factor series gives an estimate of(6)95 intensity, occurs at thés,0) point and is approximately

consistent with the same result. Spin-wave th&bgives 44% (29% for unpolarized (polarized neutrons. Fork
0.92884. =(wl2,w/2), the multimagnon contribution is 31%d.0%)

for unpolarized(polarized neutrons. Quantum Monte Carlo
1.5

0.8 :
L ‘ QMC J
- 1
n
UJ;
2T
(m,0) (m,m) (0.0) (m,0) (n/2,1/2) (m,0) (m,m) (0,0) (m,0) (n/2,7/2)

FIG. 3. (Color online The various integrated structure factors  FIG. 5. (Color online Ratio of longitudinal and transverse
Sot (Unpolarized, S (transversg andS (longitudina) along high-  structure factors §/S for the Heisenberg antiferromagnet on a
symmetry cuts through the Brillouin zone for the Heisenberg anti-square lattice. Also shown, for comparison, are the QMC results
ferromagnet on a square lattice. (Ref. 20.
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TABLE II. Series of simple cubic lattice one-magnon dispersi@, longitudinal structure factdg(k), transverse structure factg(k),
and one-magnon exclusive structure faddgk) atk=(m, 7, ), (7,0,0),(w/ 2,72,/ 2), and serie® for coefficient ofk? (for e andS)
or ¢? (for S andA;). Nonzero coefficienta" up to ordem=10 are listed.

n k=(m,m,m) k=(m,0,0 k=(ml2,ml2,712) D
Dispersione(k)
0 3.000000000 3.000000000 3.000000000 0.000000000
2 -1.950000000 5.000000060L02 3.000000006x 10°% 7.500000006x 10°%
4 -7.48095238% 1072 5.48333333% 1072 -1.55059523% 1073 2.85982142% 1071
6 -2.38694985% 1071 -1.19466667X 1072 3.98647323x 1073 3.080615484 1071
8 -3.88479002% 1072 2.65409311% 1073 6.579308964 1074 1.84228880k 107!
10 -1.02872593% 10! -5.32744500K 1074 5.13126222K 1074 2.27801489k 1071
Longitudinal structure factog (k)
2 1.200000006 1071 4.00000000(x 1072 6.000000006x 1072 1.000000000x 1072
4 1.68444444% 1072 -2.48888888% 1072 -3.96296296% 1074 1.53086419% 1074
6 1.30103690% 1072 2.75753878(x 1073 2.815062245% 1073 8.06301830% 1074
8 8.18423744% 1073 7.116986056 1074 1.12683665% 1072 3.866267816& 1074
10 6.00578334& 1073 6.521285585% 1074 8.51482810% 1074 3.00988255%k 1074
Transverse structure fact&(k)
0 5.000000006 1071 5.00000000(¢ 1071 5.000000006x 1071 0.000000000
1 6.000000006 1071 -2.000000006 1072 0.000000000 -1.00000000010°1
2 3.000000006x 1071 -2.000000006x 1072 -6.000000006x 1072 -1.200000006x 1071
3 2.52666666% 1071 4.614814815% 1072 0.000000000 -1.8877777%3L0°1
4 2.13748148%k 1071 -1.19111111%k 1072 3.64444444% 1073 -2.03367901x 1071
5 2.02515085% 101 -2.558718236¢ 1072 0.000000000 -2.52095783%210°1
6 1.75263549%k 1071 -7.92329951k 1074 -3.71819364% 1073 -2.638276824 1071
7 1.68548123% 1071 9.54798741& 1074 0.000000000 -3.03969138610°1
8 1.52309039% 1071 -1.590182006 1073 -9.29872127x 107* -3.13872380% 1071
9 1.48072134% 101 5.89733873% 1074 0.000000000 -3.4876148%610°1
10 1.36520100% 101 -9.43264053% 1074 -8.92760650% 1074 -3.57493880% 1071
One-magnon spectral weighg (k)
0 5.000000006 1071 5.000000006x 1071 5.000000006x 10°% 0.000000000
1 6.000000006 101 -2.000000006x 1071 0.000000000 -1.00000006010"*
2 2.812500006 101 -2.875000000x 1072 -6.75000000(¢ 1072 -1.162500006 1071
3 2.25166666% 1071 5.30925925% 1072 0.000000000 -1.81694444410°1
4 2.268800324% 1071 -1.44611855X 1072 1.009873984% 1073 -2.10543959( 1071
5 2.30085729% 107! -5.633309085% 1073 0.000000000 -2.6482950%910°1
6 1.60644688% 1071 -2.16494252% 1073 -4.49750656% 1073 -2.55026998% 1071
7 1.42458206k 1071 2.35564989X 1073 0.000000000 -2.87309658910°1
8 1.64826986k 107! -2.19524313% 1073 -1.49324741 1073 -3.24337083k 1071
9 1.70758529% 1071 2.315207796 1074 0.000000000 -3.67898653710°1
10 1.24360956% 1071 -1.43517315( 1073 -1.24113638Kk 1073 -3.45804166% 1071

calculationd® give 40%(15%) at k=(,0) [k=(7/2,7/2)] Carlo calculations hav&/S diverging atk =(7, ), as they
for polarized neutrons. This is a significant contribution anddo not include the terngl4) in their definition of the longi-
needs to be allowed for in analysis of experimental data. tudinal structure factor. In principle, this term is a simple

In Fig. 5 we plot the ratio /S throughout the zone. function at (7, 7) and should not affect the measurement
The overall shape is in excellent agreement with recenelsewhere for the bulk system. The omission of this term in
Quantum Monte Carlo dad, but our maximum is about the Monte Carlo calculations, however, can cause larger
0.62, considerably lower than the value 0.7 obtained by thénite-size effects for finite systems, and this could be the
Monte Carlo calculation®? Note that the quantum Monte cause of the discrepancy.
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FIG. 6. (Color online The one-magnon excitation spectrum multimagnon spectral weight&; and W, for the Heisenberg anti-
e(k) along high-symmetry cuts through the Brillouin zone for the ferromagnet on the simple cubic lattice.
Heisenberg antiferromagnet on the simple cubic lattice. Also shown
are the results of first-ordé€blue dotted lingand second-orddred e happy to provide the coefficients to any interested reader.

dashed lingspin-wave theory. Series for the magnon excitation spectrum have been de-
rived to order A!°. The calculations involve a list of
V. THE SIMPLE CUBIC LATTICE 1487597 clusters, up to 11 sites. The series for

=(m,m,m),(7,0,0,(w/2,712,7/2) are given in Table II.

We have carried out similar series calculations for theFigure 6 shows the magnon excitation spectrum along high-
simple cubic lattice and report on these here. First, the presymmetry lines through the Brillouin zone, obtained from the
viously calculated series for the ground-state propértiesseries expansion, and first- and second-order spin-wave
have been extended by two terms, to origf involving @ theory. It is evident from the figure that first-order spin-wave
list of 180 252 clusters, up to 14 sites. This does not signifitheory gives the correct overall shape, but underestimates the
cantly change the previous estimates of ground-state propemagnitude by some 10%. The second-order spin-wave theory
ties, and we do not present any further analysis. As usual, W virtually indistinguishable from the series data, except on
an enlarged scale along some c{&s shown in the insptA
calculation of the spin-wave velocity, along the same lines as
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FIG. 7. (Color online The various integrated structure factors
Sot (Uunpolarized, S (transversg andS (longitudina) along high- FIG. 9. Ratio of longitudinal and transverse structure factors
symmetry cuts through the Brillouin zone for the Heisenberg anti-2S/S for the Heisenberg antiferromagnet on the simple cubic
ferromagnet on a simple cubic lattice. lattice.
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FIG. 10. (Color onling Comparison of the one-magnon disper-  F|G. 12, Comparison of the one-magnon dispersion for

sion for CFTD? (red solid points and our series results with SKL,CU0,Cl,* and our series results with=10.5 meV,\=0.976.
=6.13 meV.

tribution to the transverse structure factor is nowhere greater
than 3%, indicating the dominance of one-magnon states,
whereas the multimagnon contribution to the total structure
factor, as would be measured by unpolarized neutrons, is as
: . . . much as 15%. The total one-magnon spectral weight,
is totally con.S|st§ant Wlth the Ic_)wer relative effect of quantum g, med ovek, has the value 0.489), i.e., the one-magnon
quctyanns n higher d'".‘e”S'Or.‘S- . excitations contribute 96.4% of the total transverse weight.
Figure 7 gives our series estimates of the integrated struc- Similarly to the square lattice case, we obtain the follow-

ture factors along symmetry_lmes in the s!mple cub|c_ B”l'ing asymptotic results ner=0 and(, , m):
louin zone. These are obtained from series expansions to

in Sec. IV, yieldsv/Ja=1.9132). This compares to the first-
(second) order spin-wave value of'$=1.732(1.9003 and
yields a quantum renormalization factor @=1.1041)
[compared to the square lattice wil¥1.1782)]. This again

order\.2° The same observations made for the square lattice S(k)=0.01142)k*>, k —0, (39
can be made here. We note that the antiferromagnetic peak in
S is noticeably sharper here than for the square lattice, again S(k) =0.12049)k, k — 0, (39)

reflecting the reduced role of quantum fluctuations. Finally in
Fig. 8 we show the one-magnon spectral weight and the rela- _
tive multimagnon spectral weights. The latter are magnified §(@)=1413/q, q—0. (40)

by a factor of 10 for greater clarity. The multimagnon con- Estimates from th&,; series are consistent with these.

In Fig. 9 we plot the ratio /S throughout the zone.
Here it has a maximum value about 0.3, substantially smaller
than for the square lattice. We are unaware of any calcula-
tions of this ratio by other methods.

1.5

VI. SUMMARY AND DISCUSSIONS

The goal of this work has been to obtain numerically pre-

= cise estimates of magnon energies and structure factors for
< the nearest-neighbor sp%Heisenberg antiferromagnet for
the linear chain(d=1), square(d=2), and simple cubic
0.5 (d=3) lattices. These quantities are directly comparable to

experimental neutron-scattering results, and the resulting
comparison can provide a stringent test of the applicability of
the simple model, as well as yielding an estimate of the
0 i : : (usually unknowhn parameted.
(m.,0) (m,m) (27,0) (m,0) (3n/2,71/2) We present such a comparison here for the quasi-two-
dimensional materials deuterated copper formate tetrahydrate
FIG. 11. (Color onling Comparison of the one-magnon trans- (CUDCOQ,-4D,0 (CFTD)? and the so-called 2342 com-
verse structure factoh,(k) for CFTD? (red solid points and our ~ pound SyCusO,Cl,* CFTD is a well-characterized @-
series results. antiferromagnet. Figures 10 and 11 show a fit of our theo-
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retical dispersion curvéFig. 2) and one-magnon transverse fluctuations decreases with increasing spatial dimension.
structure factorA,(k) to the experimental dafawith a pa-  Nevertheless, the multimagnon contributions to integrated
rameterJ=6.13 meV. The overall agreement is very good,structure factors, and, hence, to neutron scattering intensities,
except neark=(,0), where the theoretical one-magnon can still be appreciable even in three dimensions.
transverse structure factor is higher than the experimental For dimensions 2 and 3, the series expansion results are in
results. The fitting parametdris in good agreement with an very good agreement with spin-wave theory, as far as it has
earlier fif to the previous series resulsThe strontium ma- been calculated. We conclude that the spin-wave calculations
terial is, a priori, more compleX. It contains two types of should be extended to higher order, to further check the
CU?* ions, Cy and Cy, and the interaction between these isagreement in quantities, such as the longitudinal structure
fully frustrated. To the extent that one can regard these sulfactor, which have been little studied as yet.

systems as decoupled, the,Csubsystem can be treated as Note addedRecently, we became aware of the work by
an effective spins square lattice antiferromagnet with  Igarashi and Naga®, who have performed a second-order
~10 meV. The measured dispersion curve shows a smafipin-wave calculation of the transverse structure factor for
spin gap, which can be modeled via a small magnetic anisghe square lattice.

tropy in the Hamiltonian. Figure 12 shows a comparison be-
tween the experimental data and our series results With
=10.5 meV,A=0.976, where\ is determined from the mini-
mum gap using Ed30). As is evident the fit is excellent and We are grateful to Professor Rajiv Singh, Professor T.
again corroborates earlier result©ne should be cautious, Barnes, Professor R. Coldea, and Professor A. Sandvik for
however, in claiming too much from this, and it would be useful correspondences. This work forms part of a research
highly desirable to have detailed structure factor data foproject supported by a grant from the Australian Research
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