
Series studies of the spin-12 Heisenberg antiferromagnet atT=0:
Magnon dispersion and structure factors

Weihong Zheng,* J. Oitmaa,† and C. J. Hamer‡

School of Physics, The University of New South Wales, Sydney, NSW 2052, Australia.
sReceived 7 December 2004; revised manuscript received 18 February 2005; published 31 May 2005d

We have extended our previous series studies of quantum antiferromagnets at zero temperature by comput-
ing the one-magnon dispersion curves and various structure factors for the linear chain, square, and simple
cubic lattices. Many of these results are a substantial extension of previous work. These results are directly
comparable to neutron-scattering experiments, and we make such comparisons where possible.
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I. INTRODUCTION

The spin-12 Heisenberg antiferromagnet, which we take in
the exchange anisotropic form

H = Jo
ki j l

fSi
zSj

z + lsSi
xSj

x + Si
ySj

ydg, ulu ø 1 s1d

is the archetypal model for describing long-range antiferro-
magnetic order in solids. Although there are no exact solu-
tions in greater than one spatial dimension, a great deal is
known about the model from various systematic approaches:
exact diagonalizations, quantum Monte Carlo methods, and
series expansions. Good overviews of the subject, with a
particular focus on the square lattice and the relation to the
high Tc cuprate superconductors, have been given by Barnes1

and Manousakis.2 An area of particular current interest is the
relation of models, such ass1d, to real materials. Quantities
that can be most readily compared are the dispersion rela-
tions of low-energy quasiparticle excitations and dynamical
or integrated structure factors. The calculation of these is the
main thrust of the current paper. At the same time the build-
ing of more powerful neutron-scattering facilities is provid-
ing more precise data and allowing more detailed compari-
sons between experiment and theory.3–5

Our approach is through high-order “linked-cluster” series
expansions,6 where the quantities of interest are expanded
perturbatively in powers ofl sthe so-called Ising expansiond
and numerically evaluated atl=1. This approach has been
used with considerable success in computing ground-state
properties of quantum antiferromagnets7–9 and in computing
the magnon excitation spectrum and spectral weight for the
square lattice.10 In our calculations we setJ=1 to determine
the energy scale, except in comparisons with experiment. In
Sec. II we will define the various quantities of interest and
give a brief overview of the methodology. Section III gives
results for the structure factors for the linear chain. Section
IV extends previous work for the square lattice8,10 and gives
results for the longitudinal and total structure factors. Section
V gives results for the simple cubic lattice. Ground-state se-
ries are extended by two terms, and series results for the
magnon energies and all structure factors are given. Finally,
in Sec. VI we summarize and attempt to relate our work to
experiment.

II. METHODOLOGY AND DEFINITIONS

The essence of the linked-cluster method6 is the realiza-
tion that many properties of a lattice model, in the thermo-
dynamic limit N→`, can be expressed as a sum of contri-
butions from all possible connected or linked clusters of sites
that can be embedded in the particular lattice of interest. This
is most obvious in the case of extensive bulk properties, such
as the ground-state energy, magnetization, susceptibility, etc.,
where we have

FNsxd = o
hgj

Csg/Ldfgsxd, s2d

whereFNsxd is the quantity of interest, withx representing
the set of parameters in the Hamiltonian. The sum is over all
clustershgj, with Csg/Ld being the embedding constant of
clusterg in the latticeL of N sitessproportional toNd and
fgsxd a reducedquantity for clusterg. These latter quantities,
which are independent of the lattice, are computed
recursively.6 It is easy to show thatfgsxd is zero for any
disconnected cluster, providedF is an extensive quantity.
Linked-cluster series expansions are then obtained by writing
the Hamiltonian in the usual form for perturbation theory,
H=H0+lV, and calculating the cluster contributions pertur-
batively, as series inl, up to some maximum achievable
order stypically 10–20d. The bulk series forFNsld is then
evaluated at fixedl, or extrapolated tol=1, via standard
numerical methods, such as Padé approximants or integrated
differential approximants.11 In practice, all of this is done by
computer and it is feasible to deal with of order 106 distinct
clusters.

A stringent comparison between real materials and theo-
retical models is often provided by the spectrum of low-
energy excitations. These excitation energies can be mea-
sured in scattering experiments and are characteristic of the
quantum dynamics of the system. Gelfand12 showed how to
compute excitation energies perturbatively, within a linked-
cluster approach, and this is now a standard technique.6 The
basic idea is tosid compute aneffective Hamiltonianmatrix,
which operates in the subspace of one-particle excitations of
a cluster,sii d use this to obtain a set oftransition amplitudes
tsr d that describe propagation of the excitation through a
distancer , siii d obtain transition amplitudes for the bulk lat-
tice by summing over clusters, andsivd take the Fourier
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transform, giving the excitation energy ink space

eskd = o
r

tsr deik·r . s3d

Although the dispersion relations3d is an important probe of
the quantum dynamics, an even more comprehensive probe
is the dynamical structure factor

Sask,vd =
1

2p
E

−`

`

dteivto
r

eik·rkS0
as0dSr

astdl0, s4d

i.e., the spatial and temporal Fourier transform of the dy-
namical spin-spin correlation function. The angular brackets
denote an averageshere a ground-state expectation valued,
and a=x,y,z. This quantity is directly related to the cross
section for inelastic neutron scatteringssee, e.g., Ref. 13d.
The integrated or static structure factor

Saskd =E
−`

`

dvSask,vd = o
r

eik·rkS0
aSr

al s5d

is measured in an experiment where all neutron energies are
included.

For an isotropic system, in the absence of long-range
magnetic order or other spontaneously broken symmetry, the
componentsa=x,y,z of Sask ,vd or Saskd will be equal.
This will no longer be the case if magnetic order is present.
For a collinear-ordered state, in thez direction, we need to
distinguish between alongitudinal structure factor

Slskd = o
r

eik·rfkS0
zSr

zl − kS0
zlkSr

zlg s6d

and atransversestructure factor

Stskd = o
r

eik·rkS0
xSr

x + S0
ySr

yl. s7d

If unpolarized neutrons are used, the cross section will mea-
sure the total structure factor

Stotskd = Slskd + Stskd. s8d

The dominant contribution to the transverse dynamical struc-
ture factor will come from one-magnon excitations, and
Stsk ,vd will have the form

Stsk,vd = A1skddfv − eskdg + Sincsk,vd, s9d

whereA1skd is called the one-magnon spectral weightsor the
exclusive structure factord andSincsk ,vd is a smooth incoher-
ent background term, arising from multimagnon processes. It
is easy to show that

A1skd =
1

2o
r

eik·rkC0usS0
+ + S0

−duCklkCkusSr
+ + Sr

−duC0l,

s10d

whereuC0l , uCkl are, respectively, the ground state and one-
magnon state andSr

+,S0
− are spin-raising and -lowering op-

erators. It is also useful to define a relative multimagnon
spectral weight by

Wtskd = 1 −A1skd/Stskd s11d

and a similar quantity for unpolarized neutron scattering

Wtotskd = 1 −A1skd/Stotskd. s12d

The linked-cluster formalism to compute the structure
factor is relatively straightforward and has been discussed in
Refs. 14 and 10. The correlator sums

Zasr d ; o
i

kSi
aSi+r

a l s13d

are extensive quantities and, thus, have a linked-cluster ex-
pansion. There is, however, one interesting and important
point regarding the longitudinal correlators and the structure
factor. Linked-cluster series for the correlatorskS0

zSr
zl, com-

puted from a set of clusters up to some fixed maximum size,
will have a maximum order inl, which decreases with in-
creasingr . On the other hand, the series for thecompensated
correlatorkS0

zSr
zl−kS0

zlkSr
zl has a maximum order independent

of r . This can be understood as follows. For any cluster the
longitudinal correlator series all start with a constantsl0d
term. Subtraction of subgraph contributions will cause can-
cellation of leading terms, leaving a series starting with some
minimum powerlpmin. Howeverpmin decreases with increas-
ing r and is zero forr =rmax, the largest correlator which fits
into the cluster, since, in this case, there are no subgraph
subtractions. Thus, in the absence of the compensating term
s14d, much larger clusters would be required to give the
large-r correlator series to the same order. Inclusion of the
compensating term avoids this problem since the leading
terms in the bare correlator cancel andpmin sdefined aboved,
after subgraph subtraction, is independent ofr. This allows
longer series to be derived for the structure factor as defined
in s6d. The additional term

o
r

eik·rkS0
zlkSr

zl s14d

will give a d-function peak at the antiferromagnetic wave
vector kAF, but will not change the longitudinal structure
factor for k ÞkAF. The inclusion of this term reduces the
total longitudinal structure factor, summed over momentum
k, from S2 to S2−M2, whereS andM are the spin and stag-
gered magnetization, respectively. For the transverse struc-
ture factor this total sum is justS.

There are two methods for computing series for the one-
magnon spectral weightA1skd. The first is to proceed directly
from Eq. s10d, as in Ref. 10. An alternate method14 is from
the linked-cluster series for another quantity, the so-called
exclusive matrix element,

Vsdd = kC0usSi
+ + Si

−duCml; d = r i − r m, s15d

where uCml is the one-magnon wave function with initial
unperturbed excitation at sitem. Then

A1skd = Uo
d

Vsddeik·dU2
. s16d

The advantage of this second method is that it can be easily
extended to the two-particle case, although we do not pursue
this here. The two methods should, of course, result in the
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same final series. This provides a useful check on the cor-
rectness of the input cluster data, more stringent than the
calculation of ground-state bulk properties or excitation
spectra.

We compare our series results to the prediction from spin-
wave calculations. For the anisotropic Hamiltonians1d, the
spin-wave theory has been computed to fourth order for the
ground-state energy and third order for most other
properties.15 The second-order spin-wave theory predicts the
spin-wave excitation spectrum

ek = zSqk −
z

2
fC−1qk + sl−2 − 1dsC−1 − C1dsqk

−1 − qkdg,

s17d

wherez is the lattice coordination number,qk =s1−l2gk
2d1/2,

Cn is defined as

Cn =
2

N
o
k

fs1 − l2gk
2dn/2 − 1g, s18d

and

gk =
1

z
o

r

eik·r. s19d

At l=1, we can get a simple expression for the excitation
spectrum

ek = zSs1 − gk
2d1/2f1 − C−1/s2Sdg. s20d

That is, the second-order spin-wave theory only gives an
overall renormalization, with renormalization factor
Zc=1−C−1/ s2Sd, to the dispersion given by linear spin-wave
theory.

Linear spin-wave theory gives the transverse structure
factor as

Stskd = SÎ1 − lgk

1 + lgk
. s21d

In the limit k= uk u→0, gk →1−k2/z,

Stskd = SS1 − l

1 + l
+ k2 2l

s1 + ld2z
D1/2

s22d

so Stskd vanishes asSk/Î2z at l=1, while atk =0,St van-
ishes asSs1−ld1/2/Î2 asl→1.

In the limit q;uqu= ukAF−k u→0, gk →−1+q2/z, and

1/Stskd = S−1S1 − l

1 + l
+ q2 2l

s1 + ld2z
D1/2

s23d

so Stskd diverges asSÎ2z/q at l=1, while atk =kAF,St di-
verges asSÎ2s1−ld−1/2 asl→1.

We now turn to the series results.

III. THE LINEAR CHAIN

The anisotropic spin-12 Heisenberg antiferromagnet in one
dimensionsthe XXZ chaind has been the subject of much
study. Many materials, which are well represented by this

model, have been identifiedssee Table 1 in Ref. 16d. The
possibility of exact results via Bethe ansatz methods has led
to a good overall theoretical understanding of the model. In
particular, it is known that the elementary excitations are
S= 1

2 spinons, or domain walls, with a dispersion relation18

espinonskd = Ifcos2skd + g2 sin2skdg1/2, s24d

where

I = s1 − l2d1/2Ksg82d/p, g82 = 1 =g2 s25d

andg is the solution of

pKsg2d/Ksg82d = sech−1sld s26d

andK denotes the complete elliptic integral,

Ksxd =E
0

p/2

f1 − x sin2sudg−1/2du. s27d

A series expansion for the spinon energy has already been
derived by Singh17 and shown to agree precisely with the
expansion of the exact results24d in powers ofl. The struc-
ture factors are not known exactly for the XXZ chain, and
here series expansions have a role to play. Singhet al.19

obtained long series for the longitudinal and transverse struc-
ture factorss6d ands7d at the antiferromagnetic wave vector
k=p, to 22 and 12 terms, respectively, inl sonly even terms
occur in the longitudinal cased and studied the divergence of
both quantities asl→1−. They found different exponents
s,1.0,0.75d for the two power laws and explained this ap-
parently surprising result via a renormalization-group argu-
ment.

We have computed series for all of the structure factors,
for general wave vectork, to orderl28. This represents 16
additional terms for the transversesand hence the totald
structure factor. Our results for the isotropic casesl=1d are
shown in Fig. 1. The structure factors diverge atk=p, as

FIG. 1. The total and longitudinal structure factor for the linear
chain.
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expected. ForkÞp, we find, to numerical accuracy, that
Stot=3S1, as expected, since the system has no long-range
order. Fork=p, our longer series also show that longitudinal
and transverse structure factors diverge with two different
exponents, as found by Singhet al.19

IV. THE SQUARE LATTICE

The square latticeS= 1
2 antiferromagnet has been much

studied in recent years, largely because of its relevance to the
high Tc cuprate superconductors. There is convincing,
though not yet rigorous, evidence that the ground state has
long-range Néel order, reduced by quantum fluctuations.

Some years ago we derived8 perturbation series for the
ground-state energy, sublattice magnetization, and parallel
susceptibility to 14th order in the exchange anisotropic pa-
rameterl, and for the transversesperpendiculard susceptibil-
ity to order 13. These series provided very precise estimates
of ground-state properties for the entire range 0,lø1, in-
cluding the isotropic pointl=1. We also showed that higher-
order spin-wave theory15 was in excellent agreement with the
series results. We have recently extended these series by two
terms, to orderl16, the calculation involving a list of 185 690
clusters, up to 16 sites. We are happy to provide the coeffi-
cients on request, but do not present any analysis of ground-
state properties here.

We have also extended an earlier calculation10 of the mag-
non excitation spectrum and spectral weight series by four
terms, to orderl14. This calculation involves a large list of
4 654 284 clusters, up to 15 sites. The series coefficients are
quite extensive and are not presented here, but we will pro-
vide them on request. We give in Table I the series at
k =sp ,pd , sp ,0d, and sp /2 ,p /2d. The resulting magnon
dispersion curve is shown in Fig. 2. It was obtained by ex-
trapolating the series tol=1, using integrated differential
approximants. The first-, second-, and third-order spin-wave
results8,15 are included for comparison. We confirm the over-
all shape of the dispersion curve obtained previously10 but
provide greater precision from the longer series. It is evident
from the figure that the dispersion curve along the edge of
the magnetic Brillouin zonesp ,0d→ sp /2 ,p /2d is not flat,
as predicted by the first- and second-order spin-wave theory.
We find, numerically,

esp,0d = 2.18s1d, esp/2,p/2d = 2.385s1d, s28d

and so there is a 9.4% increase fromsp ,0d to sp /2 ,p /2d.
This agrees very well with a recent quantum Monte Carlo
calculation20 esp ,0d=2.16, esp /2 ,p /2d=2.39. Spin-wave
theory, however, is unable to reproduce this variation even at
third order,15 which gives esp ,0d=2.35858, esp /2 ,p /2d
=2.39199. Our series results are also in qualitative agree-
ment with experimental data for CusDCOOd2·4D2OsCFTDd3

and Sr2Cu3O4Cl2
4. However in La2CuO4 the observed mag-

non energy atsp ,0d is higher than atsp /2 ,p /2d,5 opposite
to the model result. It has been suggested5 that this is be-
cause of the presence of a significant ring exchange term in
this material, but other explanations are possible.21

From our series for the magnon energies we can obtain a
rather precise estimate of the spin-wave velocityv. Follow-

ing Singh and Gelfand10 we write the magnon energy at long
wavelength in the form

eskd = Csld + Dsldk2 + Osk3d, k = uk u → 0. s29d

The spin-wave velocityv2 can be obtained from the series
for 2CsldDsld, evaluated atl=1. Using integrated differen-
tial approximants,11 we estimate 2CD=2.774s6d at l=1 and
conclude thatv /Ja=1.666s2d. For k =0, we expect the spin-
wave energy to vanish as

esk = 0d = cs1 − l2d1/2, l → 1 − , s30d

where the coefficientc can be estimated from our series: the
result is c=1.256s2d. Third-order spin-wave theory15 gives
v /Ja=1.66802 andc=1.23531, agreeing with the series es-
timates within 2%.

In Fig. 3 we show results for the various integrated struc-
ture factors along high symmetry lines in the Brillouin zone.
The transverse structure factor was computed previously10 to
order l10 - we have extended this series by four terms, to
order l.14 Calculation of the longitudinal structure factor,
and hence the total structure factor, by series methods is
given here. The series atk =sp ,pd , sp ,0d, and sp /2 ,p /2d
are listed in Table I. Various features deserve comment. Both
longitudinal and transverse structure factors vanish at
k =s0,0d. It is known, on general grounds, that thek depen-
dence at this point isk2,k, respectively. Hence the longitudi-
nal structure factor vanishes more rapidly. We estimate, from
our series,

Slskd = 0.042s4dk2 as k = uk u → 0 s31d

Stskd = 0.108s4dk ask = uk u → 0, s32d

where the coefficient forStskd is estimated using the same
method as used for the spin-wave velocityv. A second-order
spin-wave calculation22 givesStskd=0.10133k.

Both structure factors diverge at the antiferromagnetic
wave vectork =sp ,pd. If the Néel state were an exact eigen-
state the static longitudinal structure factor would be zero,
except for ad-function peak atsp ,pd. The actual shape re-
flects the additional contribution from quantum fluctuations.
We first consider the asymptotic behavior of longitudinal and
transverse static structure factors atk =sp ,pd, asl→1. As-
suming

Slsld , s1 − ld−sl, Stsld , s1 − ld−st, s33d

we estimate, from biased Dlog Padé approximants, that
st=0.50s2d, while sl =0.3s1d. The exponents again differ, as
in the one-dimensionals1Dd case, but here it issl that is
apparently smallersthis could be related to the fact that
kSzlÞ0 on the square latticed. Linear spin-wave theory gives
st=1/2 fsee Eq.s23dg, but one would need a higher-order
calculation to givesl. Next we consider the way in which the
transverse and total structure factors atl=1 diverge as
k → sp ,−pd. Definingq=sp ,pd−k, we write

Stsqd = Csld + Dsldq2 + Osq3d, q = uqu → 0. s34d

Both Csld andDsld diverge atl=1. However if we compute
the inverse

ZHENG, OITMAA, AND HAMER PHYSICAL REVIEW B 71, 184440s2005d

184440-4



TABLE I. Series for the square lattice one-magnon dispersioneskd, longitudinal structure factorSlskd, transverse structure factorStskd,
and one-magnon exclusive structure factorAlskd at k =sp ,pd ,sp ,0d ,sp /2 ,p /2d, and seriesD for coefficient ofk2 sfor e andSld or q2 sfor
St andA1d. Nonzero coefficientsln up to ordern=14 are listed.

n k =sp ,pd k =sp ,0d k =sp /2 ,p /2d D

Dispersioneskd
0 2.000000000 2.000000000 2.000000000 0.000000000
2 −1.666666667 3.333333333310−1 3.333333333310−1 1.000000000
4 3.171296296310−1 −9.953703704310−2 5.324074074310−2 2.569444444310−1

6 −4.192337641310−1 −1.693897891310−3 −9.073302469310−3 6.581836259310−1

8 2.709969904310−1 −2.806720342310−2 5.105325304310−3 −4.886280904310−2

10 −3.894335149310−1 −1.062177000310−2 2.076320167310−3 7.984148319310−1

12 4.289652578310−1 −9.046042545310−3 4.068538933310−4 −5.057247719310−1

14 −6.558882026310−1 −8.872458632310−3 1.304340621310−3 1.460095528

Longitudinal structure factorSlskd
2 2.222222222310−1 1.111111111310−1 1.111111111310−1 2.777777778310−2

4 7.358024691310−2 −1.580246914310−2 3.703703704310−4 1.851851852310−3

6 4.055166849310−2 1.167542552310−2 −1.111176199310−3 3.826627719310−3

8 3.646524757310−2 1.065352379310−3 4.750603835310−3 2.311003576310−3

10 2.483688972310−2 2.298840789310−3 1.379013443310−3 1.874238376310−3

12 2.211921434310−2 1.532346963310−3 1.422483566310−3 1.550055137310−3

14 1.886279612310−2 1.141259073310−3 1.002657611310−3 1.314140042310−3

Transverse structure factorStskd
0 5.000000000310−1 5.000000000310−1 5.000000000310−1 0.000000000
1 6.666666667310−1 0.000000000 0.000000000 −1.666666667310−1

2 3.333333333310−1 −1.111111111310−1 −1.111111111310−1 −2.222222222310−1

3 2.648148148310−1 0.000000000 0.000000000 −3.773148148310−1

4 2.390123457310−1 1.925925926310−2 1.086419753310−2 −4.340740741310−1

5 2.157488242310−1 0.000000000 0.000000000 −5.523841490310−1

6 1.922286407310−1 −1.297374724310−2 −6.735355253310−3 −6.036591991310−1

7 1.825523316310−1 0.000000000 0.000000000 −7.022537598310−1

8 1.672647956310−1 −2.593884626310−4 −2.653241665310−3 −7.488016779310−1

9 1.584816304310−1 0.000000000 0.000000000 −8.361027757310−1

10 1.488115597310−1 −2.819695062310−3 −1.579465770310−3 −8.786542283310−1

11 1.436901069310−1 0.000000000 0.000000000 −9.576556162310−1

12 1.358134394310−1 −1.233261351310−3 −1.422867383310−3 −9.970882006310−1

13 1.316662910310−1 0.000000000 0.000000000 −1.069785636
14 1.256571308310−1 −1.266236691310−3 −1.061011294310−3 −1.106759542

One-magnon spectral weightA1skd
0 5.000000000310−1 5.000000000310−1 5.000000000310−1 0.000000000
1 6.666666667310−1 0.000000000 0.000000000 −1.666666667310−1

2 2.500000000310−1 −1.388888889310−1 −1.388888889310−1 −1.944444444310−1

3 1.425925926310−1 0.000000000 0.000000000 −3.245370370310−1

4 3.326195988310−1 −1.143904321310−2 1.529706790310−2 −5.072723765310−1

5 3.917638154310−1 0.000000000 0.000000000 −6.858476264310−1

6 3.936459588310−2 −1.917201533310−2 −1.696167024310−2 −4.528242195310−1

7 −8.018312217310−2 0.000000000 0.000000000 −4.216442748310−1

8 3.778813233310−1 −1.855816875310−2 −4.208337928310−3 −1.027026315
9 5.220328525310−1 0.000000000 0.000000000 −1.343102568

10 −1.799044627310−1 −1.153727416310−2 −3.162792993310−3 −3.701268973310−1

11 −4.037813448310−1 0.000000000 0.000000000 −4.716188047310−2

12 6.539878806310−1 −9.013887872310−3 −3.821489172310−3 −1.930735417
13 9.853540532310−1 0.000000000 0.000000000 −2.711397791
14 −7.366801888310−1 −9.184484559310−3 −1.633241155310−3 6.457723508310−1
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1/Stsqd = 1/Csld − Dsldq2/C2sld + Osq3d s35d

and compare to the asymptotic formssee Eq.s23dd

1/Stsqd = fAsld + Bsldq2g1/2, s36d

we find thatSt diverges assB1/2qd−1 with B=−2D /C3. The
series forD for St is given in Table I. Our series, when
analyzed in this way, gives

Stsqd = 0.93s7d/q, q → 0. s37d

The total structure factor series gives an estimate of 0.95s5d,
consistent with the same result. Spin-wave theory22 gives
0.9288/q.

Finally we note that the transverse structure factor ex-
ceeds the longitudinal one throughout the zone. The domi-
nant one-magnon states only contribute to the transverse
structure factor. The data can be analyzed to extract the one-
magnon spectral weightA1skd and the relative multimagnon
spectral weightsfEqs. s11d and s12dg. These are shown in
Fig. 4, for the conventional lines in the Brillouin zone. The
total one-magnon spectral weight, summed overk, has the
value 0.419s2d, i.e., the one-magnon excitations contribute
0.419/0.5.84% of the total transverse weight. We note that
the maximum multimagnon contribution to the structure
factors, and, hence, to the integrated neutron-scattering
intensity, occurs at thesp ,0d point and is approximately
44% s29%d for unpolarized spolarizedd neutrons. Fork
=sp /2 ,p /2d, the multimagnon contribution is 31%s10%d
for unpolarizedspolarizedd neutrons. Quantum Monte Carlo

FIG. 2. sColor onlined The one-magnon excitation spectrum
eskd along high-symmetry cuts through the Brillouin zone for the
Heisenberg antiferromagnet on a square lattice. Also shown are the
results of first-ordersblue dotted lined, second-ordersred dashed
lined, and third-ordersgreen solid lined spin-wave theory.

FIG. 3. sColor onlined The various integrated structure factors
Stot sunpolarizedd, St stransversed, andSl slongitudinald along high-
symmetry cuts through the Brillouin zone for the Heisenberg anti-
ferromagnet on a square lattice.

FIG. 4. sColor onlined The one-magnon spectral weightA1, and
multimagnon spectral weightsWt andWtot for the Heisenberg anti-
ferromagnet on a square lattice.

FIG. 5. sColor onlined Ratio of longitudinal and transverse
structure factors 2Sl /St for the Heisenberg antiferromagnet on a
square lattice. Also shown, for comparison, are the QMC results
sRef. 20d.

ZHENG, OITMAA, AND HAMER PHYSICAL REVIEW B 71, 184440s2005d

184440-6



calculations20 give 40%s15%d at k =sp ,0d fk =sp /2 ,p /2dg
for polarized neutrons. This is a significant contribution and
needs to be allowed for in analysis of experimental data.

In Fig. 5 we plot the ratio 2Sl /St throughout the zone.
The overall shape is in excellent agreement with recent
Quantum Monte Carlo data,20 but our maximum is about
0.62, considerably lower than the value 0.7 obtained by the
Monte Carlo calculations.20 Note that the quantum Monte

Carlo calculations haveSt /Sl diverging atk =sp ,pd, as they
do not include the terms14d in their definition of the longi-
tudinal structure factor. In principle, this term is a simpled
function at sp ,pd and should not affect the measurement
elsewhere for the bulk system. The omission of this term in
the Monte Carlo calculations, however, can cause larger
finite-size effects for finite systems, and this could be the
cause of the discrepancy.

TABLE II. Series of simple cubic lattice one-magnon dispersioneskd, longitudinal structure factorSlskd, transverse structure factorStskd,
and one-magnon exclusive structure factorAlskd at k =sp ,p ,pd ,sp ,0 ,0d ,sp /2 ,p /2 ,p /2d, and seriesD for coefficient ofk2 sfor e andSld
or q2 sfor St andA1d. Nonzero coefficientsln up to ordern=10 are listed.

n k =sp ,p ,pd k =sp ,0 ,0d k =sp /2 ,p /2 ,p /2d D

Dispersioneskd
0 3.000000000 3.000000000 3.000000000 0.000000000

2 −1.950000000 5.000000000310−2 3.000000000310−1 7.500000000310−1

4 −7.480952381310−2 5.483333333310−2 −1.550595238310−3 2.859821429310−1

6 −2.386949857310−1 −1.194666672310−2 3.986473230310−3 3.080615484310−1

8 −3.884790029310−2 2.654093113310−3 6.579308964310−4 1.842288801310−1

10 −1.028725933310−1 −5.327445001310−4 5.131262221310−4 2.278014891310−1

Longitudinal structure factorSlskd
2 1.200000000310−1 4.000000000310−2 6.000000000310−2 1.000000000310−2

4 1.684444444310−2 −2.488888889310−3 −3.962962963310−4 1.530864198310−4

6 1.301036907310−2 2.757538780310−3 2.815062245310−3 8.063018305310−4

8 8.184237447310−3 7.116986056310−4 1.126836657310−3 3.866267816310−4

10 6.005783346310−3 6.521285585310−4 8.514828105310−4 3.009882557310−4

Transverse structure factorStskd
0 5.000000000310−1 5.000000000310−1 5.000000000310−1 0.000000000

1 6.000000000310−1 −2.000000000310−1 0.000000000 −1.000000000310−1

2 3.000000000310−1 −2.000000000310−2 −6.000000000310−2 −1.200000000310−1

3 2.526666667310−1 4.614814815310−2 0.000000000 −1.887777778310−1

4 2.137481481310−1 −1.191111111310−2 3.644444444310−3 −2.033679012310−1

5 2.025150853310−1 −2.558718236310−3 0.000000000 −2.520957812310−1

6 1.752635491310−1 −7.923299511310−4 −3.718193643310−3 −2.638276824310−1

7 1.685481230310−1 9.547987414310−4 0.000000000 −3.039691386310−1

8 1.523090399310−1 −1.590182006310−3 −9.298721272310−4 −3.138723809310−1

9 1.480721342310−1 5.897338735310−4 0.000000000 −3.487614896310−1

10 1.365201003310−1 −9.432640534310−4 −8.927606509310−4 −3.574938809310−1

One-magnon spectral weightA1skd
0 5.000000000310−1 5.000000000310−1 5.000000000310−1 0.000000000

1 6.000000000310−1 −2.000000000310−1 0.000000000 −1.000000000310−1

2 2.812500000310−1 −2.875000000310−2 −6.750000000310−2 −1.162500000310−1

3 2.251666667310−1 5.309259259310−2 0.000000000 −1.816944444310−1

4 2.268800324310−1 −1.446118552310−2 1.009873984310−3 −2.105439590310−1

5 2.300857299310−1 −5.633309085310−3 0.000000000 −2.648295019310−1

6 1.606446880310−1 −2.164942522310−3 −4.497506567310−3 −2.550269987310−1

7 1.424582061310−1 2.355649892310−3 0.000000000 −2.873096589310−1

8 1.648269861310−1 −2.195243132310−3 −1.493247410310−3 −3.243370831310−1

9 1.707585298310−1 2.315207796310−4 0.000000000 −3.678986537310−1

10 1.243609563310−1 −1.435173150310−3 −1.241136381310−3 −3.458041669310−1
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V. THE SIMPLE CUBIC LATTICE

We have carried out similar series calculations for the
simple cubic lattice and report on these here. First, the pre-
viously calculated series for the ground-state properties9

have been extended by two terms, to orderl,14 involving a
list of 180 252 clusters, up to 14 sites. This does not signifi-
cantly change the previous estimates of ground-state proper-
ties, and we do not present any further analysis. As usual, we

are happy to provide the coefficients to any interested reader.
Series for the magnon excitation spectrum have been de-

rived to order l10. The calculations involve a list of
1 487 597 clusters, up to 11 sites. The series fork
=sp ,p ,pd ,sp ,0 ,0d ,sp /2 ,p /2 ,p /2d are given in Table II.
Figure 6 shows the magnon excitation spectrum along high-
symmetry lines through the Brillouin zone, obtained from the
series expansion, and first- and second-order spin-wave
theory. It is evident from the figure that first-order spin-wave
theory gives the correct overall shape, but underestimates the
magnitude by some 10%. The second-order spin-wave theory
is virtually indistinguishable from the series data, except on
an enlarged scale along some cutssas shown in the insetd. A
calculation of the spin-wave velocity, along the same lines as

FIG. 6. sColor onlined The one-magnon excitation spectrum
eskd along high-symmetry cuts through the Brillouin zone for the
Heisenberg antiferromagnet on the simple cubic lattice. Also shown
are the results of first-ordersblue dotted lined and second-ordersred
dashed lined spin-wave theory.

FIG. 7. sColor onlined The various integrated structure factors
Stot sunpolarizedd, St stransversed, andSl slongitudinald along high-
symmetry cuts through the Brillouin zone for the Heisenberg anti-
ferromagnet on a simple cubic lattice.

FIG. 8. sColor onlined The one-magnon spectral weightA1, and
multimagnon spectral weightsWt andWtot for the Heisenberg anti-
ferromagnet on the simple cubic lattice.

FIG. 9. Ratio of longitudinal and transverse structure factors
2Sl /St for the Heisenberg antiferromagnet on the simple cubic
lattice.
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in Sec. IV, yieldsv /Ja=1.913s2d. This compares to the first-
ssecond-d order spin-wave value of 31/2=1.732s1.9003d and
yields a quantum renormalization factor ofZ=1.104s1d
fcompared to the square lattice withZ=1.178s2dg. This again
is totally consistent with the lower relative effect of quantum
fluctuations in higher dimensions.

Figure 7 gives our series estimates of the integrated struc-
ture factors along symmetry lines in the simple cubic Bril-
louin zone. These are obtained from series expansions to
orderl.10 The same observations made for the square lattice
can be made here. We note that the antiferromagnetic peak in
Sl is noticeably sharper here than for the square lattice, again
reflecting the reduced role of quantum fluctuations. Finally in
Fig. 8 we show the one-magnon spectral weight and the rela-
tive multimagnon spectral weights. The latter are magnified
by a factor of 10 for greater clarity. The multimagnon con-

tribution to the transverse structure factor is nowhere greater
than 3%, indicating the dominance of one-magnon states,
whereas the multimagnon contribution to the total structure
factor, as would be measured by unpolarized neutrons, is as
much as 15%. The total one-magnon spectral weight,
summed overk, has the value 0.482s1d, i.e., the one-magnon
excitations contribute 96.4% of the total transverse weight.

Similarly to the square lattice case, we obtain the follow-
ing asymptotic results neark =0 andsp ,p ,pd:

Slskd = 0.0114s2dk2, k → 0, s38d

Stskd = 0.1204s9dk, k → 0, s39d

Stsqd = 1.47s3d/q, q → 0. s40d

Estimates from theStot series are consistent with these.
In Fig. 9 we plot the ratio 2Sl /St throughout the zone.

Here it has a maximum value about 0.3, substantially smaller
than for the square lattice. We are unaware of any calcula-
tions of this ratio by other methods.

VI. SUMMARY AND DISCUSSIONS

The goal of this work has been to obtain numerically pre-
cise estimates of magnon energies and structure factors for
the nearest-neighbor spin-1

2 Heisenberg antiferromagnet for
the linear chainsd=1d, squaresd=2d, and simple cubic
sd=3d lattices. These quantities are directly comparable to
experimental neutron-scattering results, and the resulting
comparison can provide a stringent test of the applicability of
the simple model, as well as yielding an estimate of the
susually unknownd parameterJ.

We present such a comparison here for the quasi-two-
dimensional materials deuterated copper formate tetrahydrate
sCuDCOOd2·4D2O sCFTDd3 and the so-called 2342 com-
pound Sr2Cu3O4Cl2.

4 CFTD is a well-characterized 2-d
antiferromagnet.3 Figures 10 and 11 show a fit of our theo-

FIG. 10. sColor onlined Comparison of the one-magnon disper-
sion for CFTD3 sred solid pointsd and our series results withJ
=6.13 meV.

FIG. 11. sColor onlined Comparison of the one-magnon trans-
verse structure factorA1skd for CFTD3 sred solid pointsd and our
series results.

FIG. 12. Comparison of the one-magnon dispersion for
Sr2Cu3O4Cl2

4 and our series results withJ=10.5 meV,l=0.976.

SERIES STUDIES OF THE SPIN-1
2 HEISENBERG… PHYSICAL REVIEW B 71, 184440s2005d

184440-9



retical dispersion curvesFig. 2d and one-magnon transverse
structure factorA1skd to the experimental data,3 with a pa-
rameterJ=6.13 meV. The overall agreement is very good,
except neark =sp ,0d, where the theoretical one-magnon
transverse structure factor is higher than the experimental
results. The fitting parameterJ is in good agreement with an
earlier fit3 to the previous series results.10 The strontium ma-
terial is, a priori, more complex.4 It contains two types of
Cu2+ ions, CuI and CuII, and the interaction between these is
fully frustrated. To the extent that one can regard these sub-
systems as decoupled, the CuII subsystem can be treated as
an effective spin-12 square lattice antiferromagnet withJ
,10 meV. The measured dispersion curve shows a small
spin gap, which can be modeled via a small magnetic aniso-
tropy in the Hamiltonian. Figure 12 shows a comparison be-
tween the experimental data and our series results withJ
=10.5 meV,l=0.976, wherel is determined from the mini-
mum gap using Eq.s30d. As is evident the fit is excellent and
again corroborates earlier results.4 One should be cautious,
however, in claiming too much from this, and it would be
highly desirable to have detailed structure factor data for
further comparisons to be made.

We are unaware of any good examples of spin-1
2 antifer-

romagnetic materials with a simple cubic structure. Our re-
sults confirm, as expected, that the relative effect of quantum

fluctuations decreases with increasing spatial dimension.
Nevertheless, the multimagnon contributions to integrated
structure factors, and, hence, to neutron scattering intensities,
can still be appreciable even in three dimensions.

For dimensions 2 and 3, the series expansion results are in
very good agreement with spin-wave theory, as far as it has
been calculated. We conclude that the spin-wave calculations
should be extended to higher order, to further check the
agreement in quantities, such as the longitudinal structure
factor, which have been little studied as yet.

Note added. Recently, we became aware of the work by
Igarashi and Nagao,23 who have performed a second-order
spin-wave calculation of the transverse structure factor for
the square lattice.
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