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I. Introduction
Fermionic atoms: 6Li I=1, S=1/2; 40K I=4, S=1/2, e.g. the two-component atomic
mixture is created in the lowest two states of 6Li atoms (Grimm, arXiv:0703091).

atomic Fermi gases with multi-component hyper�ne states are tunable interact-
ing many-body systems featuring novel and subtle quantum phases transitions–
Wilczek(Nature Physics); Rapp, et al (PRL); Controzzi and Tsvelik(PRL); Wu (PRL);
Bartenstein (PRL); Regal (PRL).



I Pairing and Phase
Separation in the
Polarized Fermi Gas
(Partridge et al.)

I two hyper�ne states of
6Li:
j1i = jF = 1

2 ; mf = 1
2 i

j2i = jF = 1
2 ; mf = � 1

2 i
I The gas has separated

into a uniformly paired
inner core surrounded
by a shell of the excess
unpaired atoms

Ultracold atomic gases provide exceptionally clean quantum systems that allow us to
observe BCS pairing and super�uidity . For equal number of fermions with up- and
down- spin states, two fermions with opposite momentum and spin state can form a
BCS Cooper pair at the Fermi surface. The BCS pairs can be thought of as composite
bosons that undergo BEC. However, the nature of pairing and super�uidity in strongly
interacting systems of fermionic atoms with population imbalance is very subtle and
intriguing.



The three atoms with different internal quantum states can, depending on the strength
of the interactions between them, form a) bound units of trions or b) some form of
Cooper pairs (Wilczek Nature Phys. 07; Rapp et al, PRL 07; Lecheminant PRL 05).



II. 1D two-component Fermi gas
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weakly attractive weakly repulsive

Cooper-pairing is a momentum-space phenomenon. Therefore, the pairing signature
in 1D interacting Fermi gases with strongly attractive interaction should shed light on
understanding the Fermi super�uidity to normal phase transition in higher dimensions.



Thermodynamical Bethe ansatz(TBA): Yang and Yang introduced the TBA in treating
the thermodynamics of the one-dimensional boson model with delta function interac-
tion. In general, at T = 0 there are no holes in the ground state root distributions.
For T 6= 0, complex Bethe roots form strings characterizing the excitations. The string
hypothesis has been developed to classify the many permissible bound state solutions
to the Bethe equations. The equilibrium states satisfy the condition of minimizing the
Gibbs free energy G = E � � N � HMz � TS.
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� b;u: the dressed energies for the paired fermions and unpaired fermions, respectively.
The TBA provides a clear con�gur ation for band �llings with respect to the external
�eld H and chemical potential � (see, Takahashi's book).
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Magnetization Mz vs magnetic �eld H (in the units of ~2

2m ). The inset shows the sus-
ceptibility vs the �eld H. In the vicinities of Hc1 and Hc2 the phase transitions are
determined by the linear �eld-dependent relations Mz � 2(H� Hc1)

n� 2 (1 + 2j
 � 1j) and
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�
, respectively. The susceptibility decays exponentially

in the vicinity of critical �eld Hc1 then it approaches to a constant for H < Hc2.



Schematic dressed energy con�gur ation for the gapless phase in the vicinities of Hc1

and Hc2. Due to hard-core behaviours of BCS pairs, the square-root-�eld-depend ent
magnetizations in the vicinities of critical points are smeared for strong attraction.



Phase diagram in the H � n plane for the particular value jcj = 10: As n ! 0, the
two critical �elds approach the binding energy � b. The two critical �elds have opposite
monotonicity: Hc1 decreases with increasing n whereas Hc2 increases with n. Thus,
for suf�ciently large centre-density, the system has subtle segments: the mixed phase
lies in the centre and the fully paired phase (or the fully unpaired phase) sits in the two
outer wings for H < � b (or H > � b).



III. 1D three-component Fermi gas
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For the irreducible representation
�
3N32N21N1

�
, three-column Young tableau encodes

the numbers of unpaired fermions, bound pairs and trions given as N1 = N � 2M1 + M2,
N2 = M1 � 2M2 and N3 = M2.



Schematic con�gur ation of Bethe ansatz roots in the complex plane
(N = 29 with N1 = 6, N2 = 4 and N3 = 5)

I real roots: k1; : : : ; kN1 ; � 1; : : : ; � N2 ; � 1; : : : ; � N3 .
I bound states kb

i : � 1 � i c=2; : : : ; � N2 � i c=2.
I spin bound states � b

i : � 1 � i c=2; : : : ; � N3 � i c=2.
I trions k t

i : � 1 � i c; � 1; : : : ; � N3 � i c; � N3 .



These root patterns unveil an important signature, namely unpaired fermions couple
to two different kinds of hard-core Fermi-liquids: trionic and pairing Fermi-liquids. For
a state with arbitrary spin polarization, the ground state energy :
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The �nite-siz e correction follows from the BA as E � Le1 = � ~� Cvc=(6L) + O(1=L2)
with C = 1 the central charge and vc � 1

9 vF (1 + 2n=jcj) the charge velocity, in terms
of the Fermi velocity vF = ~� n=m. This indicates that the charge sector is critical and
can be described by a Luttinger liquid. As a consequence, the low-energy excitations
separate into collective excitations carrying charge and collective excitations carrying
spin.



TBA: For T 6= 0, complex Bethe roots form strings characterizing the excitations. The
equilibrium states satisfy the condition of minimizing the Gibbs free energy G = E �
� N� EZ� TS. The Zeeman term EZ = H1(N� 2M1+ M2)+ H2(M1� 2M2) corresponds to
the unequally spaced Zeeman splitting which lifts two su(2) degeneracies. Particularly,
a `pure' Zeeman splitting EZ = H(N � M1 � M2) lifts the su(3) degeneracy.
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energy-�eld transfer
relations

H1 = 2c2=3 + (� u � � t); H2 = 5c2=6 + 2(� b � � t);
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These equations determine the full phase diagram and the critical �elds triggered by
the Zeeman splitting H1 and H2. We denote the effective chemical potentials � t =
� + � t=3 for trions, � b = � + � b=2 + H2=2 for bound pairs and � u = � + H1 for unpaired
fermions. The binding energies for a BCS pair and a trion state are � b = ~2c2=(4m)
and � t = ~2c2=m, respectively. The energy for arbitrary population imbalances can
be obtained from E=L = � n + G + n1H1 + n2H2, which coincides with the result
derived from the discrete BA. This indicates that the trions and BCS bound pairs are
possibly the true physical states, i.e., the BA roots comprise the equilibrium states in
the thermodynamic limit.



Full phase diagram determined by the energy-�eld transfer relations with jcj = 10 and
n = 1. (a) and (b) show the unpaired fermion density n1 and the pair density n2 vs the
�elds H1 and H2, respectively. The �gure reveals a novel trion phase C, a pairing phase
B, an unpaired phase A and four different mixtures of these states. Ground state energy
vs external �elds H1 and H2 evaluated from the above equations. The trionic state C is
a spin singlet, whereas the other states are spin multiplets.



Phase diagram in the H � n plane for pure Zeeman splitting with c = 10: The two

critical �elds have opposite monotonicity: Hc1 � ~2n2
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increases with n. Thus, for

suf�ciently large centre-density, the system has subtle segments: the mixed phase lies
in the centre and the pure trionic phase (or the fully unpaired phase) sits in the two
outer wings for H < � t (or H > � t).



IV. Conclusion
I Attractive two- and three-component Fermi gases: new phases of matter

induced by external �elds has been studied; the phase diagrams, critical �elds
and magnetic properties have been obtained analytically.

I It is interesting to study subtle quantum effect induced by dynamical interaction,
quantum statistics and external �elds , e.g. antiferromagnetic behaviour in the
spin-1/2 fermions with repulsive interaction; ferromagnetic ordering in spinor
bosons; novel critical behaviour in the mixture of spin-1/2 fermions and bosons,
etc.
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