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Outline

Two-dimensional S=1/2 antiferromagnets with frustration

Two examples:

Heisenberg antiferromagnet on a triangular lattice

A similar but slightly more general model with anisotropic exchange 

and an additional Dzyaloshinskii-Moriya interaction: Describes the 

material Cs2CuCl4

For both examples, the ground state has conventional magnetic order.

However:

While the physics at the lowest energies is rather well described by semi-

classical theories, strong deviations from the semiclassical predictions 

(from linear spin-wave theory, nonlinear sigma model) are observed in the

magnon dispersion at high energies.

Thus quantum fluctuations are very strong in these frustrated systems.



Heisenberg model

Two-dimensional antiferromagnets

Here we consider S = 1/2

[Sx
j , S

y
j ] = iS

z
j etc., S2

i = S(S + 1)

H =
∑

〈i,j〉 JijSi · Sj , Jij > 0



Spin-wave theory

Spin waves: weak oscillations of the spins around classical ordering direction 

Classical spins:

Consider quantity A(S)  (energy, magnetization)

i.e. effects of quantum fluctuations enter as correction terms 

to the classical result in powers of 1/S

S=1/2 square lattice model: Ground state and excitations well described by 

spin-wave theory (except for small deviations in high-energy spectra)

Related semiclassical theory: Nonlinear sigma model approach 

(Chakravarty, Halperin, Nelson 1989) predicts “renormalized classical”

behavior at low temperatures

Semiclassical approach to magnetically ordered systems



Series expansions

Expansion around Ising limit:  H(λ) = H0 +  λ V
Use linked-cluster methods to develop high-order 

series expansions in powers of λ
Use series extrapolation methods to get reliable 

results for λ = 1

This method has a very good track record

Works also for frustrated systems (Quantum Monte Carlo does not)

Recent book: 

“Series expansion methods for strongly interacting lattice models”,

by Jaan Oitmaa, Chris Hamer, and Weihong Zheng

(Cambridge University Press, 2006)



S = ½ Heisenberg antiferromagnet

on a triangular lattice

J/J’ =  1       Isotropic triangular lattice model

J/J’ ≈≈≈≈ 3       Relevant to Cs2CuCl4

Focus here:



?

Quantum fluctuations, enhanced by frustration, may lead to 

a magnetically disordered RVB ground state (spin liquid) for

The Heisenberg model on the isotropic triangular lattice (J=J’)

(Anderson 1973, Fazekas and Anderson 1974)

Frustration will increase the impact 

of quantum fluctuations

The fundamental excitations are spinons with S=1/2 

(“fractionalized” compared to the S=1 of conventional magnons)

Triangular lattice:



Isotropic triangular lattice model (J = J’)

Ground state quite classical…..
[Bernu et al., 1994; Singh and Huse, 1992;

Farnell et al., 2001; Capriotti et al., 1999.]

Appears to have magnetic long-range order: 

average direction of neighbouring spins 

differs by a 120° angle (as for classical model)

(Quantum fluctuations reduce ordered moment to 40-50% of  classical value)

However, some unusal properties suggested by:

RVB states [Sindzingre et al., 1994; Yunoki & Sorella, 2006]  give very good

overlap w/exact ground state and very good variational ground state energy 

High-temperature series expansions [Elstner et al., 1993; 1994] down to 

T ~ J/4 show no evidence of “renormalized classical behavior” expected

from a non-linear sigma model description (works well for square lattice…)

In particular, the entropy is substantial (S/kB = 0.3 at T/J = 0.3): 

Suggests unusal excitations in the spectrum



Isotropic triangular lattice: 

Magnon dispersion

Linear spin-wave theory

Series expansions

Spin-wave theory 

with 1/S correction
(Starykh et al., 2006)

High-energy spectra show strong 

downward renormalizations with 

respect to linear spin-wave theory

“Roton” minima at midpoints of BZ edges

(more pronounced in series than in SWT+1/S)

Regions with quite flat spectra, 

especially near the highest energies



Magnon dispersion: BZ projection plot (from series)



Magnon dispersion: Density of states

Further comparison between series expansions and spin-wave theory

Strong downward

renormalizations, bigger

in series than SWT + 1/S.

Due to frustration.

Flat regions in dispersion

lead to peaks in DOS. 

Series: Very sharp peak 

near the maximum energy.



Finite temperatures: The entropy

Calculate the entropy by treating the magnons as noninteracting bosons

with the dispersion obtained from the series calculations

Entropy > 0.3  

at T = 0.3 J; 

consistent with

high-temperature

series expansions

Contribution from

rotons/high-energy

excitations start to

dominate at T ~ 0.1J

which is only ~ 1/5 

of the roton energy!

(analogy with He-4)

⇒ semiclassical NLSM 

approach only valid for 

T  <<  0.1 J



What is the most natural interpretation of the spectra?

Spin-wave theory, i.e. (strongly) interacting magnons

RVB (spin-liquid) theory, i.e., interacting spinons

or

RVB theory: Magnon = “RVB exciton”:

bound state of  two (particle and hole) spinons

An RVB explanation would require an RVB state with:

1. Excellent variational ground state energy 

2. An associated spinon dispersion with minima at specific wavevectors (to 
give a two-spinon particle-hole continuum with minima at the roton wavevectors) 

A recently studied RVB state [Yunoki and Sorella, PRB 74, 014408 (2006] has both!



Cs2CuCl4: layered S = 1/2 antiferromagnet

on an anisotropic triangular lattice

Neutron scattering experiments by Coldea et al. [PRB 68, 134424 (2003)]

Helical magnetic long-range order for T < 0.62 K

Magnon dispersion shows strong deviations from spin-wave theory

Broad and dominant continuum indicative of two-spinon scattering, 

suggests that Cs2CuCl4 is close to having a spin-liquid ground state!

(recent theory: Kohno, Starykh, & Balents, arXiv: 0706.2012)



Cs2CuCl4: layered S = 1/2 antiferromagnet

on an anisotropic triangular lattice

Hamiltonian:

Nearest-neighbour Heisenberg 

antiferromagnet with J/J’=2.92

H = HH +HDM +Hinter

Dzyaloshinskii-Moriya (DM) 

interaction with D/J’=0.16:

Breaks spin rotation symmetry 

by making the lattice plane an 

“easy” plane; 

reduces quantum fluctuations

Inter-layer interaction 

(negligible for our purposes)

Coldea et al.,

PRL 88, 137203

(2002)

∑
R

D · SR × (SR+δ1 + SR+δ2)



q

Ordering angle

D = 0: q ≈ 91.1°

D = 0.16 J’: q ≈ 94.0°

Experiment: q ≈ 95.4°

Including DM interaction

gives better agreement

with experiment

Ground state energy vs. ordering angle 

(radians)



Magnon dispersion

Consequences of 

the DM interaction

Creates an energy gap at 

the ordering wavevector

Significantly enhances

magnon energy along AB

and near point D



Magnon dispersion: Comparison with experiment

and with spin-wave theory with 1/S corrections

Compared to spin-wave 

theory with 1/S corrections 

(SWT + 1/S) [Veillette et al.,

PRB 72, 134429 (2005)], the 

series dispersion is strongly 

enhanced along the strong 

(J) bonds and decreased 

perpendicular to them:

Quantum fluctuations make 

the dispersion look more 

one-dimensional
Energy gap at ordering wavevector not

resolved; would require experiments with 

polarized neutrons

Series

SWT + 1/S

Exp

Good agreement between

series and experiment,

agreement improves by

including DM interaction



Conclusions

Cs2CuCl4:

Good agreement between series and experiments for ordering angle

and magnon dispersion, improves by including DM interaction

Quantum fluctuations make the dispersion look more one-dimensional 

Isotropic triangular lattice model:

High-energy spectra show strong downward renormalizations

with respect to spin-wave theory

Local “roton” minima at the midpoints of Brillouin zone edges

Regions with quite flat spectra, especially near the highest energies

Thermal excitation of rotons/high-energy excitations can explain the 

high entropy found in earlier high-temperature series expansion studies 
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