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Overviewof stella properties
Our Galaxy

Highly attened disk, diameter 100 000light years,
thickness 1000light yearscortaining 10! stars.

Main componerts: thin disk, certral nuclear bulge,
sphericalhalo of globular clusters.

COBE image of our Galactic plane.

Disk: cortains most of the stars and gasand dust. Gas

IS 5-10%o0f the Galactic baryonic mass. Globular

clusters: 100in the Galaxy, eat with 10® 10° stars,
spherical. Open or galactic clusters: seweral hundred,

residein Galactic plane, di use not compact.

Signi cant fraction of stars binary. Clean dynamical

systems,hencevaluable physical probes (later).
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Magnitudes

Historical. Greek astronomerscataloguednaked-eye
stars into 6 brightnesses.19th certury: logarithmic
systemto match old numbers:

m=A 25logls (2:1)

|s Is apparent luminosity (total energyreceivedin a
specic band), A de nes zeropoint of scale.m is
apparent magnitudeie. the energyreceived per unit
areaon the detector. The absolutemagnitudegivesthe
correspnding intrinsic quartity, de ned asthe
apparert magnitude the star would have if it were at

10pc?
M = m 5log,;y,(d=10) (2:8)

(but needto know d - not easy). Absolute luminosity is

L.=1s 4 d?

Let L d betotal energyemitted by star between

and + d . Luminosity is
Z

L.= Ld (2:2)
0

a1pc = 1 parsec (\parallax second”) = 3:09 10®m = 3.26 light years.
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Magnitudes

IF Earth's atmosphereweretransparert, AND is
detector/telescope/instrument were 100%e cien t, total
energyper secin ranged at would be

| =L d=4 d° Neither aretrue, so

L ts
| = R (2:3)
wheret is probability photon with wavelength
readhesEarth, s is systemsensitivity. Then total
energydetectedis
Z 1
| = | d (2:4)

0

(Note the discussionso far hasignoredany e ect of
Doppler shift.)
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ATTENUATION OF EM WAVES BY THE ATMOSPHERE

94 GHz 35 3 GH
22 GH z
1o - o e

I I

Scattering Losses : | [
||
Absorption losses ||
occur below the ||
“scattering loss" line. ¥ :
I
L

Relative Transmission

L

1 I'\..I.JIII III. L L L llllll L | L_L 1 1 1 IIIII 1 1 111111 5
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:Wavelength - Mic rometelrs
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|
IR : Far IR : Extreme IR : MM : Microwave

Absorption dueto H,O+ CO, at 1.4,1.85,2.7 ,CO; at 4.3 , H,O at
6 . Fig from https://fewhdbks.m ugu.navy.mil/absorb.gif

Interesting coincidence(?): visible window
human-eye sensitivity range and bulk of Solar energyis
emitted in a similar range.
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Surface temp erature

If a systemis in thermadynamic equilibrium, a
temperature T can be de ned, uniquely de ning the
spectral shape. Plandk's law (black body):

2h 3 1

B (= "2 exph =x1) 1

(2:5)

Howe\er, in practice, T Is often usedto descrike the
meanKE of a gas.

3 T 1 T
T = 6000K
2 i
=]
a
X~
o
Nu; T = 5000K
[2a] 1+ ol
T = 4000K
0 1 _ b 1
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v/v,,

Fig. 9. Planck curves for three values of the temperature. The normalising frequency
vo is 101551,
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Surface temp erature

Sincemarny stars may not be BB, colour indicesare
often usedto give a crude description of spectral shape.

A colour index is the di erence betweentwo
magnitudesmeasuredin di erent bands(generally
100A wide). Example certral wavelengths:

U;B;V :3650440Q 548A

E ectiv e temp erature and bolometric correction

The e ective temperature T, of a star with radiusrg is
the temperature a BB would have which hasthe same
radius rg and which emits the sametotal energy

Le=4r2 T (2:7)

where Is the Stefan-Boltzmannconstarn.

The bolometric luminosity is the total luminosity
iIntegrated over all . Knowing the spectral shape, one
can directly relate the bolometric magnitude and the
magnitude in someband. The bolometric correction is
then just M; My,
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Surface temp erature

Table 1. The relationship between colour index, BV,
absolute visual magnitude, M, logarithm of effective
temperature and absolute bolometric magnitude, My,
for main sequence stars

B-V My logT, Mgy B-V My logT. Mg,
—03 —-44 448 -76 05 3.8 3.80 3.8
-0.2 -16 427 -35 0.6 4.4 3.7 #3
—0.1 0.1 414 -0.8 0.7 5.2 3.7 54
0.0 0.8 4.03 0.4 0.8 5.8 372 5.6
0.1 1.5 8.9 1.53599 6.2 3.09° 59
0.2 2.0 3.9 1.9 1.0 6.6 3.65 62
0.3 23 38} ¥ A7 1308 R | 6.9 3.62 64
0.4 2.8 3.84 28 4.2 1.3 3.59... 6.6

(The main sequene will be discussedater.)
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$

Stellar distances from parallax

Angle is the parallax angle De nition of parsec: if
= 1% distancebetweenSun and nearby star is 1pc.

All stars have parallaxes< 1% First parallaxes
measuredl838.

Every January, distant stars Every July,
we see this: we see this:

nearby star Q- -....

As Earth ... the position of a
orbits the nearby star appears
to shift against the

SO
': background of

more dstant
stars.

y » Not to scale (

July - January

Stars have proper motions. Largestis Barnard's star,
10:3per year. Generally small for most stars.

Hipparcos survey to measureaccurate parallaxes:
http://www.rssd.esa.int/Hipparcos/
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Stellar masses

Direct way of getting stellar masses:binary dynamics.
Methods dependson type of binary.

Wide binaries in circular, face-on orbits:

Fig. 14. Binary system with circular orbits.

Assumedistanceknown from parallax, sothat rq;r>
known. Orbit certre is certre of mass,soMr; = Moro.
Kepler's 3rd law is

P2 = 4 2(ry+ry)?
~ K2(My+ M)

whereP is the orbital period, and k is the Gaussian
gravitational constant

(2:12)

aGauss expressedG (= k?) in \solar system units" { fdistance, time, massg
are measured in f AU, the mean Earth rotation period wrt to the Sun, M g.
Dimensions of k% and G are both [L3M 1T 2]. k is known to 10 sign gs
using solar system data, G to 5, using measurements of the quantities in
Newton's gravitation law.
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Stellar masses

The two equationson previousslide can be solved for

M, and M.

{ If ry;ro not known, only the ratio M =M is

determined.
{ If M2>> My, 15

O sothat P,

4 2r3=IM,

Eclipsing binaries: Fig. belon shows a light curve for 2
eclipsingstars of di erent mass.

We see light We see light We see light We see light
from both from all of B, from both only from A.
stars A and B. some of A. A and B. (B is hidden)
« @ @ @ @
T
W) e —
ep}
= \./
= B e B
jo)
_E_) —— B —
T
% A i A A
= A
Q
CU . - - 2 P -

time
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Stellar masses
Eclipsing binaries (cont):
Light curve measuremets? give:

{ Rotation period of secondaryabout primary

{ Eclipseduration comparedto eclipseperiod !
Information on stellar radii comparedto the orbital sizes
{ Eclipsedepths! orbital inclination

Spectrosmopic binaries:
Stars not spatially resoled but lines separatedin
spectra due to Doppler e ect.

On one side of its orbit, star B
IS approaching us . . . ... S0 Its spectrum s blueshifted.

T e

< > to Earth

. |

On the other side of its orbit,
star B is receding from us . . . ... S0 its spectrum is redshifted.

Y

AEB applets (and there are many others):
http://instructl.cit.cornell.edu/courses/astro101/ja va/eclipse/eclipse.h tm
http://www.astro.ub c.ca/ scharein/a311/Sim.h tml
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Stellar masses
Spectros®pic binaries (cont):

We seethe componert of the stellar velocity v sini
along the star-Earth line-of-sigh. i is the inclination of
the orbital plane. The period is the samefor ead star,
hencev/ r so

visini _vi _r; My

stini Vo ) - M

(2:14)

The spectral measuremets give the rst term above,
hencethe massratio, but not absolute masses.
Modifying eq(2.12)to include inclination,

4 2(ry+ ry)3sin’i
GP?
All the guartities on the RHS of eq(2.16)are

measurable providing only a lower limit on the sum of
the masseg{M1 + M,) (M1 + M) sin®i

(M1 + My)sin®i = (2:16)

If the spectroscopicbinary is alsoan EB, 1 9, then
4 2(rq+ ry)3sin’]
M,+ M 2:1
(M1 + M) o2 (2:18

and the individual massescan be obtained by solving
eqs(2.14) and (2.18) for either mass,the radii being
derived from the relationsviP = 2 r{, VL,P = 2 1>
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Stellar radii
3 methods:

MeasurelL, T (from colourindex) ! r (eq(2.7)F
Use eclipsingbinaries (as previously described)?

Spatially resole star using interferometry:

D

Fig. 18. Interferometry. Light from a source S falls on a screen containing two slits S,
and S, and a pattern of bright and dark lines is formed on a second screen.

Separationon screenbetweensuccessig intensity
maxima and minima is x = D =d

If sourcenot point-lik e, and/or d too large, pattern may
not be seen.

aNot a reliable method due to uncertainty in stellar distance
bEclipses have also been used in other ways to get angular sizes; lunar

occultation. Quasars were discovered in this way. Complication: diraction of
stellar image by edge of moon
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Stellar radii
A g S
R Brmee
g

Fig. 19. If the source of fig. 18 is extended with diameter AA’, light from different
parts of the source produces out of phase intensity patterns at the second screen as
shown by the solid and dashed lines. If these patterns are sufficiently displaced, the
overall interference pattern disappears.

If angular diameter of sourceat slit is , fringes overlap
whend > A=

A 1 and can be calculatedtheoretically for a given
stellar type (it dependson brightnessdistribution in
source).

In practice, most stars have very small angular
diametersand fringes can thus be seenas expected.
Somedo have large enoughangular diametersso that

the value d at which the fringesdisappear can be found.

$
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Stellar radii - VLTI

Aerial View of Paranal Observing Platform with VLTI Light Paths +}E.E§+

ESO PR Photo 10£/01 (18 March 2001) © European Southern Observatory s

VLTI on Paranal mountain (late 1999). Three 1.8-m
VLTI Auxiliary Telescops(ATs) and light paths are
shown. Also seenare someof the 30 \stations" where
the ATs are positionedfor obsenations and wherethe
light beamsfrom the telescopesener the
Interferometric Tunnel below. The straight structures
are supports for the rails on which the telescogsmove
from one station to another. The Interferometric

Laboratory (partly subterranean)is at the certre of the
platform.
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Stellar radii - VLTI

\By the end of 2006, Paranal will be hometo four
operational ATs that may be placed at 30 di er ent
positions and thus be combineal in a very large numkber
of ways(\baselines"). This will enablethe VLTI to
operate with enormous exibility and, in particular, to
obtain extremely detailed (sharp) imagesof celestial
objects - ultimately with a resolutionthat correspndsto
detecting an astronaut on the Moon."

http://www.eso.org/outreac h/press-rel/pr-2005/pr-06-05.h tml
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Stellar radii - VLTI simulations

Interferometric Fringes from Star with Different Angular Diameters
(Simulation) *'g.
ESQ PR Photo 10¢/01 (18 March 2001 ) © European Southern Observatory B3

+

Imagesof two stars of di erent angular size(LEFT),

with a singletelesco@ (MIDDLE) and with an
Interferometerlike the VLTI (RIGHT). Onetelescope
can't easily distinguish sizebut interferencepatterns

di er signi cantly. Shape of pattern providesa measure
of the star's angular diameter.

$
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Stellar radii - VLTI simulations

Interferometric Fringes at Different Telescope Baselines ,
(Simulation) oES*
ESO PR Photo 10e/01 (18 March 2001 @ European Southern Observatory BES

Interferometric obsenations of a single star are shawvn,
asthe distancebetweenthe two telescopesis gradually
iIncreased.The obsened pattern at the focal plane
clearly changes,and the fringes disappear completely
Fringe positions, and telescoe separation, give stellar
size.
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Hertzsprung-Russell

(HR) diagram for nearby
stars

Plot of absolute magnitude vs colour index eg. My Vs

B V. Main goal of stellar ewlution theory is to
understandthis diagram.
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4 main bands: the main sequene ( 90%ofstars), white
dwarfs giants, sugergiants. Giventhat we expect stars
to ewlve, do the correlationsin the HR diagram
represem evolutionary tracks?

%

$



PHYS3160. Astroph ysics { The Stars John Webb, UNSW

Mass-luminosit y relation for the main sequence

4.0 T T T I I
2.0+ =1
)
3
= 00 - —
)
L
20F -
| | | 1 1
-1.0 -0.5 0.0 0.5 1.0

logIU(MS/Mo)

Fig. 23. The mass-luminosity relation for main-sequence stars.

To a reasonableapproximation, for main sequence
stars, averagedover the range plotted:

L/ M*?

White dwarfs don't obey this.

$
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HR diagram for distant stars

We don't know distancefor most stars so can't easily
plot HR diagram using absolutemagnitudes. Howewver
we can pick globular clusters,with 10° 1 stars.

GCs are compactand in bound structures. Angular size
small - hencecluster diameter is small comparedto
distancefrom us.

Henceto good approximation, all starsin the cluster
are at the samedistancefrom us and su er the same
interstellar extinction.

Also assumeall starsin the cluster have sameageand
chemical composition, so only distinguishing feature
from star to star is mass.

Complication: how do we know which stars are in the
cluster and which are foregroundor outside the cluster?

$
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HR diagram - main sequence tting

(b)

B-V

Fig. 24. Comparison of HR diagrams of two star clusters. Plotted in terms of apparent
magnitude V, the main sequences of the two clusters fall in different positions. If it is
assumed that they have the same absolute magnitude, the diagram of cluster (b) can be
displaced vertically to (b’) where its main sequence coincides with that of cluster (a).
This main sequence can then be assumed to have the same absolute magnitude as the
main sequence in fig. 22.

$
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HR diagram for globular clusters

=
Long period
variables

RR Lyrae variables

04— i 1
Horizontal
branch

Giant
branch

Turn-off
point

Main
sequence

| 1 1 1
0.0 0.4 0.8 1:2
B-V

Fig. 25. The HR diagram of a globular cluster.

Main characteristics:
(1) Thereis a main sequenceurn-o
(2) Giant branch joins main sequencet turn-o

(3) Horizontal branch from nearthe top of giant branch
to the main sequenceabove the turn o

(4) Extension of horizortal branch formed by RR Lyrae

$
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$

HR diagram for Galactic clusters

=8 T T T T | g 5
i Hertzsprung )
gap
sl R .
s OF e
=
4} B
8 1 1 1 1 1 1 1
-0.4 0.4 1.2 2.0

B~V
Fig. 26. HR diagrams of several galactic clusters.

Main characteristics:

(1) Main sequencdurn-o varies(lowest point coincides
with that for globular clusters)

(2) Gap betweenmain sequencend giant branch,
Hertzsprunggap
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clusters stars)
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Fig. 28. A composite HR diagram including, A: long period (Mira) variables, B:

cepheid variables, C: RR Lyrae variables, D: Wolf-Rayet stars, E: nuclei of planetary
nebulae and old novae, F: subdwarfs and G: T Tauri stars.

ALL stars- more featuresappearin the HR diagram

Schematic comp osite HR diagram (nearby +
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Schematic comp osite HR diagram (nearby +
clusters stars)

White dwarfs: Sirius' companion.M  1.5M

L << L . Colour similar to Sun, soif WDs follow a
similar colour index { T, relationship (Table 1), they
must be incredibly small (seeeq2.7). All obsenations
suggesta matchbox of WD weighs1 ton!

Variable stars:

(a)

oMy,

(b)

32

My

Time —

Sematic of somedi erent typesof light curves:
symmetric; rapid rise, slowver decline; multiple bumps.
hours< P <100sof days. Di erent types: RR Lyrae,
Cephie,Mira Ceti (named after rst star of ead type
discovered). Note: they are tightly con ned in the HR
diagram! specic physical conditions are required to
produce variables.

$
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Why are variable stars imp ortan t/in teresting?

Answer: they are \standard candles"; Tight
relationshipsbetweenthe period and absolute
magnitudesexist, sothey are crucial in distance
estimation beyond our Galaxy:.

Cepheids:

RR Lyrae: commonin GCs. lower L than Cepheids.
shorter P than Cepheids.All have similar L.
Physical processfor variabillity samefor Cepehids
and RR Lyrae.

T Tauri: irregular variable. evidenceof out o w.
young forming stars. (Narrow H, lines - good for
probing fundamenal physics??)

$
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Characteristics and range of stellar prop erties

Table 2. Main features in the spectrum of different spectral types.

Ionised helium and metals, weak hydrogen

Neutral helium, ionised metals, hydrogen stronger

Balmer lines of hydrogen dominate, singly ionised metals

Hydrogen weaker, neutral and singly ionised metals

Singly ionised calcium most prominent, hydrogen weaker, neutral metals
Neutral metals, molecular bands appearing

Titanium oxide dominant, neutral metals

N: CN, CH, neutral metals.

Zirconium oxide, neutral metals.

PREIRQIREO

Rangeobsened for all stars excluding supernovae and
neutron stars:

Mo =1.99 x 10¥kg, |
Lo=3.86x 10°W, |

re=6.96 % 10° m,
T.o = 5780K. )

10" !Mg < M, < 50M, |
10~*Loy < L, < 10°Lo, |
107%rs <1, < 1010,

2x10°K < T, < 10°K. |

which doesn't meanto say that starswon't be found
outside thoseranges(especially belowv the lower limits,
where detection is harder).

$
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The equations of stellar structure
Preliminary considerations:

Gaal of theory: given mass,chemical composition,
calculate obsened properties{ radius, surface
temperature.

Approach: it turns out we needto solvwe equations
which model the whole internal structure. Thus the
theory predicts internal physical details, (which cannot
be seen,photons cannot esca), not just the
obsenables. Neutrinos, howewer, can escaje.

Forces and enelgy: Needto balancegravity and
pressure.Stars radiate lots of energy{ obviously
require an energysourceand a medanism for
transporting energyto the surface.

Timesales:

tq . timescalefor \signi cant" changesin the gravity
pressurebalance,hencecortraction or expansion;

th = total avail able ther mal energy
th rate of loss of energy

t = total avail able nuclear energy
n rate of loss of energy

For most stars at most stagesof their ewlution

1:d 1:th tn
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The equations of stellar structure

Approximations (justi e d later):

(1) Ignore rate of changeof basic properties

(2) Starsare spheres

Balancebetweengravity and pressure:

Fig. 31. A small element of mass inside a star.

Areasof ABCD, A'B'C'D' areequaland= S
Volumeofelemen = Sr
Massof elemen = , Sr

Forcesacting on elemen are: gravity due to rest of
star, and pressureon the 6 faces.

%
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Gravit y: Forceacting (radially inwards) on elemen is?

GM, , S
r2

Pressure: All pressurescancelapart from on ABCD,
A'B'C'D'. Forceon ABCD is P, S radially outwards.
Forceon A'B'C'D' is P, , S radially inwards.

The equations of stellar structure:

Equilibrium condition:

GM, , S

Pt S P S+ (2 =0 (32)

and for an in nitessimal elemen

r Codr (3:3)
(3.2) and (3.3) ! eguation of hydrostatic support:
dP GM
drr - r2r r (3:4)

We now related M ; ; r, dropping the su x. The mass
of a sphericalshellwithin r! r+ ris

4 1% r=M;, M, = (dM=dr) r

4The gravitational force depends only on the masscontained within r. The
rest of the star can be neglected.

$
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l.e. M
—— =4 r? ;
ar r (3:5)
or 7 :
M, = 4 r% .odr® (3:6)
0

Equations (3.4) and (3.6) are two of the equationsof
stellar structure. We shall also needthe equation of
staterelating P; ; T, but rst look at the assumptions
madesofar.

The assumptionof hydrostatic equilibrium:

Eq(3.4) assumesexact equilibrium - no expansionor
cortraction. More generally the net forceon an
elemen equalsmass acceleration.De ning a asthe
inward radial acceleration,and addingaterm S r a
on the rhs of (3.2), we have

r GI\/Ir r
% + 2 a (3:7)

(where the partial resultsfrom P beinga function of
both r and t).

Now estimatethe e ect of a pressure-graity imbalance:
Supposethe sum of the 2 terms on the rhs of (3.7) is a
fraction of the gravitational term, sothe inward
radial accelerationis a fraction of the acceleration

g GM=r?

$
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If the elemen starts acceleratingfrom rest, its inward
displacemen is
s= gt’=

Re-arrangingthis and taking an illustrativ e changein

the radial position of s=10, the time it would take is
= @)
= 5, :
The radius of the Sunisr = 7 10m, g= 250ms ?,
which givest 1006= *? seconds.Geologicalevidence
shows the Sun hasremained constart for 10° years

= 3 10" secondswhich means 10 27,

Taking = 1 asanotherillustration, r would change
signi cantly in 1 hour - although not true for the Sun, it
can be for novae, supernovae, and somevariable stars.

Returning to the ty, can now use(3.9) to de ne ty4 as
the time taken for completecollapse,i.e. using = 1,

tg = (2r3=GM)** (3:11)

$

%



PHYS3160. Astroph ysics { The Stars John Webb, UNSW

The spheri@al symmetry assumption:

Somestars rotate very rapidly. Not dealt with.
Considerelemen massm at the equator:

NP

Fig. 33. A star flattened by rotation.

The outwards forceis m! ?R. The star will remain

round provided m! °R << GM m=R?. This is almost

the sameas(3.11). Deviation from a spherewill only

happen if rotation period tg4. Solarrotation period
1 month, and! 2:6 10 ° which gives

1 2r3=GM 10 *®, suggestingSun is round.

Sun rotates di erentially. Could get attening if inner
regionrotated much faster than outer. Have been
claims for oblate Sun, esp. in the cortext of GR { orbit
of Mercury could have beensigni cantly altered by an
oblate Sun, sud that GR perihelior? precessiorbecame
iIncorrect. No longer acceptedand no obsenations have
revealedan oblate Sun.

4the point in a planet's orbit where it is closestto the Sun

$
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Minim um value for central pressure:
Dividing (3.4) by (3.5) gives

daP _ GM

dM 4 r4
Integrating from certre (c) to surface(s)

ZMs dP £ Ms GM
—dM =P, P,=
o dM © % o 4r4

At any radius within the star 1=r* > 1=r?, so

ZMs GM ZMs GM GM 2
dM > dM = >
o 4r4 o 4rd 8 r

Egs (3.14) and (3.15) give

dM

P.> Ps+ GM¢=8 rg > GM,=8 r¢

Mg and rg are known accurately giving
P. > 45 10" Nm 2

or

P. > 45 1C° atmospheres.

(3:14)

(3:15)

(3:16)

$
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$

The virial theorem:
Egs (3.4) and (3.5) give
4 r3dP= 4 rGMdr = (GM=r)dM

Integrating this
Z p, Z .
3 VdP = (GM =r)dM
PC O

Integrating the LHS by parts gives

Z VS Z MS

3PV]: 3 PdV = (GM =r)dM
0 0

RHS above is the -ve gravitational energyof the star
(i.e. energyrequiredto bring all matter dispersedto
In nit y together to form the star) and is given the

symbol . Also V.= 0. AlsodM = dV . So
Z

4 r3Ps=3 (P=)dM +

If star werein a vacuum,Pg = 0. In practice LHS is
very small and can be neglected,giving, nally, the

Virial Theorem:
VA

3 (P=)dM+ =0 (3:24)
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Physical conditions inside a star:

Gasis hot soalmost all atoms are ionised, a plasm&

Nuclearsizesare 10 m cf atomic sizes
10 m, sodensitiesin a plasmacan be much
greater.

Radiation and matter in thermadynamic equilibrium.

aPlasma: a 4th state of matter { most of the baryons in the univ erse!

$
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$

Thermo dynamic equilibrium:

Systemhashad su cien t time to read \steady
state" ! physical propertiesdo not vary with x or t.

When radiation is in thermodynamic equilibrium
with matter?, spectrum of emitted photonsis given
by Planck's law (eq 2.5).

Photons (lik e gasparticles) causepressure.
Radiation pressuré is unimportant in most stars.

|ldeal gaslaw, pressureis:

M M
PgasV = ERT = ENAKT (3:26)

M is massof gaswith molecularweight m,
occupying volumeV, N, is Avogadro'snumber, R
IS the gasconstarn, k is Boltzmann's constarn

= R=N,.

If n is the number of particles per unit volume,

n = M Nax=mV, this equation can alsobe written

I:)gas = nkT (3:25)

aAs in the very early universe, CMB is black-body.
bBut radiation pressure may be important in the vicinit y of some highly
energetic astrophysical objects like AGN.
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Thermo dynamic equilibrium:

Assumingrelativistic and quarntum e ects are
unimportant (often valid), any particle obeysa
Maxwellian velocity distribution

m 32exp( m(u?+ v?+ w?)
2 kT 2kT
n= particle density, m=particle mass,
u; v; w=v elocity components. Sof u v w isthe
number density of particles in the velocity range
(uyv;w) ! (u+ uv+ v,w+ w)

f(u;v;w) =n

Boltzmann distribution describesthe ratio of the
number of atoms of the samespeciesin 2 energy

states:
n. _ exp( E.=KT)
ns exp( Es=KT)
wheren,; ng are the number densitiesof atomsin
stateskE,; Es. Interesting cosmologicaluse of this

relation?.

acCl, Sill, Cl1, all have ground and excited statessuchthat E Tcupe (1+
z). Since E, knowns, n;; ns measurable, can estimate T¢cy g at high redshift!
No other means of doing this.

$
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Thermo dynamic equilibrium:

For someparticular elemen, the number of atoms
In 2 adjacert energystatesis related to the electron

density n. by the Sahaequation:
!

Ni+1Ne _ 2 mKT 2Bi.q

N; h2 Bi
| is the energyneededto remove one electron from
the atom in the ith ionization state (i.e. to put in in
the next level up), Bi; Bi+1 are the partition
functions and depend on the energylevelsand on T.
So, by measuringl , knowing B's, measuringthe n's,
onecan in principle get T if ne is known (but it's
complicated becausethe free electronscan come
from all elemens in the gas).

3=2

exp( 1;=kT)

Thermodynamic equilibrium holds deepinside stars.
Nearerthe surface,radiation ow is outwards - not so
for particles - and radiation is no longer Planckian. In
this case,it may be that all of the equilibrium relations
on this pageand the previoushold, but the temperature
in this caseis the kinetic temperature and the systemis
In local thermadynamic equilibrium. In thesemore
generalsituations, one can solwe a set of Sahaequations
for all species,coupling ne with all the variousn's.

$
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Mean temp erature of a star:
Start with the Viri%l Theorem

3 (P=)dM+ =0 (3:24)

Considerthe secondterm above: the gravitational
potential energy(energyrequiredto bring all matter
from in nit y togetherto build the star) is

£ Ms GM dM
0 r
wherethe integral is done stepping out from the certre
In r and henceM, ie. within the integral, 1=rs < 1=r, ie.
Ms GMdM _ GM2
0 s - 2l

< (3:28)

Now considerthe rst term in the Virial Theorem,

(assumesegligible radiation pressureand an ideal gas):
ZMs P M KT kK
3 —dM = 3 —dM = —MT (3:29)
0 o m m

where = nm and m is an averageparticle mass.
Susbtituting (3.28) and (3.29) bad into (3.24),

3k GM 2
—MT > S
m ° 2r ¢
sothat GM
T > MWs (3:31)

BKr <

$
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Mean temp erature and density of the Sun. The
Sun is a plasma and an ideal gas:

For the Sun, (3.31) is
T >4 10°(m=my) K

For H, the most abundart elemen,
m = my, + M = My =2, sofor gaseswith heavier
particles aswell asH, m > my =2, therefore,

T >2 1P K

comparedwith the e ectiv e surfacetemperature
Te 6000K .

We can also seethat the meansolar density is only
slightly larger than that of water:

_ _ SM . 3
=7 14 10° kgm

At temperaturesmuch lessthan T 10° ordinary
liquids turn to gasesand the averageparticle KE is
much greaterthan the energyneededto disscaiate
neutral atoms, sothe gasis clearly a plasma. At this
density, the distance betweenionized particles is much
greaterthan the particle sizessothe gasis closeto
ideal.

$
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Showing radiation pressure is negligible for the
Sun;

Prag _ zal?

Pgas  NKT
(expressionfor radiation pressuregiven, not derived).
UsingT 2 1CCandn 2=my 2 10¢

I:)r ad

Pgas

=10 4

suggestingthat for our Sun, radiation pressureis
negligible.

NB: Bear in mind the assumptions above - some stars with gas
densities much greater than our Sun do not obey the ideal gaslaw and

some stars do not have negligible radiation pressure

$
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The source of stellar energy:

The Sunradiatesat 4 10?° J/s. If mass energy
corversionis the sourceof this energy E = mc?
implies a masslossof 4 10° kg/s.

Continuous presenceof life on Earth suggestd.

hasbeenmore or lessconstan for the last 10° years.

During that time, mass-energyorversion! Sun
haslost2 10 “M

What is the sourceof the Sun'senergy? Thermal?
(How long would the thermal energylast?)
Conversionof gravitational PE?

Let's explorethermal energyasa candidate:

$

%



PHYS3160. Astroph ysics { The Stars John Webb, UNSW

$

Solar energy { is it thermal or gravitational?

Here we derive the averagetranslational KE of a
moleculefor one dimensiort.

Start with the Boltzmann distribution
f(E) = Ae BT

Sincewe are dealingwith KE, this is
f(V) — Ae mv 2=2kT

wherev hereis a one-dimensionaimotion.

Now normalisethis distribution to unitRarea(we must
nd the particle at somevelocity) i.e. ;' f(v)dv=1

and usethe de nite integaal form ' e Xdx=" "
and the substitution x = 5 =v. We then get the
normalisation A, sothat
r
m my 2
f(v) = @ 2kT
(v) 2 kT

4RJT's textb ook doesn't cover these derivations. They can be found in
many other texts, and online, for example here: http://h yperphysics.phy-
astr.gsu.edu/h base/kinetic/eqpar.h tml
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Solar energy { is it thermal or gravitational?

We then usethis probability distribution to get the

meansquarevelocity:
Z,q
hv2i = f (vV)vedv
1
which is in the form of a standard integral
Z +1 2— —
XZe X“=aqy = _a3—2
1 2
wherex = v, a= 2kT=m. Using this gives

1 KT
“mhvdi =
7 2

The formula above is for one degreeof freedom only, so for 3

dimensions, it would become
DEmv2E = SkT
2 2
relating the averagetranslational KE to what is the sometimes called
the thermal energy per particle. The \temp erature" derived in this way
is called the kinetic temperature. Note that the derivation fails to take

into accourt any vibrational or rotational motions.

$
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Solar energy { is it thermal or gravitational?

So, the total KE per unit volume, for an ideal gas,is
given by the product of the onedimensionalKE per
particle (i.e. the thermal energyper particle per degree
of freedom= kT=2), the number of degreesf freedom,
n¢ , and the number of particles per unit volumen, i.e.
the thermal energyper unit volumeis

nn: KT
2

The relationship betweenn; and speci ¢ heatis

= (nf + 2)=ny where is the ratio of the specic
heatsat constarnt pressureand constarnt volume (seelst
year physicslecture notes) i.e.

nf:—l

The ideal gaslaw (3.25), re-arranged,is
kT P
2 2n
sothe thermal energyper unit volumeis
P

1
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Solar energy { is it thermal or gravitational?

and the thermal energyper unit massis then

J = P
( 1)
The Virial 2 theoremis
Z
3 (P=)dM+ =0 (3:24)

Substituting for P= and integrating, and introducing
U the total thermal energyof the star (= M u),

3( 1)U+ =0
An ionisedgasis monatomic,and = 5=3s0
2U+ =0 (3:42)

Having shown that the total thermal energyis only
twice the total (negative) gravitational potential energy
consideronly the latter:

avir'i*tal, n. [L. vis, viris, force.] (Physics) A certain function relating to
a system of forces and their points of application, { rst used by Clausius in
the investigation of problems in molecular physics. (Source: dictionary .com)
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Solar energy - it's neither thermal nor
gravitational:

The time takento releaseall the gravitational PE at a
constan rate is

(total avail able gravitational PE)
(rate of lossof energy)

At a constart rateisL , this is

GM 2

3 10
L years

Thisis 100 too short comparedto geological
constrairnts sowe have ruled out both thermal and
gravitational energylossesasthe sourceof solar energy

The fact that weneed 10 M in 1 yearsrules
out chemical reactions{ thesewould supply only
10 1°M

$
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Solar energy - it's nuclear:

This e ciency canonly be obtained from nuclear

reactions, either through ssion of heary nucleii (can

supply 5 10 *M )

J neutran
fission
@ product
neutron ) —+ $ =~ J neutron
target fission
nucleus pmdu::t

J neutron

or by fusion reactions(can supply up to 1% of the
rest-massenergy)

2 *H

8 &
Y

° “He + 3.5 MeV
n+ 14.1 MeV

noting that light elemens are more abundart.

$
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The pre-main sequence Sun and neutron stars:

When the Sunwas not hot enoughto support
nuclear reactions, gravitational energyreleasemust
have beenimportant.

When neutron stars (later) form, the gravitational
energyreleaseds a signi cant fraction of the
rest-massenergy

- Gr avitational energy GM 2=r
The fraction =5 ="~ Snergy v becomes

signi cant whenr ! €3 Neutron stars can shrink
below this.

Black holes,critical radius (Schwarzsaild radius) is
2GM =¢.

$
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Implications of 2Uu+ = O:

Assumingonly thermal and gravitational energy
sourcesthe total energyof a star is

E=U+ = U= =2 (3:46)

A decreasan E resultsin a decreasan and an
Increasein U ! if the star cortracts, it heatsup.

Soit appearshard for the star to loseenergy If it tries
to loseenergy it cortracts, which heatsit up again,
which tendsto stop it cortracting...

This relationship was derived for = 5=3 but remains
valid for > 4=3.

Conclusion: assuming an ideal gas, a main
sequence star (including our Sun) cannot supply
its energy loss through cooling.

$
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Energy release and energy transp ort:

Let the rate of energyreleaseat radiusr be "(r) W/kg.
Let energy o w acrossa sphericalsurfaceof radius r be
L, W.

L(r+ or)

Fig. 34.  Energy release in a spherical shell. L(r + 6r) exceeds L(r) by the energy
released in the shell.

Then L,.,, L, =4r%r" or

?Tt =4 re" (3:47)
The above doesn't allow for the energyreleasedo
modify the shellin any way i.e. we are assumingthe
star is in thermal equilibrium. The assumptionis good
provided the timescalefor nuclear burning is long
comparedto the thermal time (which is not always

true).

$
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Energy transp ort by conduction and radiation:

Eq.(3.47) introduces2 more unknowns, L, ", soclearly
more equationsare needed!

How is energytransported out? Conduction,
convection, radiation.

Conduction and radiation both involve particle
collisionsand excdhangeof energy Conduction: energy
carried by electrons. Radiation: energycarried by
photons.

For most stars, Pgas P adiation -

3
Pgas - nkT1 u gas - énkT
1
Prad = _aT4; Urad = aT*

3
u Is the energyper unit volume. Gasis assumed
monatomic.

Electron thermal energy  photon energy so one may
expect thermal conductionto dominate.

Howeer, the mean free path (distancetravelled between
collisions) is greater for photons, sothey carry energy
further. This o sets the larger energycarried by the
electrons. Radiation dominatesenergytransport (not
true in nal stagesof stellar ewolution).

$
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Mean free path and timesales:

Although photon meanfree path is longerthan for
electroncollisions,it is still very small{ light travel time
from certre to surfaceis 2 secondsand yet timescale
for releaseof all thermal energyis 10’ years.

Soif all nuclearreactionshas switched o In the Sun
10 million yearsago, we would only notice today!

A temperature gradiert implies energytransport, and
for conduction and radiation,

dT

Feond = conda (3:501)
dT

Frad = rada (3:500)

IS the coe cient of thermal conductivity. Minus sign
becausenegative temperature gradiert ! positive heat
ow. F is energy/m?/sec,soL = 4 r?F. Note spherical
symmetry assumed.

Thermal conductivity is related® to opacity,

_ 4acT?
-3

4The derivation of this relationship is long and is not shown here. Deriva-
tions can be found in App endix 2 of the course textb ook, \The Stars: their
structure and evolution”, R.J. Tayler, and in \Structure and evolution of the
stars", chapter 2, M. Schwarschild, and in numerous other texts

$
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The opacity is the absorption coe cient per unit mass,
sothat X Is the probability that a photon is
absorled whenit travelsa distance x.

Relating thermal conductivity to opacity yields

. 4acT dT
rad — 3 cad dl’
- 4acT® dT
cond ~ 3 cond dr

wherea is the Stefan-Boltzmannconstari.

Now sumthesetwo ux expressiongo give the total
output (in terms of the obsenable, i.e. luminosity), i.e.

16 acréT3dT

L = 4 r*(Feond + Fraq) = 3:54
( cond rad) 3 dr ( )
where
1 1 1
— = +
cond rad

Eq.3.54 provides another fundamertal equilibrium
condition. It expressegshe total radiative output of the
star in terms of the temperature gradiert and the

opacity.
To evaluate eq.3.54,we clearly needto be ableto
calculate .

$
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Energy transp ort by convection:

Conduction and radiation: temperature gradiert always
I energy ow (for any material).

Convection: only occurswhendT=dr > (dT=dr) (for
gasesand liquids only).

ﬂcw

T gt

A small elemen at a happensto move upwards, to b.
Elemernt is then hotter than surroundingsand expands.
Sinceit's lighter, it will tend to cortinue moving up,
and soon.

Counteracting, elemen tends to conduct heat to its
surroundings,soit cools, cortracts, and buoyancy is
lost. Friction alsoslows its rising.

If T small, conductionswins! no cornvection.

If T large, buoyancywins! cornvection.
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Convection in the Earth's atmosphere 2.

South Paci ¢ Oceanimage 7 Aug 2002.

ahttp://visibleearth.nasa.go v/view _rec.php?id=4015
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Convection in the Earth's atmosphere:

South Paci ¢ Oceanimage 7 Aug 2002."Open- and
closed-cellcumulus cloud patterns".

Open- and closed-cellcumulus cloud patterns. These
cells, or parcelsof air, often occur in roughly hexagonal
arrays in a layer of uid that beginsto \b oil," or
convect, due to heating at the baseor cooling at the top
of the layer.

In \closed" cellswarm air is rising in the certre, and
sinking around the edges,so cloudsappearin cell
certres, but evaporate around cell edges.This produces
cloud formations like thosethat dominate the bottom
left and right. The reverse o w can alsooccur: air can
sink in the certre of the cell and rise at the edge. This
processis called\op en cell" convection, and clouds
form at cell edgesaround open certres, creating a lacy,
hollow-looking pattern like the cloudsin the upper left.

Closedand open cell cornvection represen two stable
atmosphericcon gurations. What determineswhich
path the \b oiling" atmospherewill take? The processis
highly chaotic, and there appearsto be no way to
predict whether cornvection will causeopen or closed
cells. The atmospheremay sometimesip betweenone
mode and another in no predictable pattern.

$
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Convection in the Sun?:

The closestview of a sunspot taken by the Swedish
Solar Telescoe on La Palma in the Canary Islands.

W AT
A

ahttp://www.nasa.go v/vision/univ erse/solarsystem/stereol.h tml
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llustration of Convection In Sun-lik e Star @:

PHOTOSPHERE

a0
{z:g :;Mﬁﬁﬁ@g dt;;g )

ZONE

RADIATION /% |
{— =)

SUNSPOTS

ahttp://c handra.harv ard.edu/photo/2005/neon/more.h

tml
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Simulation of Convection in the Sun?:

The picture shaws the temperature uctuations in a
layer of unstable, turbulent gas(upper half) convecting
onto a layer of stable gas(lower half). Thermal plumes
Inpinging onto the lower layer generategravity waves,
which causethe gasto mix alsoin the lower,
convectively stable region. This processof corvective
penetration plays a fundamertal role for the structure
and ewlution of stellar interiors.

ahttp://www.solarviews.com/cap/misc/con  vectl.htm

$
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Rayleigh number:

Theoretical \condition" for corvection: the Rayleigh
numker, R, is the ratio of the buoyancy forceto the
viscousforce and is derived by using condition that the
transport time acrossa bubble the di usion time for
bubble to readt the surface:

2d  (d=2)?

v
whered = depth of layer of liquid, v = bubble velocity,

= coe cient of thermal conductivity. This leadsto

the de nition

4
r=9 d

whereg = accelerationdue to gravity, = coe cient of
thermal expansion, = jdT=d3z.

\B enard con guration" (relevant for the Sun): two
parallel horizorntal boundariesseparatedby a distance
d, constart temperature gradiert. Convection will occur
whenR > 1700. If R < 1700,conduction dominates.

The Rayleigh number is widely important (eg.
geoplysics- Earths martle beharesasa uid over long
time scales).

$
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Condition for convection to occur:
If rising elemenn movesadiabatically (doesn't loseheat
asit rises)PV = constart, or

P

— = constarnt (3:60)
Let elemen start with pressureP, density and nish
with P P, after rising a distance z.
The surrounding gasat the top will have pressure
P + (dP=d2 z anddensity + (d=dz) z.
dP=dzis -ve (gravity acts downwards)
Eq.(3.60) then gives

P P P

= — (3:61)

( )

$
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Condition for convection to occur:;

For small z; P; , Binomial expasionof
( ) 1( 1) s0(3.61) gives

P = P (3:62)

Timescalefor elemen pressureto react to changed
pressureof surroundingsasit risesis short comparedto
timescalefor rise to occur (it doesso at the speedof
sound), so

dP
P = 4 Z (3:63)
Egs. 3.62,3.63qgive
| |
! 4P’ |
= 5 4 Z (3:64)

To cortinue to rise, the bubble density hasto remain
lessthan its surroundings,

( )<+ - Z (3:65)

Using 3.65and 3.64 and using the fact that dp=dzis
-ve, this becomes

T < = (3:66)

$
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Condition for convection to occur:;

For an ideal gas, mean particle massm, with negligible
radiation pressure,P = k T=m. Provided m doesn't
vary with position

logP = log + logT + constart

which di erentiates to give

dP d dT

— = — 4+ — 3.67

P T (3:67)
Egs 3.66and 3.67then give the condition for convection

PdT 1

— > = ;

TdP (3:68)

or, using moduls signsto allow for dP=dz dT=dz being
-ve, ,
ar 1 TP

dz P dz

Note we have usedplane geometry not spherical
symmetry, but elemen sizeis tiny comparedto radius
of curvature.

The previous pagesshonv when cornvection occurs, but
do not quartify how much energyis transported. No
gad theory currently exists.

$
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The equations of stellar structure:

We now have theseequationsdescribingstellar
structure:

dd—l\:l =4 r? (3:5)

?Tt =4 r2" (3:47)

Ccli—-: - 163a|::r2T3 (3:54)

We needexpressiondor P; ; " to compute. In general,

assumingthermodynamic equilibrium, they will depend
on density, temperature, chemical composition, all of
which dependon r, giving us sevenequationsin sewen
unknowns (P; ; T;M;L; ; ") to solve (heeda
computer!).

Also needto imposeboundary conditions. The equation
dy=dx = f (x; y) hasa solution with an arbitrary
constant (determining the gradiert on a hill doesn't tell
you the height of the hill above sea-leel).
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The equations of stellar structure:

We have 4 di erential equations! 4 boundary
conditions.

Central boundary condition: M = O;L = Oatr = 0.

Surfaceboundary conditions more subtle; no sharp edge
to star. Newertheless, (surface) 10 4 kg/m?3,
whereas< > 10° kg/m3. Similarly for T, sothere
IS somejusti cation for taking:

Surfaceboundary condition: =0, T =0atr = rg

(Thesedo not work under all circumstancesand we
sacri ce predictive ability closeto the surface).

Using massrather than radius as the independent
variable:

We wish to fully descrike typical stellar characteristics
as a function of only massand chemical composition.
Hencetheseare input variables. We thereforere-express
the equationsof stellar structure and the boundary
conditions accordingly:

$
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dP,  GM
dM 4 r4
da 1
dM 4 r2
L _
dM
dT 3L

dM 64 2acr4T?
and the boundary conditions become

r=0 L=0 at M=0
=0 T=0 at M= Mg

Vogt-Russel theorem: \Giv en M and chemical

(3:75)

(3:76)

(3:77)

(3:78)

(3:79)
(3:80)

composition, egs. 3:75 3:80 uniguely determinethe
stellar structure." No rigorous proof. Generally ok.

Fails only in rare circumstances.
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Stellar evolution and time deriv ativ es:

Note that 3:75 3:80 are equilibrium eguations. No
time degendene - stellar evolution thus not descriked.
But stars do evolve. Masslossover lifetime small,

< 1% and can ke ignored, but stellar properties are very
sensitiveto chemi@l comyposition evolution.

Conditions for omitting time dependence:(i) ewlution
IS slov comparedto the dynamical timescale
(implosion, eq. 3.11)and (ii) nucleartime-scale
thermal timescale. Assumption (ii) often invalid. How
do we include time dependence?

Assume(to be discussedater) no bulk internal
motions, so chemical composition changesoccur very
locally. Then for any small masselemern

g(composition) = f( ; T, composition) (3:81)

(soevenif star is initially chemically homogeneous,
ewlution resultsin subsequeh speciessegregation
onion structure).

$
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Stellar evolution and time deriv ativ es:

http://www.le.ac.uk/ph/faulk

es/web/stars/o _st_structure.h tml

$
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Stellar evolution and time deriv ativ es:

We already shoved the energyrelease(eqs3.47or 3.77)
results from nuclear reactions. Hence,chemical
composition changeswith time, and, sincereaction rate
will depend on density, with mass(i.e. with radial
distance). The changein chemical composition needsto
be included whenwe solwe eqgs. 3:75 3:78.
Sematically,

@

(Composition) ., ., = (Composition), , ~+ @(Composition),\,I t
This givesthe composition at any r;t
Now in egs.3:75 3:78,

P = P(; T, composition)

= (; T, composition)
"= "(; T;composition)
sSowe needto incorporate the time dependenceof the
composition when solvingegs. 3:75 3:78.
Doing things this way is simple (massand time
dependenceare separated)and one can then compute
the stellar characteristicsat any time throughout its

life.

BUT in deriving eqs. 3:75 3:78 we ignored other time
dependenciesand under somecircumstancesthey can
be important. The equationsthen have to be modi ed
to contain partial derivativesof both M andt.
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In uence of convection:

The previousdiscussionassumeshemical composition
changesare local, i.e. there is no convection, but in
most stars, a region exists where corvection dominates
energytransport.

We previously shoved

Pd 1
—4p < = (3:66)

Instead of the LHS of 3.66, we can calculate
Pd=dM
dP =dM

and verify that the samecondition is always satis ed
anywherein the star. If not, corvection is important
and egs.3:75 3:78 will needfurther modi cation.

The modi cation to the structure equationsis in eq.
3.78,which would become

dT —_ 3 (I—rad+ I—conv)

dm 64 2acr4T3 (3:83)

Howewer, we do not have a theory to compute L cony
reliably.
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In uence of convection:
We cannot write

L conv = Leonv(; T; cOmposition)

becausehe energycarried at any particular r will be
determined by convection from a range of depths,i.e.
not determinedjust by the local conditions. Put
another way, the problem becomesomplicatedbecause,
If cornvection is important, the chemical composition is
no longer determined purely by local processes.

Howewer, under two conditions, the problem still
remainssimple:

(1) No nuclear reactionsoccur in the corvection zone.
(2) ALL nuclearenergyreleaseoccursin the convection
zone.

For (1),

g(composition) = f( ; T;composition) (3:81)

remainsvalid (composition remainslocally determined).

For (2), corvection mixesthe region up sud that the
composition remainsuniform?.

aln the Sun, chemical composition does not change signican tly over
timescales < 10° years. A convection current velocity of only 10 “m/s would
cross the Sun seweral times in 10° years. At such a small velocity, very little
energy can be transp orted.
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In uence of convection:
We previously derived the cornvection condition

PdT 1

T dp p J— (3:68)
which can be satis ed either by making the
temperature gradiert large, or by making 1.

Large temperature gradierts can exist in stellar cores,
wherethe nuclearreaction rates are high - convective
cores (But the Sun doesnot have a corvectve core).

= (speci c heat at constart P)/(sp eci ¢ heat at
constart V) canbecome 1 whenmost of the energyis
usedup in supplying latent heat for a changeof state.
Near a stellar surface,there may be a neutral-ionized
transition zone- outer convective layer.
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Convection in stellar interiors:

How much energyis carried by convection in stellar
interiors?

Convection current: hot elemers rise, cool elemerns
fall. Let T bethe temperature di erence between
elemen and surroundings. The energyconent per unit
massfor the elemen isc, T (cp Is the speci ¢ heat at
constart pressure- elemen and surroundingsare in
pressurebalance).

For a monatomic gas,c, = 5k=2m (m is average
particle mass).

Let the fraction of matter rising and falling with a
speedv in convective columnsbe 1. The rate of
energytransport acrossa surfaceat radiusr is

(surface area) (rate of transport of mass) (energy per unit mass)

= (4 r?)( v)(k T=2m)= 10 r? vk T=m

Taking a region near the Solar certre r = 10°m,
= 5 10'%kg/m?3 gives

Leow =25 10° v T (3:88)

The Solar surfaceluminosity is 4  107°W.
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Convection in stellar interiors:

Thus for only small valuesof ;v; T, L. could
accour for all of the Solar luminosity.

Pdr
T dP
IS the adiabatic gradiert. The di erence betweenthis

and the temperature gradiert determines T and v
(Excercise: show this).

Since T;v appearto be small, within a convective core,
PdT _ 1
TdP

(Excercise: show this too0).
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Convection in stellar interiors:

If the total luminosity is dominated by L ¢ony, the
procedurefor determining stellar structure is then to
solve the rst three of the structure equations,i.e.

using

dP,  GM
dM 4 r4
dg 1
dM 4 r2
da _.
dM

Par _ 1
TdP

(3:75)

(3:76)

(3:77)

and alsousing expressiondor " and P. Then onecan

compute L g from

ar _
dM

3L rad

64 2acr4Ts3

(3:78)

and comparethis with L determinedfrom (3.77). The

di erence betweenthe two is Loy .
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Convection in stellar interiors:

When computing as a function of radial co-ordinate or
mass,if L.ony becomemegative, convection ceasego be
Important. In somestars there are both cornvective and
non-corvective regions. The \technical" procedureis to
\switch on" (or o ) the relevant equationsat the
appropriate point in the computations.

Convection near the stellar surface:

For Lonv t0 accoun for most of the energytransport,
velocity of rising/falling elemenn must be closeto speed
of soundand T comparableto T. We seeconvection
IS important in the Sun - granulation. We don't have a
good theory for low regionslike the Solar surface:
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Mixing length theory:
Basedon the assumptions:

cornvective elemerts have a charactistic sizel (called
the mixing length

rise/fall distanceis comparableto |

they move a distancel before losing/gaining heat,
l.e. the move adiakatically

they are in pressurebalancewith their surroundings
the are acceleratedfreely by their buoyancy force

With theseassumptionsan expressioncan be derived
(seeeq. (3.91) in the textb ook) which includesa free
parameter, , represeming (essetially) the fraction of |
moved. We know so much about the Sunthat canbe
obtained and the theory works well for the Sun. There
IS no justi cation for assumingthe same for other
stars, sothe theory lacks predictive power.
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Energy release from nuclear reactions:

The total massof a bound nucleusis lessthan the sum
of the masseof its individual constituerts i.e. energyis
lost if we we make a nucleus! binding enelgy. If a
nucleusis madeof Z protons and N neutrons, its
binding energyis

Q(Z;N) = [Zmp+ Nm, m(Z;N)] ¢

It's usefulto usethe binding energyper nucleon
Q=(Z + N) asa function of (Z + N) = A:

True curve is irregular. Peakis around Fe (A = 56) I.e.
Fe generatesthe most masslosswhen formed from its
constituents i.e. Fe is the most stable.
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Energy release from nuclear reactions:
Example - deuteron:
mp + m, = 1:00728&8 + 1:00860U = 2:0159%
whereu is an atomic massunit = 1=12 massof *?C
Mg = 2:0135%
m = 0:0024W

u= 166 10 %’ kg soE = mc? givesenergy/u
= mc*=(1:6 10 ® 10 °)M eV which is 933V eV=u.

Binding energyof deuteronis thus

mc® = 0:0024Q@ 93MeV=u= 2:24M eV

Fusion of light nuclei:

Considerthe fusion reaction

‘He+¥C! 0+ 72MeV

This type of reaction can cortinue, adding a few more
nucleonsead time, releasingenergyead time. When
the iron peakis reathed, no more energyreleasels
possible(becauseenergyper nucleusdeclineswith
IncreasingA after the iron peak- the \slope" of Q=A
becomesegative).
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Energy release from nuclear reactions:

Nuclear power: cortrolled reactionsbetweenH (one
proton) isotopes,D or ?H (plus a neutron) and 3H
(plus 2 neutrons). Must keepmaterial at T > 16°K
(hotter than stellar interiors becauseopacity in the lab
IS lower, so photons esca@ more readily) and in relative
thermal isolation - rather tricky.

Hydrogen conversiongives maximum energyrelease:
H! “He; 63 10" J=kg
H! **Fe; 76 10" J=kg

Rest-massenergyof kg 9 10Y J sothe above
reactionsgenerate 1% e ciency.

Fission reactions:

Heavy nucleussplits into 2 or more fragmerts. If the
two or more fragmerted nuclei lie to the right of the
iron peak, the resulting two or more fragmerted nuclei
may have a higher Q=A than the Q=A of the initial
nucleus,i.e. energywill have beenlost in the reaction.
235 is an exampleof spontaneous ssion.

The binding energyof ssion products from very heavy
nuclei is very large, so maximum energyreleasefrom
ssion is lessthan for fusion! we expect fusionto be
more important than ssion in stars.
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The four fundamen tal forces:

In a plasmawe are interestedin reactionsbetweenbare
nuclei. Nuclei interact via: electromagnetic,
gravitational, strong and weeknuclear forces.

Gravity is irrelevant on particle-scales:ratio of
electrostatic to gravitational force (both inversesquare
laws, so comparisoneasy)is

The strong and weak forcesare short-range. When both
are important, the strong forceis strongerthan
electromagnetismthe weak force is wealker than
electromagnetism.

Neutron decy
n! p+e + ¢
would not occur if the weak forcedidn't exist.

The strong force attracts 2 nuclei when they are within
10 *m. Counteracting, electrostatic repulsion

| 1=r2. Stability arisesfrom a balancebetweenthese

two forces. Protons repel electrostatically, but protons

and neutrons attract via the strong force, sothe

number of protons decreasesn heavy nuclei eg. 238J

has 1451 and 92p.
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Occurance of nuclear reactions:

Sinceelectromagnetismrepels, egfor 2 +v ely charged
nuclei, a high relative velocity can bring them close
enoughfor the strong forceto operate.

Figure above: horizontal line = no repulsion.
Hyperbolae(a-c) ! increasingrelative velocity.
Increasingv decreasesl.

Quantum theory: chanceof reaction occuring
classicalprediction. Heiserberg'sprinciple x p h=4
(p is momertum, h Plandk's constart) canbe written as

Et h=4

If [extra energyrequired for reaction to occur (above
classicalvalue) time its requiredfor] h=4 ,
reaction can occur.
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Occurance of nuclear reactions:

Kinetic theory: v/ (T=m)'™. SinceT increasesas star
radiates (eq. 3.46), evenif v not initially high enough
for nuclearreactions,it can subsequetly becomeso.

More highly chargednuclei! greaterrepulsion, hence
greater T requiredto generatereactions. But high
charge = higher massnuclei. Hencelighter elemerns
undergoreactions rst, they gradually corvert to
heavier elemerts, halting at Fe.

Nuclear reaction rates:

No proofs given here (or in coursetextb ook) for the
following. The number of reactionsper kg per sec
Involving nucleii and j, which have masses

Aimy; Ajmy and chargesge;ge is

Xi Xj 2
Ai Aj AC],q

where X i; X; are the massfractions of eat species,C
IS a constart, and where

Rj = C exp( ) (4:12)

A = AiAj :(Ai + AJ)

= 425 10(qA=T)"
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